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Abstract

The aim of this paper is to present some common fixed point theorems for g-weakly isotone increasing
mappings satisfying a generalized contractive type condition under a continuous function in the framework
of ordered b-metric spaces. Our results extend the results of Nashine et al. [H. K. Nashine, B. Samet,
C. Vetro, Monotone generalized nonlinear contractions and fixed point theorems in ordered metric spaces,
Math. Comput. Modelling 54 (2011) 712-720] from the context of ordered metric spaces to the setting of
ordered b-metric spaces. Moreover, some examples of applications of the main result are given. Finally, we
establish an existence theorem for a solution of an integral equation. (©2014 All rights reserved.
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1. Introduction and preliminaries

Recently, many researchers have focused on different contractive conditions in complete metric spaces
endowed with a partial order and obtained many fixed point results in such spaces. For more details on
fixed point results, their applications, comparison of different contractive conditions and related results in
ordered metric spaces we refer the reader to [II, 2[4} 6] [7, 8 111, 19, 24] and the references mentioned therein.

Let (X, <) be a partially ordered set and let f,g be two self-maps on X. We will use the following
terminology:
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(a) elements z,y € X are called comparable if z <y or y < = holds;
(b) a subset K of X is said to be well ordered if every two elements of K are comparable;

(
(

)
)

c) f is called nondecreasing w.r.t. < if x <y implies fz < fy;

d) the pair (f,g) is said to be weakly increasing if fo < gfz and gx < fgx for all z € X [0];
)

(e) f is said to be g-weakly isotone increasing if for all € X we have fx <X gfz < fgfx [21].

Note that two weakly increasing mappings need not be nondecreasing. There exist some examples to
illustrate this fact in [5].

If f,g : X — X are weakly increasing, then f is g-weakly isotone increasing. Also, in the above
definition (e), if f = g, we say that f is is weakly isotone increasing. In this case for each z € X, we have

fx =2 ffa.

Definition 1.1. Let (X, <) be a partially ordered set and d be a metric on X. We say that (X, <,d) is
regular if the following conditions hold:

(i) if a non-decreasing sequence x,, — x, n — oo, then z,, < x for all n,
(ii) if a non-increasing sequence y, — y, n — 0o, then y, = y for all n.

Recently, Nashine et al. [21] have given an improved version of Theorem 2.2 of Ciri¢ et al. [9], and proved
the following theorem.

Theorem 1.2. Let (X, =,d) be a complete ordered metric space. Assume that there is a continuous function
Y 1 ]0,00) — [0,00) with ¥ (t) <t for each t > 0 and ¥(0) = 0 and that f,g: X — X are two mappings such

that
(. 99) < max{u(d(z,0)), v{d(a, f2), (dly, ) o DL AT,

holds for all comparable x,y € X. Also suppose that f is g-weakly isotone increasing and one of f or g is
continuous. Then f and g have a common fixed point.

The aim of this paper is to present some common fixed point theorems for g-weakly isotone increasing
mappings satisfying a generalized contractive type condition under a continuous function % in the framework
of ordered b-metric spaces. Our results extend and generalize the results of Nashine et al. [21] (resp., [20])
from the context of ordered metric spaces (resp., ordered partial metric spaces) to the setting of ordered
b-metric spaces.

For this purpose, we need some preliminaries from the literature on b-metric spaces.

Czerwik introduced in [I0] the concept of a b-metric space. Since then, several papers dealt with fixed
point theory for single-valued and multivalued operators in b-metric spaces (see, e.g., [12], 14} [16, 17, 18] 23,
25, 27]). Pacurar [23] proved results on sequences of almost contractions and fixed points in b-metric spaces.
Recently, Hussain and Shah [14] obtained results on KKM mappings in cone b-metric spaces. Khamsi [17],
as well as Jovanovié¢ et al. [16], showed that each cone metric space over a normal cone induces a b-metric
structure.

Consistent with [10], the following definition will be needed in the sequel.

Definition 1.3. ([10]) Let X be a (nonempty) set and s > 1 be a given real number. A function d :
X x X — R" is a b-metric if, for all z,y, z € X, the following conditions are satisfied:

(b1) d(z,y) =0iff z =y,
(b2) d(l‘,y) = d(y,x),
(b3) d(z,z) < s[d(x,y) + d(y, 2)]-
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The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that of metric spaces, since
a b-metric is a metric if (and only if) s = 1. We present an easy example to show that in general a b-metric
need not be a metric.

Example 1.4. Let (X,d) be a metric space, and p(x,y) = (d(z,y))?P, where p > 1 is a real number. Then
p is a b-metric with s = 2P~

However, (X, p) is not necessarily a metric space. For example, if X = R is the set of real numbers and
d(z,y) = |z — y| is the usual Euclidean metric, then p(z,y) = (z — y)? is a b-metric on R with s = 2, but it
is not a metric on R.

We also need the following definition.

Definition 1.5. Let X be a nonempty set. Then (X, <,d) is called a partially ordered b-metric space if d
is a b-metric on a partially ordered set (X, <).

Recently, N. Hussain et al. [I2] have presented an example (with slight error) of a b-metric which is not
continuous (see corrected version in [13, Example 1]). Thus, while working in b-metric space, the following
lemma is useful.

Lemma 1.6. ([3]) Let (X, d) be a b-metric space with s > 1, and suppose that {xy} and {y,} are b-convergent

to x,y, respectively. Then we have

1
S—zd(x,y) < lirginf d(xp, yn) < limsup d(z,, y,) < s?d(z,y).

n—oo

In particular, if © =y, then we have lim, o d(zy, yn) = 0. Moreover, for each z € X, we have,

1
;d(:c, z) <liminf d(z,, z) < limsup d(z,, z) < sd(z, z).

n—00 n—o0

Lemma 1.7. Let (X,d) be a b-metric space and let {x,} be a sequence in X such that

lim d(zp,Zn+1) =0. (1.1)

n—o0

If {zy} is not a b-Cauchy sequence, then there exist € > 0 and two sequences {m(k)} and {n(k)} of positive
integers such that for the following four sequences

d () Tn) s (T Toy41) > & (@m41: Zowy)  0nd d (T 15 Tn(e)+1)

it holds:

¢ <liminfd (xm(k), a;n(k)) <limsupd (xm(k),xn(k)) < se,

k—o0 k—o00
£ < liminf (xm(k),xn(k)ﬂ) < limsupd (xm(k),xn(k)H) < s%,
S k—o0 k—o0
€ . .
5 S hkrgggfd (Zim(k)+1 Tn(r)) < h;?ljipd ()41 Tng)) < %€,
€ .. .
? < hkrglogfd (xm(k)+1a xn(k)—i—l) < hiisgpd (xm(k)—&-l: xn(kz)—i—l) < s’e.

Proof. 1f {x,} is not a Cauchy sequence, then there exist ¢ > 0 and sequences {m(k)} and {n(k)} of positive
integers such that

n(k) >m(k) >k, d ($m(k),fl)n(k)_1) <e d (ZL‘m(k),l‘n(k)) > (1.2)
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for all positive integers k. Now, from ([1.2]) and using the triangle inequality we have
e < d(Tmm) Tngr)) < 8 [d (Zmey Ta) 1) + d (Znw) -1 o)) ] < 58+ 5d (Tngy—1, Tngr)) - (1.3)
Taking the upper and lower limits as k — oo in (|1.3)), and using (1.1) we obtain that

< lim inf <l < se. 1.4
€= lknigol d (xm(k)a xn(k)) = 1218:;1)(1 (l'm(k)axn(k)) = s€ ( )

Using the triangle inequality again we have
d (k) Tn(k)) < 8 [d (Tmik) Tnik) 1) + 4 (Tnge)+1: T
< 5% [d (Tmy, Tugr)) + & (@) 415 Tag) ] + 54 (Zn(r)415 Tngr)) - (1.5)
Taking the upper and lower limits as k — oo in (1.5 and using (|1.1]) and (1.4)), we have

e < slimsup d(zp, ), Tngry+1) < 57,
k—o0

or, equivalently,

®» | M

< lim sup d(Zp, k), Tr(k)+1) < s%e.
k—o00

The remaining two conditions of the lemma can be proved in a similar way. O

Motivated by the work in [20] and [2], we prove some common fixed point theorems for g-weakly isotone
increasing mappings satisfying a generalized contractive type condition in partially ordered b-metric spaces.
As applications, we present some results on periodic points of self-mappings, and we prove an existence
theorem for solutions of an integral equation.

2. Main results

Let (X, <,d) be an ordered b-metric space with s > 1, and f,g: X — X be two mappings. Throughout
this paper, unless otherwise stated, for all x,y € X, let

2s

M, (z,y) = max {w<d<m,y>>, (da, f2)), b(d(y.gv)), ¥ (d“’”’gy) . 3”)) } , (2.1)

where 1 : [0, 00) — [0, 00) is a continuous function with (¢) < ¢ for each ¢t > 0 and (0) = 0.

Theorem 2.1. Let (X, =X,d) be a complete partially ordered b-metric space. Let f,g : X — X be two
mappings such that f is g-weakly isotone increasing. Suppose that for every two comparable elements x,y €
X, we have

std(fx,gy) < Ms(z,y). (2.2)

Then, the pair (f,g) has a common fized point z in X if one of f or g is continuous. Moreover, the set of
common fixed points of f and g is well ordered if and only if f and g have one and only one common fized
point.

Proof. Let xg be an arbitrary point of X. Choose 1 € X such that fryg = z1 and xo € X such that
gx1 = x9. Continuing in this way, construct a sequence {x,} defined by:

Tont1 = fTon, and Topqo = gTan41,

for all n > 0. As f is g-weakly isotone increasing, we have

r1 = frog R gfrg=gr1 =29 =X fgfxg = fae = x3.
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Repeating this process, we obtain z, < x,41, for all n > 1.

We will complete the proof in three steps.

Step I. We prove that limy_, o d(zk, Tg11) = 0.

Suppose d(Tk,, Try+1) = 0, for some kg. Then, xp, = xp,+1. In the case kg = 2n, x2, = Tony1 gives
Ton+1 = Topt2. Indeed,

s*d(von+1, any2) = s*d(fran, grant1) < Ms(van, T2n+1), (2.3)

where

M (z2n, xont1) = max{(d(zan, Ton+1)), V(d(X2n, fron)), Y(d(T2nt1, 9T2n+1)),
w(d(l?na g$2n+1) ;;d(l'2n+17 f$2n) )}

= max{y(d(22n, Tant1)), Y(d(®2n, Tant1)), Y(d(T2n41, T2nt2)),
w(d(xzm T2p42) ';j(xQn—&-lv Ton41) )

¢(d<‘r%’2f271+2))}
w(d(@ng;xznw) ).

= max{0, 0, ¥ (d(x2n+1, T2an+2)),

= max{y(d(Z2n+1, Tani2)),

If Ms(zon, xon+1) = Y(d(x2n+1, Tant2)), then, from (2.3)), we have
s*d(2an+1, Tant2) < V(A(T2n41, T2nt2)) < d(Tant1, Tanta),
a contradiction.

d
It M, (zon, Tani1) = 0 (”32“;’ Tant2) ), then, from 1» we have
S

)§¢(d($2n+1,$2n+2)) - d(T2n+41, T2n+2)

4
57 d(Ton+1, Ton42 5 5 ,

hence, [25% — 1]d(z2,11, Toni2) < 0, that is, 2o, 11 = Tonio.

Similarly, if kg = 2n 4 1, then x9,4+1 = Topt2 gives xa, 12 = Tont3. Consequently, the sequence {z}
becomes constant for k¥ > ko and xy, is a coincidence point of f and g. For this, let kg = 2n. Then, we
know that z9, = x2,11 = Tan4+2. Hence,

Ton = Tont1 = fTon = Tont2 = gTon41-

This means that fze, = gxront1. Now, since xo, = xopt1, we have fro, = gro,.
In the other case, when kg = 2n+ 1, similarly, one can show that x2,+1 is a coincidence point of the pair

(f,9)-
Suppose now that d(zx, zx+1) > 0 for each k. We claim that the inequality

d(xry1, Try2) < d(xg, Trgt) (2.4)

holds for each £k =1,2,....
Let £ = 2n and for an n > 0,

d($2n+1,l’2n+2) > d($2n,l’2n+1) > 0. (2.5)

Then, as x9, =X To,+1, using (2.2) we obtain that

s*d(vont1, Tany2) = s*d(fran, grant1) < Ms(van, Tan+1), (2.6)
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where

M (372717 x2n+1) = max{w(d(x?m $2n+1))7 f‘/}(d(xQn) ffEQn))a ¢(d($2n+17 gx?n-‘,—l))a

w(d(-r?m gx?n-l—l) ;d(l'Qn—l-la f$2n) )}

= max{(d(T2n, T2n+1)), Y(d(T2n41, T2n+2)), MW)}. (2.7)

If Ms(zon, xon+1) = Y(d(z2n+1, Tan+2)), then from (2.6,
s*d(zoni1, Tans2) < (d(Toni1, Tani2)) < d(Tani1, Tani2),
which is a contradiction.

d s n
If Mg(zon,xon+1) = w((IZZw), then from 1'
s

d(x2n7$2n+2>) < d(z2n, Tan+2) < d(xan, Ton+1) + d(T2n+1, T2n+2)
2s 2s - 2

s*d(zons1, Tans2) < ( < d(x2n41, Tan+2),

which is also a contradiction.
If MS($2n,$2n+1) = ¢(d(x2m$2n+1))v then from "

s*d(zont1, Tans2) < Y(d(2on, Tani1)) < d(Toni1, Tani2),

which is a contradiction.

Hence, is false, that is, d(zop+1, Ton+2) < d(xon, T2n+1) holds for all n. Therefore, is proved
for k = 2n.

Similarly, it can be shown that

d(zan+2, Tan+3) < d(T2n+1, Tant2)-

Hence, {d(xy, zr41)} is a nondecreasing sequence of nonnegative real numbers. Therefore, there is an 7 > 0
such that

lim d(.%'k, xk+1) =T.
k—o0
Assume that r > 0. From (2.7]), we have

w(d(ﬂhn, Tont1) + d(T2n+41, Tont2) )

M(2on, xont1) < max{y (d(z2n, T2n+1)) , ¥ (d(X2n+1, Tant2)) ,

2
d(Ton, Tont1) + d(T2n41, T2nt2
< max{d(w2n, T2n4+1), d(T2nt1, T2nt2), (Z2n, Z2n11) 5 (Z2nt1, T2ns )} (2.8)
Now, taking the upper limit as n — oo in ([2.8]), we obtain
lim sup M(z2p, ont1) < 7. (2.9)

n—oo

Taking the upper limit as n — co in (2.6, and using (2.9)), we have s*r < r. Therefore (s* — 1)r < 0, a
contradiction. Hence,

r = lim d(xg,x41) = 0.
k—o00

Step II. We now show that {x,} is a b-Cauchy sequence in X. That is, for every £ > 0, there exists
k € N such that for all m,n > k, d(xm,, z,) < .

We assume to the contrary, that {z,} is not a b-Cauchy sequence. Then from Lemma there exists
¢ > 0 for which we can find subsequences {z,)} and {z,)} of {x,} such that n(k) > m(k) > k and:

(a) m(k) = 2t and n(k) = 2t' + 1, where ¢ and ¢’ are nonnegative integers,
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(b) d(Tpm(ys Tnry) > €, and
(c) n(k) is the smallest number such that the condition (b) holds; i.e., d(Zy, k), Tnr)—1) < €
Then we have

e <limsupd (mm(k ) < se, (2.10)
k—o00
= < limsupd (St?m(k ) < s%, (2.11)
S k—o0
= < 1msupd(xm(k 15 Tk ) < s, (2.12)
S k—o0
€ 3
— < limsupd (xm(k 15 Tn(k +1) < s%e. (2.13)
S k—o0

Since n(k) > m(k), we have T, (1) = Tp(k), so from (2.2), we have

S (T ()15 Tr(ey+1) = 8 A f Ty, 9Tn()) < Mo(@imh)s (i) (2.14)
where
M (@m(k)s Tnry) = max{P(d(Tm(k), Tn(r)))s V(A @m@)s FTmk))), (A @), 9Tn(k)))s

d(l‘mkag'xn )er(:Enkvfxmk)

W( (k) (k) > (k) (k) )
= max{Y(d(Tmk), Tn(k)))> LAy Tm)+1)), V(A Tr k) Tpi)+1));

ATk Tk)+1) T A Znk)s Tmk)+1)

W( (k)> n(k)+ 5 (k) (k)+ )}
S
< max{d( (k)s Tn(k ))7d(xm(k)vxm(k)+l)ad( n(k)s Tn(k )+1)
AT (k) > T (k) + )+d(ﬂfn(k),l’m(k)+1)}
2s '
Taking the upper limit as & — oo and using , (2.10)), , and , we have
lim sup M (Z (s Tn(ry) < max{limsup d(p, k), Tn(r)), B SUp d(Ty (k) T (k) 1), B sup d(Zy k), Tr(r)+1),
k—o0 k—00 k—o0 k—o00
d m b n d n ) m
Jim sup (Tm(k)> Tnk)+1) + ATy, (k)+1)}
k—o00 2s
2 2
< max{se, 0,0, M} = se.

2s
Hence, by taking the upper limit as k — oo in ([2.14]), and using (2.13)) we have

st Hm sup d(@p, (k)41 Togky+1) < Hmsup My (2, Togr) < s,
k—o0 k—o0

€ € .
which implies that limsupy,_, . (@ k)15 Tngk)+1) < 3 <28 contradiction to (2.13). Hence {z,} is a

b-Cauchy sequence.
Step III. We will show that f and g have a common fixed point.
Since {x,} is a b-Cauchy sequence in the complete b-metric space X, there exists z € X such that

lim d(zop,z) = li_}rn d(xon+1,2) = li_>m d(fxon, z) = 0. (2.15)

n—o0

By the triangle inequality, we have

d(fz,2) < s[d(fz, fron) + d(faom, 2)] = s[d(fz, fron) + d(z2n+1, 7). (2.16)
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Suppose that f is continuous. Letting n — oo in (2.16)) and applying (2.15)) we have
d(fz,z) < s[lim d(fz, fre,) + lim d(fxan,z)] =0,
n—r0o0 n—o0

which implies that fz = z.
Let d(z,gz) > 0. As z and z are comparable, by ([2.2) we have

std(z,g2) = s'd(fz,92) < My(z,2), (2.17)

where
d(z,92) +d(z, fz
M (2. ) = mas{(d(z, 2)), (d(z, £2)), (2, g2)) (DI ATy s )
Hence, (2.17)) gives s*d(z, gz) < d(z, gz), which is a contradiction. Thus, d(z,gz) = 0.
Similarly, if g is continuous, the desired result is obtained. O

Remark 2.2. In the case when 1 is a nondecreasing function, the contractive condition (2.2) is equivalent
to the condition

std(fz, gy) < O(M(z,y)),

where

M(z,y) = max {d(x, y), d(z, fz),d(y, gy), d(z, gy) ;rsd(y, fz) } _

However, if ¢ is not monotone, the condition (2.2) is weaker (see [20, Example 3.8]).

In the following theorem, we omit the assumption of continuity of f or g.

Theorem 2.3. Let (X, =X,d) be a complete partially ordered b-metric space. Let f,g : X — X be two
mappings such that f is g-weakly isotone increasing. Suppose that for every two comparable elements x,y €
X, we have

s'd(fr,9y) < My(z,y).
Then the pair (f,g) has a common fized point z in X if X is reqular. Moreover, the set of common fized
points of f and g is well ordered if and only if f and g have one and only one common fized point.

Proof. Following the proof of Theorem there exists z € X such that
lim d(zp,z) =0.

n—o0

Now we prove that z is a common fixed point of f and g.
Since xop+1 — 2, as n — oo, from regularity of X, x9,4+1 < z. Therefore, from (2.2]), we have

s'd(fz, grons1) < My(z, want1), (2.18)

where
M;(z, wont1) = max{y)(d(z, v2n+1)), Y(d(z, f2)), ¥(d(@2n41, 9T2n+1)), P(
Taking the limit as n — oo in (2.18)) and using Lemma we obtain that

d(z, g$2n+1) + d($2n+l, fZ) )}
2s '

1
S3d(fz, 2) = s*=d(fz,2) < s*limsup d(fz, grani1) < limsup My(z, Toni1)
s

n—oo n—oo

= max{limsup d(z, x2+1), limsup d(z, fz),limsup d(x2n+1, 9T2n+1),

n—00 n—00 n—00
lim sup d(Z, gx2n+1) + d($2n+17 fZ) }
n—00 2s
d(z, fz)

< max{0,d(z, fz),0,

L2 = d(= £2),

which implies that fz = z.
Similarly, it can be shown that z is a fixed point of g. O
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Taking f = g in Theorems 2.1 and we obtain the following fixed point result:

Corollary 2.4. Let (X, =<,d) be a complete partially ordered b-metric space. Let f : X — X be a mapping
such that f is weakly isotone increasing. Suppose that for every two comparable elements x,y € X we have

s*d(fx, fy) < My(x,y), (2.19)

where

d d
M) = mass s(d(a, ), w(dCe, f2)), 6y, f), o 2T AT
Then f has a fized point z in X if either:

(a) f is continuous, or

(b) X is regular.

Moreover, the set of fized points of f is well ordered if and only if f has one and only one fixed point.

)}

We present now results for so-called quasicontractions.

Theorem 2.5. Let (X, <,d) be a complete partially ordered b-metric space with s > 1. Let f,g: X — X be
two mappings such that f is g-weakly isotone increasing. Suppose that for every two comparable elements
z,y € X, we have

std(fx,gy) < N(z,y), (2.20)

where
N(z,y) = max{y(d(z,y)), ¢ (d(z, fz)), ¥ (d(y, gy)), ¥(d(z, gy)), Y(d(y, fz))},

and v : [0,00) — [0,00) is a continuous function with ¥ (t) < & for each t > 0 and 1(0) = 0. Then, the
pair (f,g) has a common fized point z in X if one of f or g is continuous. Moreover, the set of common
fixed points of f and g is well ordered if and only if f and g have one and only one common fixed point.

Proof. Define the sequence {z,} as given in the proof of Theorem We will complete the proof in three
steps.

Step I. We prove that limy_, oo d(zk, Tg11) = 0.

Suppose d(Zg,, Tko+1) = 0, for some k. Then, xp, = xg,4+1. In the case ko = 2n, z2, = Tap41 gives
Tont+1 = Tont2- If d(zont1, Topy2) > 0, then from we have

s*d(zont1, Tany2) = s'd(fran, grani1) < N(T2n, Tani1), (2.21)

where

N (22n, Ton+1) = max{y)(d(v2n, T2n+1)), Y(d(T2n, fr20)), Y(d(T2n41, gT2n11)),
Y(d(22n, 9T2n+1)), Y(d(T2n41, fTon))}
= max{(d(z2n, Tan+1)), V(d(T20, T2nt1)), Y(d(T2041, T2n12)),
Y(d(z2n, T2n+2)), Y(d(T2nt1, T2nt1)) }
= max{0, 0, Y(d(z2n+1, T2n+2)), ¥(d(2n, T2n+2)) }
= max{y(d(z2n+1, T2n+2)), Y(d(T2n41, T2n12)) }
= P(d(z2n+1, T2n12))-

Then, from (2.21)), we have

1
s*d(van+1, Tant2) < V(d(T2n41, T2nt2)) < %d($2n+1,$2n+2)-

Hence, [25° — 1]d(z2n11, Tont2) < 0, which is a contradiction, so zo,11 = on 1o
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Similarly, if kg = 2n + 1, then zo,4+1 = Topt2 gives Tont2 = Tont+3. Consequently, the sequence {zy}
becomes constant for k > ko and xj, is a coincidence point of f and g. For this, let kg = 2n. Then, we

know that xs, = 2,41 = T2,+2. Hence,
Ton = Tont1 = [Ton = Tony2 = 9T2n41-

This means that fxa, = gron+1. Now, since xg, = Top+1, We have fxo, = groy.

In the other case, when ky = 2n+ 1, similarly, one can show that xs,41 is a coincidence point of the pair

(f,9)-

Suppose that d(zg, xg+1) > 0, for each k. We now claim that the inequality

d(Tht1, Tpt2) < d(@k, Tpy1)

holds for each k =1,2,....
Let k£ = 2n and, for an n > 0,

d(z2n+1, Tan+2) > d(xon, Tant1) > 0.

Then, as 2, = Zon+1, using (2.20) we obtain that

s*d(zoni1, Tany2) = s'd(fran, groni1) < N(Ton, Tani1),

where

N (22, Tont1) = max{y(d(xan, Tant1)), Y(d(@2n, fron)), Y(d(T2n41, 9T2n+1)),
¢(d($2n7 ngn—l—l))? w(d('x?’l-l—l? fon))}
= max{y(d(x2n, T2n+1)), Y(d(@2n+1, T2n+t2)), Y(d(22n, Tant2))}-

If N(z2n, 22n+1) = ¥(d(@2n+1, T2n+2)), then from (2.24),

1
sYd(vans1, Tans2) < V(d(T2nt1, Tonse)) < %d(m2n+17$2n+2)7

which is a contradiction.
It N(l‘Zn’ 332n+1) = w(d(l‘2n7 332n+2))7 then from "

1
s*d(zont1, Tany2) < ¥(d(zan, ani2)) < ?Sd($2n,932n+2)
1

< ?ss[d(ﬂﬁzm Tony1) + d(T2n41, Tong2)] < d(T2p41, T2n42),

which is a contradiction.
If N(zopn, zon+1) = ¥(d(x2n, Tont1)), then from (2.24]),

1 1
s*d(zoni1, Tany2) < Y(d(2an, Tani1)) < ?Sd(x2n71:2n+l) < %d(m2n+1>$2n+2)7

a contradiction.

(2.22)

(2.23)

(2.24)

(2.25)

Hence, ([2.23) is false, that is, d(zont1, Tont2) < d(x2n, Topt1), for all n. Therefore, (2.22)) is proved for

k=2n.
Similarly, we have
d(z2n+2, Ton+3) < d(Ton+1, Tant2),

for all n. Hence {d(xk, zr11)} is a nondecreasing sequence of nonnegative real numbers. Therefore, there is

an r > 0 such that
lim d(xg, zk11) =7
k—o0
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Assume that r > 0. From (2.25)), we have

1
N (2on, Tant1) < %maX{d(xzn,£B2n+1),d($2n+1,$2n+2),d($2n,$2n+2)}

1
< % max{d(z2n, Tan+1), d(Ton+1, Ton+2), SA(Ton, Tont1) + sA(T2n41, T2ny2) }- (2.26)

Now, taking the upper limit as n — oo in ([2.26]), we obtain

1

lim sup N (z2p, Ton+1) < — max{r,2sr} = r. (2.27)

n— 00 2s

Taking the upper limit as n — oo in (2.24), and using(2.27), we have s*r < r. Therefore (s* — 1)r <0, a
contradiction with s > 1. Hence,

r = lim d(xg,x+1) = 0. (2.28)

k—o0

Step II. We now show that {z,} is a b-Cauchy sequence in X. That is, for every £ > 0, there exists
k € N such that for all m,n > k, d(xm,, z,) < .

We assume to the contrary, that {z,} is not a b-Cauchy sequence. Then from Lemma there exists
€ > 0 for which we can find subsequences {z,()} and {z,)} of {x,} such that n(k) > m(k) > k and:

(a) m(k) = 2t and n(k) = 2t' + 1, where ¢ and ¢’ are nonnegative integers,

(b) d(@m k), Tn()) = €, and

(c) n(k) is the smallest number such that the condition (b) holds; i.e., d(Z (), Tnx)—1) < €

We have the following relations:

e < limsup d(Ty, k), Tnk)) < €, (2.29)
k—o00
E < limsup d( (k:)a n(k )+1) < 826, (230)
S k—o0
= < limsup d(Zp (k) Trn(k)+1) < s%e, (2.31)
S k—o00
€ .
— < Hmsup d(@p, (k)15 Tn(k)+1) < s3. (2.32)
S k—o0

Since n(k) > m(k), we have ) = Tp(k), so from (2.20), we have

sYA(@ry+1, Tay+1) = S ATy 9Znm)) < N(@mik)> Tnr)): (2.33)
where
N(Z (ks Tky) = max{P(d(Zm(k)> Tnk)))s VA @mk)s fTmr)))s (A @nii)s 9Tn(k)))s
Y(A(Z (k) gfvn(k)))ﬂ!}(d(%(k),fﬂﬂm(k)))}
= max{(d(Tym k), Tn(k)))s V(@A Zmk)s Tor)+1)), V(A Tn()s Tngr)+1));

Y(A(Z (k) n(k)+1))a¢(d($n(k)axm(k)+l))}

1
< 5, max{d(@mw), Tn(k)), AZm(k)s Tm(r)+1) ALn(k), Tnck)+1),

d(xm(k)’ xn(k)—&-l)v d(xn(k)7 xm(k)—l—l)}
Taking the upper limit as k — oo and using (2.28)), (2.29), (2.30), and (2.31]), we have

. 1 . . :
lim sup N(xm(k) ) xn(k)) < ? max{hm sup d(xm(k:)a xn(k))a lim sup d(mm(k)7 xm(k)-l—l)? lim sup d(xn(k) ) xn(kz)—i—l)v
k—o00 S k—o0 k—o00 k—o0
im sup d( 2 (k) T (k)41)> B0 SUP d( T (ks Ty 41) }
k—o0 k—o0
1
< % max{se, 0,0, s%¢, s’} = %
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Taking the upper limit as k — oo in (2.33)) and using (2.32), we have

s%e = 84% < s limsup (T (k)+1> Tn(k)+1) < HmMsup N (T, k) Tnky) <

s€
57
S k—o0 k—o00

which implies that s < %, a contradiction to s > 1. Hence {z,} is a b-Cauchy sequence.
Step III. We will show that f and g have a common fixed point.
Since {z,} is a b-Cauchy sequence in the complete b-metric space X, there exists z € X such that

lim d(xon,z) = lim d(x2,+1,2) = lim d(fzan,2) =0, (2.34)

n—o0 n—oo n—oo

By the triangle inequality, we have
d(fz,2) < s[d(fz, fron) + d(fam, 2)] = s[d(fz, fron) + d(z2n+1, 7). (2.35)
Suppose that f is continuous. Letting n — oo in and applying we have
d(fz,z) < s[nlgngo d(fz, fran) + nlggo d(fzan,2)] =0,

which implies that fz = 2.
Let d(z,gz) > 0. As z and z are comparable, by ([2.20)) we have

s*d(z,g2) = s'd(fz,92) < N(z,2), (2.36)
where

N(z,z) = max{y(d(z, 2)), Y (d(z, f2)), ¥ (d(z, 92)), ¥(d(z, 92)), ¥(d(z, f2))} < d(z, g2).

Hence, (2.36) gives s*d(z, gz) < d(z, gz), which is a contradiction. Hence, d(z, gz) = 0.
Similarly, if g is continuous, the desired result is obtained. O

In the following theorem, we omit the assumption of continuity of f or g.

Theorem 2.6. Let (X, =,d) be a complete partially ordered b-metric space. Let f,g : X — X be two
mappings such that f is g-weakly isotone increasing. Suppose that for every two comparable elements x,y €
X, we have

std(fz,gy) < N(z,y).

Then, the pair (f,g) has a common fixed point z in X if X is reqular. Moreover, the set of common fized
points of f and g is well ordered if and only if f and g have one and only one common fized point.

Proof. Following the proof of Theorem there exists z € X such that

lim d(x,,z) =0.

n—oo

Now we prove that z is a common fixed point of f and g.
Since xop+1 — 2, as n — oo, from regularity of X, x9,41 < z. Therefore, from (2.20)), we have

s*d(fz, gwant1) < N(z, wani1), (2.37)

where

N(z, ant1) = max{y(d(z, 22nt1)), (d(2, [2)), Y(d(@2nt1, 9Ton11)), Y(d(2, g2n41)), P(d(@2n11, £2)) }-



J. M. L. Roshan, V. Parvaneh, Z. Kadelburg, J. Nonlinear Sci. Appl. 7 (2014), 229-245 241

Taking the limit as n — oo in (2.37)) and using Lemma we obtain that

1
s3d(fz, z) = s4fd(fz, z) < s*limsup d(fz,gxon+1) < limsup N(z,z2p+1)
s

n—oo n—o0

1
< — max{limsup d(z, x2n+1), limsup d(z, fz),limsup d(x2n+1, gTon+1),
2s n—o0 n—o00 n—oo

limsup d(z, gran+1), limsup d(z2p+1, f2)}

< %maX{O,d(%fz),O, 0,d(z, fz)} = %d(27 f2),

which implies that fz = z.
Similarly, it can be shown that z is a fixed point of g.

O

We illustrate our results by the following examples.

Example 2.7. Let X ={0,1,2} and d : X x X — R be defined by d(z,z) = 0 for z € X, d(0,1) = d(1,2) =
1, d(0,2) = %, d(z,y) = d(y,x) for z,y € X. Then, by [26], (X,d) is a b-metric space (with s = % > 1)
which is not a metric space. Define an order on X by <= {(0,0), (1,1),(2,2),(1,0),(2,0)} and obtain a
complete ordered b-metric space.

Consider the mapping f : X — X given by

Then, f? : (8 (1) g) and it follows that fax < f?z, i.e., f is weakly isotone increasing and, obviously,

continuous. Finally, take ¢(t) = kt for any k satisfying % < k < 1. The contractive condition (2.19) have
to be checked only for z = 0, y = 1 and for z = 0, y = 2. In the first case, fr = fy = 0 and (2.19)) is
trivially satisfied. In the second case, we get that

4 4 3
s*d(f0, f2) = <2> d(0,1) = Z—ﬁ = % : % < k-d(0,2)

— k- max{d(0,2),d(0, f0), d(2, f2), g(d(o, £2) +d(2, f0))} = M,(0,2),

and all the conditions of Corollary are satisfied. The mapping f has a unique fixed point z = 0.

Note that if we considered the same example without order, then we would have also to consider the case
x =1, y = 2. However, then the contractive condition would not hold, since it would reduce to 9% /45 < k
which is not true since k < 1.

Motivated by Example 2 in [25], we present the following example.

Example 2.8. Let X = [0, 00) be equipped with the b-metric d(x,y) = |z—y|?, =,y € X where s = 2271 =2
according to Example and define a relation < on X by =z = y iff y < x, where < is the usual ordering
on R. Define functions f,g: X — X by

x x
fx:1n<1+§> and ga:zln(l—l—?).
Define 1 : [0,400) — [0, +00) by 9(t) = kt with § < k < 1. Then we have the following:

(1) (X,=,d) is a complete partially ordered b-metric space.

(2) fis g-weakly isotone increasing with respect to <.
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(3) f and g are continuous.

(4) for every two comparable elements z,y € X the inequality (2.2)) holds, where M(z,y) is given by
(2.1).

T T
Proof. The proof of (1) is clear. To prove (2), for each € X, we have 1+ § <e9 and 1+ % < e7. Hence,
fr=m(1+7F) <z, gz =In(l+ %) <z Thus for each z € X we have gfr = In(1 + f%) < fz and
fogfxr =In(1+ ngz) < gfx, ie., fxr X gfr =2 fgfx. Thus, f is g-weakly isotone increasing with respect to
<. It is easy to see that f and g are continuous. To prove (4), consider z,y € X with z <y, i.e., y < x.
We have the following cases:

Case 1: If % < g then we have

X X X X

1+2 142 1+ +Z
1< 2< L = 0<m ——% <In ——%
1+4 7149 147 147
ty ty ty ty

Now, by using the mean value theorem for the function In(1+¢) on ¢t € [%, %] we have

T 2 €T 2
&ﬂﬁumn:16@m1+fy—mu+90 =16 (| — || <16(m|—F
9 7 L+ L+=
T Y.\ 2 T Y2
16 (In(1+2) — (1 + ) <16 (3~ 2) < kd(z,y) = ¥ (d(x,y)) < Ma(x,y)
So we have s*d(fz, fy) < Ms(z,y)).
Case 2: If g < % then we have
0¥ T oY (y_w)2<y2
7 9°7 7 9) — 49

By using the mean value theorem for the function In(1 +¢) on t € [§, #] we have
4 x Y.\ 2 y  x\2 16 ,
= —) — = < =z — — < —
s*d(fz,gy)) = 16 (ln(l + 9) In(1+ 7)) <16 ( ) < —y
4 (6y\* 6y')” /NS
- — < < — — = < .
9(7> _k<7> _kQ/1M1+7» b (d(y, gy)) < Ma(z,y)

Hence, again s*d(fx, fy) < Ms(x,y)) holds.
By combining all cases together, we conclude that f, g and 1 satisfy all the hypotheses of Theorem
and hence f and g have a common fixed point. Indeed, 0 is the unique common fixed point of f and g. O

3. Periodic point results

Let X be a nonempty set and denote by F(f) = {x € X : fr = x} the fixed point set of a mapping
f: X — X. Clearly, F(f) C F(f™) for every n € N, but the converse does not hold. If F(f) = F(f") for
every n € N, then f is said to have property P. For more details, we refer the reader to [Il [I5] and the
references mentioned therein.

Theorem 3.1. Let X and f be as in Corollary[2.f} Then f has the property P.
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Proof. From Corollary 2.4 F(f) # 0. Let u € F(f™) for some n > 1. We will show that u = fu.
Assume to the contrary, that u # fu, i.e., d(u, fu) > 0. We have f"~'u < f"u, as f is weakly isotone
increasing. Using (2.19)), we obtain that

() = d(P o, f7) = (S 7 ) < M, 7 ),

S

where

M 7 ) = e, £ ), ), d( o, ), A SO AT ),

d(f" ", f™u) + d(f"u, S )
2

< max{d(f"u, [ ), d(f"u, [ ),
— maxc{d(f"u, "), d( fu, ).
If M(f™u, f* ') = d(f™u, f"u), then from (3.1), we have

}

1
d(u, fu) = d(f"u, " u) < Sd(fu, ),
s
which is a contradiction since s > 1. Hence, we have
1
d(fua u) = d(fn+1u7 fnu) < de(fnua fn_lu)'

Starting from d(f™ 'u, f"u), and repeating the above process, we get

1 _ 1 ne n—
d(uv fU) = d(fn+1u7 fnu) < de(fnu’ fn lu) < [574]2[61(]0 2“7 f lu)
1 n
which is again a contradiction. Thus, u = fu. O

4. Existence theorem for a solution of an integral equation

Consider the integral equation

T
x(t)—/o K(t,ra(r) dr+g(t),  te0,T), (4.1)

where T' > 0. The purpose of this section is to give an existence theorem for a solution of (4.1)) that belongs
to X = C(I,R) (the set of continuous real functions defined on I = [0,77]), by using the obtained result in
Corollary Obviously, this space with the b-metric given by

d(z,y) = max |z(t) - y(t)I,

for all 2,y € X is a complete b-metric space with s = 2P~ and p > 1 (see Example .
We endow X with the partial order < given by

xRy <= z(t) < y(t), for all t € [0, 7.

It was proved in [22] that (X, <, d) is regular (the proof is valid also in the b-metric case).
We suppose that K : I x I x R— R and g : I — R are continuous. Now, we define F': X — X

T
Fx(t) = /0 K(t,r,x(r))dr + g(t), tel

for all z € X. Then, a solution of (4.1]) is a fixed point of 7. We will prove the following result.
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Theorem 4.1. Suppose that the following hypotheses hold:

(i) for allt,r € I and u € X, we have
T
K(trou(®) < K(tor, [ Klroru(r) dr+ g(0):
0

(7i) there exist a continuous function & : I x I — [0,00) and a non-decreasing continuous function 1) :
[0,00) — [0,00) with ¥(l) <1 for eachl > 0 and ¥ (0) =0 such that

(K (t,r,2(r) = Kt ry(r) [P < &t )¢ (Ja(r) —y(r)P),

forallt,r € I and x,y € X with x < y;

T 1
(ii) maxyer( [, &(t,r)dr) < 9dp—Ap—1°

Then, the integral equation )has a solution u* € X.

Proof. From (i), for all ¢t € I, we have
T T T
Fz(t) = / K(t,r,z(r))dr +g(t) < / K(t, T,/ K(r,r,x2(1))dr + g(r)) dr + g(t)
0 0 0

T
= /0 K(t,r,Fa(r))dr + g(t) = F(Fx)(t).

Hence, we have Fx < F(Fx) for all z € X.
Now let 1 < ¢ < oo with % + % = 1. For all z,y € X such that y < z, by (ii) and (iii), we have

T
24| Fur(t) — Fy(t)lP < 2% /0 K (t,r,2(r)) — K (8,7, y(r))| dr)?
T T
< 2t / 1 dr) i / K (t,r,2(r) — K (7, y(r) [P dr) ]
0 . 0
_ gip-dphy / K (¢, r, () — K (8,7, y(r) P dr)
P OT
< ot / £(t, ) (|2(r) — y(r)[?) dr)
OT
< ot /0 £(t, ) (d(z, ) dr)

T
< gtigr /O (t,r) dr)p (M (. ))
< P(My(z,y)).

Thus, from Corollary the integral equation (4.1) has a solution u* € X. O]
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