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Abstract

In this paper, we prove the existence and uniqueness of mild solutions for the impulsive fractional differential
equations for which the impulses are not instantaneous in a Banach space H. The results are obtained by
using the analytic semigroup theory and the fixed points theorems. (©2014 All rights reserved.
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1. Introduction

Fractional calculus refers to integration or differentiation of any (i.e., non-integer) order. The field has a
history as old as calculus itself, which did not attract enough attention for a long time. In the past decades,
the theory of fractional differential equations has become an important area of investigation because of its
wide applicability in many branches of physics, economics and technical sciences. For a nice introduction,
we refer to the reader to [2] Bl 14l [5] 6] [7, 8, [0 10, [1T], T2, 13}, 14} 15] and references cited therein.

Impulsive effects are common phenomena due to short-term perturbations whose duration is negligible
in comparison with the total duration of the original process. Such perturbations can be reasonably well
approximated as being instantaneous changes of state, or in the form of impulses. The governing equations
of such phenomena may be modeled as impulsive differential equations. In recent years, there has been a
growing interest in the study of impulsive differential equations as these equations provide a natural frame
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work for mathematical modelling of many real world phenomena, namely in the control theory, physics,
chemistry, population dynamics, biotechnology, economics and medical fields.

Due to the great development in the theory of fractional calculus and impulsive differential equations
as well as having wide applications in several fields. Recently, the study of fractional differential equations
with impulses has been studied by many authors (see [17, [I8], 19, 20} 23, 24 25, 26], 27, 28|, 29, 30, 311 32,
33, 134, 1351, 36], B38]).

In [16], the authors introduced a new class of abstract differential equations for which the impulses are
not instantaneous and investigated the existence of mild and classical solutions for the following system:

u'(t) = Au(t) + f(t,u(t)), t € (si,tiz1], i=0,1,--- N, (1.1)
(t) gz(t u( )) tE(ti,Si], i:1a2a"' ,N,
( ) = U,

where A is the infinitesimal generator of a Cp-semigroup of bounded linear operators, {S(t),t > 0} on a
Banach space (H, ||.||), the functions g; € C((t;,s;] x H; H) for each i =1,2,--- ;N and f: [0,Tp] x H - H
is suitable function.

Motivated by the work [16], In this article, we consider the following impulsive fractional differential
equations in a Banach space (H, ||.||) for which impulses are not instantaneous:

CDtIBu(t) + Au(t) = f(t, u(t)7 u(g(t)))v te (31'7 ti+1}7i = 07 1, 7N7 (14)
u(t) = hi(t,u(t)), te (t,s], i=1,2,--- N, (1.5)

u(0) = wug € H, (1.6)

where CDtB is the Caputo fractional derivative of order 8, —A is the infinitesimal generator of an analytic

semigroup of bounded linear operators, {S(t),¢ > 0} on a Banach space H, the impulses start suddenly at
the points ¢; and their action continues on the interval [t;, s;], 0 = tg = sp < t1 < 51 <ty <,..., < ty <
sy << tyy1 = Tp, the functions h; € C((t;,s;] x H; H) for each i = 1,2,--- N, g : [0,Tp] — [0,Tp] and
f:10,To] x Hx H — H are suitable functions.

The paper is organized as follows. In “Preliminaries and Assumptions” section, we provide some basic
definitions, notations, lemmas and proposition which are used throughout the paper. In “Existence of mild
solutions” section, we will prove some existence and uniqueness results concerning the PC-mild solutions.
In the last (i.e., In “Application”) section, we give an example to demonstrate the application of the main
results.

2. Preliminaries and assumptions

In this section, we will introduce some basic definitions, notations, lemmas and proposition which are
used throughout this paper.

It is assume that —A generates an analytic semigroup of bounded operators, denoted by S(t), t > 0. It
is known that there exist constants M > 1 and w > 0 such that

IS(t)]| < Me**, > 0.

If necessary, we may assume without loss of generality that ||S(¢)|| is uniformly bounded by M, i.e.,
IIS(t)|| < M for t > 0, and that 0 € p(—A), implies —A is invertible. In this case, it is possible to define the
fractional power A® for 0 < a < 1 as closed linear operator with domain D(A%) C H. Furthermore, D(A®)
is dense in H and the expression

[2]la = | A%,

defines a norm on D(A®). Henceforth, we denote the space D(A%) by H, endowed with the norm || - ||4.
Also, for each a > 0, we define H_,, = (H,)*, the dual space of Hy, is a ||z||—o = ||A™%z||. For more details,
we refer to the reader to the book by Pazy [Il, pp. 69].
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Lemma 2.1. [I}, pp. 72,74,195-196] Suppose that —A is the infinitesimal generator of an analytic semigroup
S(t), t >0 with ||S(t)|| < M fort>0 and 0 € p(—A). Then we have the following:

(i) H, is a Banach space for 0 < a < 1;
(ii) For any 0 < § < o implies D(A%) C D(A?), the embedding H, — Hjy is continuous;
(iii) The operator A“S(t) is bounded, i.e., there exists a constant N such that
[A%S(@)[ < N
and
JA°S @] < Cat™®
for each ¢ > 0.

Lemma 2.2. [16, Lemma 1.1] A set B C PC(H,,) is relatively compact in PC(Hy) if and only if set B; is

relatively compact in C([t;, tiy1]; Ha]), where PC(Hy) is the space of piecewise continuous functions from
[0,Ty] into Hy to be specified later.

Definition 2.3. [37, Def. 2.7] By the mild solution of the following system

CDPu(t) + Au(t) = h(t), t€ [to,To), (2.1
u(to) = wuo,

we mean a continuous function w : [tg, To] — H which satisfies the following integral equation

u(t) = T(t — to)ug + /t(t — 5)P7IP(t — s)h(s)ds, t € [to, Ty,

to

where

/ £5(0)S(t70)do, B(t) / 0¢5(0)S(t°6)do

(0) = 5073 pal67F) 20,
ps(6) = 23 apmtgm DD gy g (0,00,

n=1

&p is a probability density function defined on (0, 00), that is

&) >0, 0., | T es0) =
and

o0 [ T +7)
/0 07¢3(0) = ; W”ﬁ(e)_ir(uw)’ for any ~ € [0,1].

Lemma 2.4. The operators T(.) and B(.) have the following properties:
(1). {Z(t),t >0} and {P(t),t > 0} are strongly continuous.
(7). If {S(t),t > 0} is compact, then T(t) and PB(t) are also compact operators for every t > 0.

(iii). For any fized t > 0, %(t) and P(t) are linear and bounded opemtors i.e., forany x € H,

[F@)z]| < Mllz[| and [|B() ][

<

Remark 2.5. Since T(.) and B(.) are associated with the 3, there are no analogue of the semigroup property,
e, T(t+s)#T(t)Z(s), P(t+s)# P(t)P(s) for t,s > 0.
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3. Existence of mild solutions

In this section, we prove the existence of mild solutions for the impulsive system (|1.4))-(1.6). To begin,
we use the following definition.

Definition 3.1. [16, Def. 2.1] A function u € PC(H) is said to be a mild solution of the problem ({1.4)-(L.6)
if u(0) = up, u(t) = hi(t,u(t)) for all t € (¢;,s4], for each i =1,--- , N and

wy = [ eOsE
+ 5/0 /00095’8(9)@_S>B_1S((t_3)69)f(8,u(s),u(g(s)))deds,

for all ¢ € [0,¢1] and

u(t) = /0 T E4(0)S((t — 50)%0)hilsi, u(s:))dB
t proo
= [ [T 00— S =) 0) s u(s) ulg ()0,

for all t € [s;, ti41], for each i =1,--- | N.

We define the set of functions as follows

PC(Ha) = {u:[0,Tp) = Hq : u(.) is continuous at t # t;, u(t;) = u(te), u(t;)
exists forall ¢ =1,2,--- ,N}.

PC(H,) is a Banach space endowed with the supremum norm
[ullpe = sup [|u(t)]|a-
tel

Now, we define the functions u; € C([t;, t;+1]; Hy) given by

. _ u(t)’ for ¢ € (ti>ti+1]7
() = { u(t)), fort =t;

Let B C PC(H,), we define N
Bi:{aiZUEB}.
We shall use the following conditions on f and h; in its arguments:

(H1) Let W C Dom(f) be an open subset of Ry x Hy x H,, where 0 < o < 1. For each (t,u,v) € W, there
is a neighborhood Vi C W of (¢, u,v), such that the nonlinear map f : Ry x H, x H, — H satisfies
the following condition,

1f (s, v) = f(t u, o)l < Dp{llu = wifla + flo = v1lla}

for all (¢,u,v), (t,u1,v1) € Vi, Ly = L¢(t,u,v,V1) > 0 is a constant.
(H2) Let g:[0,Tp] — [0,Tp] is continuous and satisfies the delay property g(t) <t for ¢t € [0, Tp].
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(H3) The functions h; : [ti, s;] x H, — H, are continuous and there are positive constants Ly, such that
1i(t, ) = hi(t y)lla < Lngllz = ylla

for all 2,y € H,, t € [t;,s;] and each i =0,1,--- | N.
(H4) For u,v € H,, the function f(.,u,v) is strongly measurable on [0,7p] and f(t,.,.) € C(Hy X Ho, H) €

1

for t € [0,Tp]. There exists a constant 51 € [0, ) and my € LP1 ([0, Tp], RT) such that || f(¢,u,v)|| <
my(t) for all (t,u,v) € [0,Tp] x Hy X Hq.

Theorem 3.2. Suppose the assumptions (H1)-(H3) hold and

2CaLsT'(2 — o) B(1-a) |
(1-a)l(1+8(1-a))? '

L:mM{MLm+ i:LuwN}<L
(3.1)
Then there exists a unique mild solution u € PC(Hy) of the problem (1.4])-(1.6)).

Proof. Let us define a map Y : PC(H,) — PC(Hq), given by Tu(0) = ug, Yu(t) = hi(t,u(t)) for t €
(ti,si], 1= 1,2,"' ,N and

Tu / £5(0)S(t70)uodf

—3/3_1 —sﬁ s,u(s), ulg(s S
LB /O /O 065(0)(t — )71 S((t — )%0) f (5. u(s), u(g(s)))dBds,

for all ¢ € [0,¢1] and

Tult) =[O85 s uts)ds

LB / / 065(0)(t — )P S((t — 5)°6) f (s, u(s). u(g(s)))dbds,
te€lsitiv], i=1,2,---  N. (3.2)

Clearly, Y is well defined.
Next we show that T is contraction on PC(H,).
Let ¢, € PC(Hy), i € {1,--- ,N} and t € [s;, ti+1], we have

o) = Xo0] <[ OIS = O B 605 = s ) s
+ 8 [ [ oo s as (- 570

I (5,6(5), a(5))) — (5,16(5) ¥ s)) s
< Mo - e+ ELTEEA [0 o) — viol
+9(9(s) — (gDl
S MLy + e TR g0y,

(1-a)l(1+ 501 -a)
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Thus, we have
20 LsT'(2 — ) B(1-a)
Top—-7T gy < [MLy, T - :
” ¢ ¢||C([sl,tz+1},Ha) = [ h; + (1 — a)F(l _1_5(1 — Oé)) 0 ”|¢ ¢||'PC
(3.3)
Continuing in this fashion, we get
20 LsT'(2 — ) B(1-a)
Top—-7T gy < T - 3.4
16 = Telcongin < Gy s eyl e vl (34)
HT¢ - Tw”o([si,ti];Ha) < Lhz‘ H¢ - ¢H'PCa i=1-- N. (35)
Hence, from (3.3)-(3.5)), we have
|Td —TYllpe < Lll¢ —llpc,
i.e.,, T(.) is a contraction and there exists a unique mild solution of (|1.4))-(|1.6). O

The next result concerning the existence and uniqueness of mild solutions for the impulsive system

(1.4)-(1.6) under the assumptions (H3) and (H4).

Theorem 3.3. Suppose the assumptions (H3) and (H4) hold. The semigroup {S(t);t
functions hi(.,0) are bounded, holds and for each ug € Hy, letr > 1 and 0 < § <

>
1
Mfuollo + (1 + M) maxi=y,... N [|hi(., 0) |

_ Tﬁ(l_a)
maica, . v { Ln, (14 M)llulpe + Ca il g x}

IN

(]' - 5)T7
or,

IN

Ca —a Tﬁ(lfo‘)
OB e SWPselo.n] weB. (0pc(Ha) 1 (5, 0(s) v(g ()| < o,

where R = suD;e(s; 1,,,),veB,(0,Pc(Ha)) |11 (8 v(s), v(g(s))) ]l
Then there exists a mild solution v € PC(H,,) of the impulsive problem (/1.4)-(1.6).

Proof. Let

N N
Y=Y T/ +) Y} where Y):PC(H,)— PC(H,), i=0,1,--- N, j=
=0 =0

are given by

hi(t,u(t)), for t € (ti,si],z’ >1,
Jo7 €s(0)S((t — 5:)°0)hi(si, u(sq))ds, for ¢ € (sitip1],i> 1,
Tiu(t) =
O, for ¢ ¢ [tz‘,ti_;,_l],i > 0,
\ fooo fﬁ(Q)S(tBH)uodH, for t € [O,tl],i =1,
(B S5 0(0)(t — )7 LS((t — )70)
Y2u(t) = X f(s,u(s),u(g(s)))dbds, for t € (s, tiy1],7 >0,
\ 0, for t ¢ (Si,ti+1],i > 0.

0} is compact, the
be such that
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Also, let A= £=F € (-1,0), b= 241 5 0, 0y = ||mf||ﬁ[ . where 81 € [0,8), 0<a<1.
110,70

1
It is easy to see that (t —s)?~1 € LT=5[0,¢], for t € [0,Tp).
By using Hélder inequality and (H4), for ¢t € [t1,t2] C [0, Tp], we get

t t 1-3
s alg@lds < ([ e=spas) gl
t ¢ LP1[t1,t]

(8 = 5)7 (s, u(s), u(g(s)))|ds

A

M, (14N (1-B1)
S Tnrm o ‘

Then, we have

t poo s B-1 s B s uls). u s .
ﬁ/tl/o 083(0)|(t —5)" " S((t — 5)70) f (s, u(s), u(g(s)))|dOd

< Mp / /0 T 04(60)|(t — )7 F (5, u(s), ulg(s)))|dods

M§B t _
Sm |(t = 5)7" £(s,ul(s), u(g(s)))|ds

<saaa / (= spds) gl

< BM M,y (14+2)(1=B1)
ST+ B) (1A '
Our aim is to prove that the map Y is a condensing map from B,.(0, PC(H,)) into B,(0, PC(H,)). For

this we have divided our proof into four steps.
Step 1. First we show that Y B, (0, PC(H,)) C B, (0, PC(H,)), where

(3.7)

B,(0,PC(H,)) ={u € PC(Hy) : ||ulla <7},
for r > 0.
Let u € B,(0,PC(H,)). For i > 1 and t € (t;,t;11], we get
Mu@lla < At u(t)) = hit, 0)[la + [|Ri(E, 0) o
+ /0 (OISt —5) )| [1hi(si, u(s:)) = hi(si,0)l|ads (3.8)

o [ OIS sl 0)lads

b [t - A~ )0 Gt o) s
L)l + (6, 0) o+ ML u(t)]| + M[ha(t,0) o

+ Cop( [ -0 up 17(s,v(s), v(g()) lds)

SE[Si,ti+1],’U€B7-(0,'PC(Ha))
/ 014 (0 d@)

L, (14 M)|ullpc + (1 + M)||hi(t, 0)|o

re-a) 1707
+ Cq sup f(s,v(s),v(g(s
Fl+p(l-a) 1-a SG[Si,ti—o—l],’UGBr(O,PC(Ha))H (5 v(s) vlgls))]

IN

IN
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which implies that ||Yu|o < 7 for all ¢ > 1. Similarly, for each ¢ € [0,¢;], we find that

”TU(t)Ha < /OO gﬁ(Q)HS(tﬁ@)H ||AaU0Hd9
0
+ 5/0 /0 0€3(0)(t — $)PLA2S((t — $)20)|||1 £ (5, u(s), u(g(s)))||d0ds

C.T2—a) T/
sup 1f (s, v(s), v(g(s))]l
(1+8(1-0a) 1-«a 5€[0,t1],9€ B, (0,PC(Hy))
from which we get || Tullo <7 and T has values in B,.(0, PC(H,)).
Step 2. The map T = Zij\io T} is a contraction on B, (0, PC(H,)).
Let t € (t;,t;iy1) and u,v € B.(0,PC(H,)), i =1,---, N, we have

I5u(t) — Yiv(t)lpecray < (1+ MLl = vllo i, Ha»

which implies that || >N Ylu — SN Thollpe < Lilu — v||pe, i-e., T1 is a contraction on B,.(0, PC(Hy,)).
Let Y2B,(0,PC(Hy))(t) = {Y?u(t) : u € B,(0,PC(Hy,))}.
Step 3. Next, we prove that the set |JY?B,(0, PC(H,))(t) is relatively compact in H,.

< Mol +

Let t € (si, Z+1] for i =0,1,--- , N, then for each € € (s;,s) and for each § > 0, we define an operator
(Y3)e,s on B (0, PC(Ha)) by
t—e 00
(D)) = 5@ [ =975 [ 06(0)((¢ ~ )0 - oo}
Si 1

X f(s,u(s),ulg(s)))ds,
where u € B, (0, PC(H,)). The set
(Br)e,s(0, PC(Ha))(t) = {((T )6 su)(t) s u € By(0,PC(Ha))}

is relatively compact in H,. Since the operator S (efB J), is compact.
Also, for each u € B,.(0,PC(H,)), we have

10C20) () — (P2)esu)(®) o
t d
Al / /0 02a(0)(t — 5)° 1 S((t — 5)70) f (s, u(s), u(g(s)))dbds

IN

t poo s B—1 s B s uls) ulals )
" //5 065(0)(t — )71 S((t — 5)%6) £ (s, u(s), ulg(s)))dod
- / /5 05(0)(t — )"~ S((t — 5)°0) f (5, uls), u(g(s)))dOds]|

IN

t 1)
g / | /0 085(0)(t — 5)P L A“S((t — 5)°0)]|]1 £ (5, u(s), u(g(s)))||dbds
+ 8 / / T 05(0)(t — )71 AS((t — 5)°0) 1/ (5. u(s), u(g(s))) | dbds

b A ’ 1-a
< con( [a-sra) Thmgl L [oeo
t
Ca t—s)'d / o'
+CaB( [ e=9ras) Chmal y (0
. BMC, T{He1=A) / 065(6)d0 + BM,C,I(2 — a) ((1+0)(1-51)
= (1+ )15 o T(1+ (1 — a))(1+b)(1=6D ‘

Therefore, there exists relatively compact sets arbitrarily close to the set
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UY?B,(0,PC(H,))(t). Thus, the set |JT?B,.(0, PC(H,))(t) is relatively compact in H,.
Step 4./Irlihis step, our aim is to prove that the set of functions

[Y2B,(0, PC(Hy))]i, i=0,1,---,N is an equicontinuous subset of C([t;,t;41], Ha)-

Let t1,ta € [si,tiy1], t1 <tz and u € B,(0,PC(H,)), we get

H(T2 )(t2) = (T7u)(t1)l|o
< / 085(0)(t2 — 5)° M| A*S((t2 — 5)7O) |11 £ (s, u(s), ulg(s))) || dbds

+B/ﬁ/ 065(0)[(12 — 5P~ — (11 — )P ][ 425 (12 — 5)°0)
|1 (5, u(s), u(g(s))) |d0ds
" ﬂuljljgaj9&ﬂ9)@1-—S)ﬁ_lHAaLS(@2-—S)59)—-S(@l-—S)ﬁ9HH
X 11f(s, uls), u(g(s))) d0ds. (39)
For the first term on the right hand side of (3.9, we have

to (e
/0 065(0)(t2 — ) M| AYS((t2 — 5)O)|[]| £ (5, u(s), u(g(s))) || dbds
BCQM1F(2 — Oé) t2 b 1-B1
Sru+ﬁua»(/<”‘”dg
ﬁCaM1F(2 — a)
T (145D + (1 - a))
For the second term on the right hand side of , we have

(ty — tl)(1+b)(1—ﬂ1) (3.10)

5// 0¢5(0)[(t2 — 5)7 1 — (t1 — 5)P || A°S((t2 — 5)°0) |
x|1f (s, u(s), ulg(s)))l|dods
< 5NMl)(/‘1[(t2 S (- 5)5_1]ﬁds)1_51

“Tr1+p
< ([ 0 o)
I+ 5)]2[1]\11)\)1_51 ((tQ — )" = ((ty — )T = (11— )1+,\)>1 A
S (ty — tp)TTNE=AY (3.11)

S TA T A+ ) A

For t; = s;, it is easy to see that the third term on the right hand side of (3.9)) will be zero. For t; > s;
and € > 0 be sufficiently small, we have
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6/&.1_6 /Ooo 065(0)(tr — 5)" [ A°[S((t2 — 5)°0) — S((t1 — 5)°0)]|

x[[f (s, u(s), u(g(s)))||dods

w /O T 0650 (0 — )P AC[S((t2 — 5)°8) — S((t2 — £)°6)]|

t1—e

x[1f (s, uls), ulg(s)))|d0ds

My (A — e+ (1=51) 8 5
< sup ||AY[S((t2 — s)70) — S((t1 — s)”0
i 4°15((2 = 70) = S((t = 0]
26N M, (142 (1-61)
T(1+ B)(1+ N5 € (3.12)

Thus, from (3.10)-(3.12) we see that [|[Y?u(ts) — T?u(t1)||o tends to zero as ty — t; for any u €

B,.(0,PC(H,)), which means that [Y?B, (0, PC(H,))]; is equicontinuous.

Lemma and the above steps shows that YT; is a contraction, Yo is completely continuous and
T =7T;+ Ys is a condensing map on B, (0, PC(H,)). Then Krasnoselskii’s fixed point theorem ensures that
T has a fixed point, which gives rise to a mild solution. O

_l’_

4. Application

Consider the following impulsive system of fractional partial differential equations
N

2U
CDfu(tvx) = % —1—F(t,x,u(t,x),u(g(t),x)), (t>$) € U[Siati+1] X [0,71‘],
u(t,0) = wu(t,m) =0, t e [0,Tp] - (4.1)
U(O,ZC) = UO(J?), x € [077(]7
u(t7$) = Hi(t7u(t7x))’ YIS [O,ﬂ'],t € (tia Si]

where 0 = tg = sp < t1 < 51 < --- < ty < sy < tyy1 = Tp are fixed real numbers, ug € H, F €
([0,Tp] x R x R,R) and H; € C((t;,s)] x R,R) forall i =1,--- | N.
(A1). Let H = L*([0,7]) and Au = —Z5u with

ou 0%u 9 1
D(A) = fue H: 9% 50 € Hou(0) = u(r) = 0) = H(0, %) 1 H}(0,),
clearly, the operator A is the infinitesimal generator of a compact analytic semigroup S(t). Taking o = 1/2,
we have D(A'/2) is Banach space endowed with norm
lully 2 = [|AY2ull, we D(AY?).

We can formulate the impulsive system (4.1)) in the abstract form (1.4)-(1.6]), where u(t) = u(t,.), i.e.,
u(t)(x) = u(t,r) and the functions f : [0, To] x Hyjo X Hyjg — H and h; : (t;, 5] x Hy /o — H are given by

fu(t),u(gt))(x) = F(t,z,ult,z),ulg(t),r)),
Case 1. Define

et )] + Julg(e), 2)))
(42). Jul®). we®NE) = Cm e T alt o) + a0, 2}
tG[O,T()], uEHl/Q, .CL‘E(O,TF).

7>_17
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Clearly, f :[0,Ty] x Hyjp x Hy/o — H is continuous function, such that
1f (8w, v1) = Ftuz, v2) | < Lp{{lur — wall1yz + [[or = vall1/2},
: _ 1
(43).  hi(t,u(t) (@) = SHHEDL 1 e N
. i(tu(t)(x) = 0———— i Sil, 1=
1\" 2(1+|u(t,fl:)|)7 1y 2]y » < ’ )
uGHl/Q, WS (O,Tr). (42)
Clearly, h; : (ti, si] x Hyjp — H are continuous functions, such that
[hi(t,ur) — f(t,u2)l| < Lp,llur — uzll1 )2,
with Ly, = 3.
(A4). We can choose g as follows
(i). g(t) =kt for t €0, Tp], ke€][0,1],
(ii). g(t) = ksint for te[0,7/2], k€ [0,1].
Hence, (A1l)+(A2)+(A3)+(A4) implies that the assumptions in Theorem (3.2|) are satisfied. For more
details, we refer to [18].

Case 2. Define

(A5).  f(t,u(t),u(g(t)))(z) = e (sm(iét;—xg))(; iose(ti()g(t),x))) bt
te [07t1] U (Slth] - U (SN,TO], ue H, ze (0,71')‘

Satisfies,

2¢~t

£t w)| < Gt T et =my(t), with m(t) € L>([0,To],Ry).

Hence, (A1)4(A3)+(A4)+(A5) implies that the assumptions in Theorem (3.3)) are also satisfied.
System (4.1)) has a mild solution v € PC(H) if u(.) is a mild solution of the associated abstract form

[T)-([9).
The following theorem follows immediately from Theorem and Theorem

Theorem 4.1. If any of the following assumption is hold. Then there exists a mild solution w € PC(H) of

ED)

(1). The functions F and H; are Lipschitz with Lipschitz constant Ly and L, respectively and max{M L, +

2C, LrT(2—0) B(l—a) . .
(17a)r(€+5(17a))T0 ci=1,---,N} <1

(7). The functions H;(.) are Lipschitz with Lipschitz constant Ly, , the function F(.) is bounded with L, <
1 foralli=1,--- N.
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