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Abstract

In this paper, by using Schauder fixed point theorem, we study the existence of at least one positive solution
to a coupled system of fractional boundary value problems given by

{ —Dgiyi(t) = Aar () f (£, y1(t), v2(t)) + e (t),
— D ya(t) = Aaa(t)g(t, y1(t), y2(t)) + ea(t),

where v1,v5 € (n —1,n] for n > 3 and n € N, subject to the boundary conditions yY)(O) =0= yéi)(O), for
0<i<n-—2 and [D§,y1(t)]i=1 = 0 = [D§y2(t)]t=1, for 1 <a <n —2.
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1. Introduction

In this paper, we are interested in the existence of positive solution of the following coupled system of
fractional boundary value problems(FBVPs for short) given by:

{ —Dg}ryl(t) = a1 (t) f(t,y1(), y2(t)) + e1(t), (1.1)
—DP2ys(t) = Aaan(t)g(t, y1 (1), y2(1)) + ea(t), '
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where ¢t € (0,1), v1,v2 € (n—1,n] for n > 3 and n € N, and A;, A2 > 0, with the boundary value condition:
@y — 0 — o0 ~ _
y; (0)=0=1y,"(0),0<i<n-—2, (1.2)

[DG+y1(D)]e=1 = 0 = [Dgry2(t)]i=1,1 S < n =2, (1.3)

where f,g € C([0,1] x [0,00) % [0,00),[0,00)), a1, az,e1,ez € C([0,1],]0,00)).

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary noninteger
order. The fractional differential equations play an important role in various fields of science and engineering.
With the help of fractional calculus, we can describe the natural phenomena and mathematical model more
accurately. So, the fractional differential equations have received much attention and the theory and applica-
tion have been greatly developed (see [1]-[25]). Recently, the existence of solutions of the initial and boundary
value problems for nonlinear fractional equations are extensively studied (see [11,[2],[5]-[7],[9],[10],[18]-[22]),
and some are coupled systems of nonlinear fractional differential equations (see [2],[5],[6],[9],[19],[20]).

In [9], by using Krasnoselskii fixed point theorem, C.S. Goodrich considered:

{ —Dgiyi(t) = Max(t) f(y1(t), y2(1)), (1.4)
=D ya(t) = Aaaz(t)g(y1 (), y2(t)), |

with the same boundary value problem like (|1.2) and , and establish the existence of at least one positive
solution.

In [I8], M.ur Rehman, R.A. Khan investigated the existence of solutions for a class of nonlinear multi-
point boundary value problems for fractional differential equations:

Dy(t) = f(t,y(t). Diy(t)), ¢ € (0,1), (15)
y(0) =0, DJy(1) = S2GD (&) = wo,

m—2

where 1 < a <2, 0<<1,0<§ <1(i=1,2,...,m—2), ¢ >0 withy = > leia*ﬁ*l < 1. Their
i=1

analysis relied on the Schauder fixed point theorem.

In [19], S.R. Sun, Q.P. Li, Y.N Li considered an initial value problem for a coupled system of multi-term
nonlinear fractional differential equations:

D%u(t) = f(t,v(t), DPro(t),...,DNu(t)), D*u(0)=0, i=1,2,...,n1, L6
{ Dou(t) = g(t,u(t), D" u(t),...,DPNu(t)), D°Iv(0) =0, j=1,2,... (1.6)

where t € (0,1], a > 1 > P2 > - >N >0,0>p1 >p2>--->py>0,n=a+1 ny=0+1 for
a,0 € N and ny = o, ng = o for a,0 € N, B4,ps < 1 for any ¢ € {1,2,...,N}. Also, by means of the
Schauder fixed point theorem, an existence result for the solution are obtained.

In [20], X.W. Su studied a boundary value problem of the coupled system:

Deu(t) = f(t,v(t), DPo(t)), 0<t<1,
DBu(t) = f(t,u(t), D’u(t)), 0<t<1, (1.7)
u(0) = u(1) = v(0) = v(1) =0,

where 1 < o, 8 <2, p,v >0, a —v >1, 8 —p > 1. Due to the Schauder fixed point theorem, an existence
result for the solution is obtained.

In our paper, we also utilize Schauder fixed point theorem to obtain three results on the existence of
positive solutions for the system of fractional boundary value problem —.

With this context in mind, the outline of this paper is as follows. In Section 2 we shall recall certain
results from the theory of the continuous fractional calculus. In Section 3 we shall provide some conditions
under which FBVPs — will have at least one positive solution.
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2. Preliminaries
We first wish to collect some basic lemmas that will be important to us in the sequel.

Definition 2.1. ([10]) Let v > 0 with v € R. Suppose that y : [a,00) — R. Then the v-th Riemann-
Liouville fractional integral is defined to be

D) = gy [ wls)e— 9

whenever the right-hand side is defined. Similarly, with v > 0 and v € R, we define the v-th Riemann-
Liouville fractional derivative to be

Ldr [t y(s)
Dly(t) = —— & [ Y8y
V)= T dt"/a (t — s)yrHi—n"

where n € N is the unique positive integer satisfying n — 1 <v <n and t > a.

Lemma 2.2. ([§]) Let g € C™([0,1]) be given. Then the unique solution to problem —Dg . y(t) = g(t)
together with the boundary conditions y™®(0) = 0 = (DG y(t)]i=1, where 1 <a<n—2and0<i<n—2,is

1
= /0 G(t,s)g(s)ds, (2.1)

tV*l(l_s)ufafl_(t_s)Vfl 0 < s < t < 1
G(t,s) = {

where

Q) o (2.2)

is the Green function for this problem.

Lemma 2.3. ([§]) Let G(t,s) be as given in the statement of Lemma[2.2 Then we find that:
(i) G(t,s) is a continuous function on the unit square [0,1] x [0,1];
(i) G(t,s) >0 for each (t,s) € [0,1] x [0, 1];
(ii1) m{g}lc] G(t,s) = G(1,s), for each s € [0,1].
telo,

Lemma 2.4. ([8]) Let G(t,s) be as given in the statement of Lemma [2.4 Then there exists a constant
€ (0,1) such that

min G(t,s) > v max G(t,s) = vG(1,s). (2.3)
te[3,1] t€[0,1]

3. Main results

In this paper, let E represent the Banach space of C([0,1]) when equipped with the usual supremum
norm, ||-||. Then put X := E x E, where X is equipped with the norm ||(y1,y2)| := ||y1|l+ ||ly2]| for (y1,v2) €
X. Observe that X is also a Banach space (see [§]). In addition, define the operators 71,75 : X — E by

(T3 (g, 92))( /&ﬁshﬂﬁ@ﬁ%%%+ﬂﬂ%

and
(Ta(yn, 92)( /GﬂSMM)@m@m@HM@W7



M. R. Hao, C. B. Zhai, J. Nonlinear Sci. Appl. 7 (2014), 131-137 134

where G1(t, s) is the Green function of Lemma [2.2| with v replaced by v and, likewise, Ga(t, s) is the Green
function of Lemma [2.2] with v replaced by v5. Now, we define an operator S : X — X by

(S(y1,92))(t) : = (T1(y1,92)) (@), (T2(y1,y2)) (1))
= (ff’l G1(t, 5)[Mai(s) f(s,y1(5), y2(s)) + ei(s)]ds, (3.1)
Jo Ga(t, s)[A2a2(5)g(s,y1(s), y2(s)) + ea(s)]ds).

We claim that whenever (y1,y2) € X is a fixed point of the operator defined in (1.1)), it follows that y; (¢)
and y2(t) solve FBVPs (1.1))-(1.3).

We shall look for fixed points of the operator S, seeing as these fixed points coincide with solutions
of FBVPs —. For use in the sequel, let 71 and 2 the constants given by Lemma associated,
respectively, to the Green functions G; and Gs.

Next, we suppose that f : [0,1] x RT — R is a Caratheodory function, that is,

(i) for almost all ¢ € [0,1], f(¢,-) : RT — R is continuous;
(ii) for every I € RT, f(-,1) : [0,1] = R is measurable.

We give a notation: if for almost all ¢ € [0,1], b >0, b € L'(0,1), we denote b > 0.
For the sake of convenience, we set

1 1
r* = max sup/ G1V<t_’f)el(s)ds, sup/ GZV<t_’f)eg(s)ds ,
tejo,1]Jo tefo1]Jo 172

1 1
7« =min{ inf / Gl(tjs)el(s)ds, inf / GQ(ES)GQ(S)dS .
te[0,1] Jo -1 te€l0,1] Jo tre—1

Now, we define a set P by

Pi={(y1,42) € X :01(t), 92(t) = 0, ¢ € [0, 1]}.

Now we consider the problem ([1.1))-(1.3)), where f is a Caratheodory function.
Case 1. r, > 0.

Theorem 3.1. Suppose that there exist b = 0 and A > 0 such that

b(t
0< f<t7y17y2)7 g(t7y17y2) < y()\)7 v(ylqu) € P and Y1 7é Ovt € [07 1]7
1

where

1 1
G1(1, 5)a1(s)b(s) Ga(1, s)az(s)b(s)
)\1/0 A1) ds, )\2/0 A1) ds < 400, (32)

where v = max{vy,ve}. If r« > 0, then FBVPs (1.1)-(1.3) have at least one positive solution.

Proof. Let Q = {(y1,y2) € P : " 'r < y1(t),y2(t) < " "'R,Vt € [0,1]}, where v* = min{vy, 5} and
R > r > 0 are undetermined positive constants. Then 2 is a bounded convex closed set.

Furthermore, a relatively straightforward application of the Arzela-Ascoil theorem, which we omit, re-
veals that S is a completely continuous operator. Next, we show that S(2) C Q. In fact, we fix r := r, and
from assumption, we have r > 0. For all ¢ € [0,1] and (y1,y2) € Q, we get

1
Ti(y1,y2)(t) > / G1(t,s)er(s)ds > "1 1p, = 171y > 471y,
0

On the other hand, we set

1 /1 G1(1,8)a1(8)b(8)d8 ) 1 /1 Gg(l,s)ag(s)b(s)ds}.
0

tri—1 sMNT-1) 2#/271 sANT-1)

B8* = max {)\1
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Hence,

Ty (y1,y2)(t) M) Ga(1 all()s) (5,y1(5),y2(5))ds + [ G1(t, s)ex(s)ds

Al 1 Gl( ))\( () ) (s)ds + T*tul 1

- 1(TT+T ) < HES ).

ININ A

Set R = ( + 7*), then we have Ti(y1,v2)(t) > 7" and Ti(y1,92)(t) < t*"~'R. Similarly, we get
Tz(yl,yg)(t) > 71y and Th(y1, y2)(t) < 7" ~'R.

Consequently, S(2) C Q. In summary, each of the conditions of Schauder fixed point theorem is satisfied.
The proof is complete. O

Case 2. r, =0.

Theorem 3.2. Suppose that there exist b > 0, b=0and1>\> 0, such that

~

t b(t
;A) < ftyny2), 9ty ye) < ;A) V(y1,y2) € P and y1 # 0,t € [0, 1] (3.3)
1 1

and is satisfied. If ro. =0, then FBVPs - . ) have at least one positive solution.

Proof. Like Theorem we just need to search the fixed 0 < r < R, such that S(2) C Q.
Similarly, we have
IB*

Ty, po) (1) <1775 +77).

On the other hand, set
5 , 1 1 Gi(1, 8)ai(s)b(s) 1 1 Ga(1, s)az(s)b(s)
/8* — min {)\171 tVl_l ﬁ SA(V*—I) dS, )\272 tVQ_l /; S)\(V*—l) ds 5
2 2

where 71,79 are defined by Lemma 2.4l So,

T1(y1,y2)(t) A1 fo G1(t, s)ar(s)f (s, 41(s),y2(s))ds

Alf Gi(t,s)a1(s)f(s,y1(s),y2(s))ds

A [} (L, s)an(s) 50 ds

(AVARAYS

f
f

Y

thi— 15* >tl/ 1,3*

v

Hence, we only need to find r and R satisfying 5 8. 4+ r* < R and 8 % = r. Like Theorem we can obtain
the conclusion.

Case 3. r* <0.

Theorem 3.3. Suppose that there exist b = 0, b=0and1>\> 0, such that (3.2) and (3.3)) are satisfied.
If r* < 0 with

~

> [(Bﬂ**)/\)?] (1 — %) (3.4)

then FBVPs (1.1)-(1.3]) have at least one positive solution.

Proof. Like Theorem we only need to find 0 < r < R satisfying

5—<R f; +re > (3.5)

rA T
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ﬁ’; + r, > 7 is satisfied. Or it is equal to

2
N o, > r, then =

Let R = 25, if (ﬁﬁj

B* A2

T,
(B%)*

re > f(r) =r—

> 1
It is easy to prove that f has the minimum value at ry, where r¢g = [()‘;*ﬁ*;] 1-22

Now, set r = rg, thus when r, > f(rg), (3.5)) is satisfied, that is to say, (3.4) is satisfied. The proof is
complete. 0
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