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Abstract

The purpose of this paper is to establish some weak convergence theorems of modified two-step iteration
process with errors for two asymptotically quasi-nonexpansive non-self mappings in the setting of real
uniformly convex Banach spaces if F satisfies Opial’s condition or the dual E* of F has the Kedec-Klee
property. Our results extend and improve some known corresponding results from the existing literature.
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1. Introduction

Let K be a nonempty subset of a real Banach space E. Let T: K — K be a mapping, then we denote
the set of all fixed points of 7" by F'(T"). The set of common fixed points of two mappings S and 7' will be
denoted by F'= F(S)N F(T). A mapping T: K — K is said to be:

(i) asymptotically nonexpansive if there exists a sequence {k,} € [1,00) with lim,_o kn = 1 and

[Tz =Ty < kallz -yl (1.1)
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forall x, y € K and n > 1,

(ii) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence {k,} € [1,00) such that
lim,, o0 kn, = 1 and

[Tz —pll < knllz —pl (1.2)

forallz € K,pe F(T) and n > 1,

(iii) uniformly L-Lipschitzian if there exists a constant L > 0 such that
7"z = T"y|| < Lllz -yl (1.3)

for all x, y € K and n > 1.

The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk [8] as an important
generalization of the class of nonexpansive maps (i.e., mappings 7: K — K such that ||Tx —Ty|| < ||z —y|,
Vz,y € K) who proved that if K is a nonempty closed convex subset of a real uniformly convex Banach
space and 7' is an asymptotically nonexpansive self-mapping of K, then T" has a fixed point.

Iterative techniques for approximating fixed points of nonexpansive mappings and asymptotically nonex-
pansive mappings have been studied by various authors (see e.g., [2]-[4],[7],[10],[12],[I5]-[18], [20]-[25]) using
the Mann iteration method (see e.g.,[13])/the modified Mann iteration method or the Ishikawa iteration
method (see e.g.,[9])/the modified Ishikawa iteration method. (See, also [19] and [26]).

In 1978, Bose [1] proved that if K is a bounded closed convex nonempty subset of a uniformly convex
Banach space E satisfying Opial’s [I4] condition and 7': K — K is an asymptotically nonexpansive map-
ping, then the sequence {T"x} converges weakly to a fixed point of 7" provided T is asymptotically regular
at x € K, i.e., lim,_,o0 | Tz — T" x| = 0. Passty [16] and also Xu [27] proved that the requirement that
FE satisfies Opial’s condition can be replaced by the condition that F has a Frechet differentiable norm.
Furthermore, Tan and Xu [22] 23] later proved that the asymptotic regularity of T' can be weakened to the
weakly asymptotic regularity of T at z, i.e., w — lim,, .o |77z — T 2| = 0.

In [20, 21], Schu introduced a modified Mann process to approximate fixed points of asymptotically
nonexpansive self-maps defined on nonempty closed convex and bounded subset of a Hilbert space H. In
1994, Rhoades [18] extended the Schu’s result to uniformly convex Banach space using a modified Ishikawa
iteration scheme.

In all the above results, the operator T remains a self-mapping of a nonempty closed convex subset K
of a uniformly convex Banach space E. If, however, the domain of T, D(T), is a proper subset of E (and
this is the case in several applications), and T maps D(T') into E, then the iteration processes of Mann
and Ishikawa studied by these authors; and their modifications introduced by Schu may fail to be well defined.

The aim of this paper is to establish some weak convergence theorems for two asymptotically quasi-
nonexpansive non-self mappings in the framework of real uniformly convex Banach spaces. Our results
extend, improve and unify some known corresponding results from the existing literature.
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2. Preliminaries

Let E be a real normed linear space. The modulus of convexity of E is the function dz: (0,2] — [0, 1]
defined by
T+Yy

Sple) = inf{1—|| .

E is uniformly convex if and only if dg(e) > 0 for all € € (0, 2].

I Mzl = Nyl =1, e = |z - yll}

A subset K of F is said to be a retract of F if there exists a continuous map P: E — K such that
Pz = x for all x € K. Every closed convex subset of a uniformly convex Banach space is a retract. A map
P: E — E is said to be a retraction if P? = P. It follows that if a map P is a retraction, then Py = y for
all y in the range of P.

Definition 2.1. Let E be a real normed linear space, K a nonempty subset of E. Let P: E — K be the
nonexpansive retraction of F onto K. A map T: K — F is said to be:

(i) asymptotically nonexpansive [5] if there exists a sequence {k, } C [1,00) with k,, — 1 as n — oo such
that for all z,y € K, the following inequality holds:

IT(PT)" 'z = T(PT)" | < kalle —yl, ¥ =1, (2.1)
(ii) asymptotically quasi-nonexpansive if F(T) # 0 and there exists a sequence {k,} C [1,00) with
kn — 1 as n — oo such that for all x,y € K and z* € F(T), the following inequality holds:
T(PT)" 'z — T(PT)" '2*| < kpllz—2a%,¥Vn>1 2.2
I T(PT) < kn , Vn>1,
(iii) uniformly L-Lipschitzian if there exists a constant L > 0 such that for all z,y € K,
IT(PTY™ 'z — T(PT)" Yy < Llz—yll, Vn>1. (2.3)

Let K be a nonempty closed convex subset of a uniformly convex Banach space E. The iteration scheme:
z1 € K and
Tpp1 = Planzn 4+ b, Ty (PTY)" Yy, + caly), Y > 1,
Yn = P(anzn + b, To(PTy)" tz, + Gumy), Vi > 1, (2.4)
where l,, m, € K and {l,,}22;, {my}32 are bounded, ap+b,+c, =1 = Gn+bn+n, 0 < an, bp, Cn, Gn, by, En <

I foralln > 1, 3% ¢, < 00, D02 €y < 00, and P is as in definition is called modified Ishikawa
iteration scheme with errors in the sense of Xu [28] for two mappings.

Remark 2.2. If T is a self map, then P becomes the identity map so that (2.1)), (2.2) and (2.3) coincide
with (1.1)), (1.2) and (|1.3)) respectively. Moreover, iteration scheme (2.4]) reduces to the modified Ishikawa

iteration scheme with errors.
Now, we study the iteration scheme which is independent of (2.4)) is as follows:
Toy1 = Plap Ti(PT)" 'y + by To(PT2)" Yy + culy), ¥ > 1,
Yo = P(anwy + b, T1(PT)" 'y + Emy), Y > 1, (2.5)

where l,, m,, € K and {l,,}22,, {my}>2, are bounded, a,+b,+c, =1 = Gn+bn+En, 0 < an,bp, Cn, Gn, by, En <
Lforalln>1,%7° ¢, <00, Y o2 < 00, and P is as in definition is called modified Ishikawa type
iteration scheme with errors in the sense of Xu [2§8] for two mappings.

In the sequel, we shall need the following lemmas.
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Lemma 2.3. (See [2])]). Let {rn},{sn} and {t,} be sequences of nonnegative real numbers satisfying
Tnt1 < (L4 sp)rn +tn, V> 1.

If 3500 1 sn < 00 and Y .7ty < 00, then limy, ooy, exists. In particular, if {r,} has a subsequence
converging to zero, then limy, o r, = 0.

Lemma 2.4. (See [21)]). Let E be a uniformly convexr Banach space and 0 < a < t, <b <1 for alln > 1.
Suppose that {x,} and {y,} are two sequences in E satisfying imsup,,_, [|zn] < 7, limsup,,_, o |lyn|| < 7,
limy, o0 |[tnn + (1 — tp)ynl|| = r for some r > 0. Then lim, o ||z, — yn|| = 0.

Lemma 2.5. (See [11]) Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee prop-
erty. Let {x,} be a bounded sequence in E and p, q € wy(xy) (where wy(x,) denotes the set of all weak
subsequential limits of {x,}). Suppose limy,_oo ||tz + (1 — t)p — q|| exists for all t € [0,1]. Then p = q.

Lemma 2.6. (See [2]) Let K be a nonempty bounded closed convex subset of a uniformly convexr Banach
space E. Then there exists a strictly increasing continuous convez function ¢: [0, 00) — [0, 00) with $(0) = 0
such that for any Lipschitzian mapping T: K — E with the Lipschitz constant L > 1, and element {a:j}?zl
in K and any nonnegative number {tj};-‘zl with Z?Zl tj =1, the following inequality holds:

n n
_ 1
IT(Yties) = STl < 267 max (s — aull = 1T — Tal)
j=1 i=1

1<), k<n

We recall that a Banach space F is said to satisfy Opial’s condition [14] if, for any sequence {z,} in F,
T, — x weakly implies that
limsup ||z, — x| < limsup ||z, — y||
n—oo n—oo

for all y € E with y # .

A Banach space E has the Kadec-Klee property [0] if for every sequence {z,} in E, z, — = weakly and
|zn|l = ||z| it follows that ||z, — z| — 0.

3. Main Results

In this section, we establish some weak convergence theorems of the iteration scheme (2.5) by using
Opial condition and Kadec-Klee property in the framework of real uniformly convex Banach space. First
we need the following lemma to prove our main results of this paper.

Lemma 3.1. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset
which is also a nonexpansive retract of E. LetTh,To: K — E be two uniformly L-Lipschitzian asymptotically
quasi-nonezpansive non-self mappings with sequences {ky}, {hn} C [1,00) such that F = N7 F(T;) # ¢.
Suppose Ny = lim, k,, > 1 and Ny = lim,, by, > 1 such that Y oo | (knhy — 1) < co. From arbitrary x; € K,
the sequence {x,} defined iteratively by with the restrictions Y .~ 1 ¢, < 00 and Y o, byty < 00. Let
{an} and {a,} be sequences in [6,1 — d] for some § € (0,1). Then we have the following:

(a) imy, o0 |2y, — *|| exists for all * € F.

(b) limy, o0 || T — T12n|| = 0 and lim, o ||z, — Toxy|| = 0.
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Proof. For all x* € F, we set
M; = max{sup ||l,, — =*||, sup [|m,, — ||}
n>1 n>1

Then from (2.5)), we have

|Zne1 — 2| = ||P(anTi(PTY)" Y2y + by To(PT2)" Yy, + cplyn) — P
< Nlan Ty (PTY) " Y2y + by To(PT2)" Yy + cply — 27|
< an||Ty(PTY)" o — 27| + b T2 (PT2)™ yp — 2|
teallln — 2"
< ankn|lzn — || + bphallyn — || + My (3.1)
and
lyn — 2| = ||P(@nzn + bpTi(PT)™ @y + Enmy) — Pa||
< lanzy + BnTl(PTl)”‘la:n + epmy, — |
< ap|zn — || 4 b | TL(PTY) Ly — 2|
+n||my, — 2|
< anllwn — 2| + bukal|zn — 2| + €My
< an + bk, — 2| + e My
= [l = Culknllzn — 27| + C M
< kpll@n — x| + My (3.2)

which implies that

lyn — 2| < knllzn — 2% + &M
< kphy||l®n — 2| + & M. (3.3)

Using and , we obtain that

anknllzn — 2% + bphn[knhpllzn — 2| + e M) + ¢ My

anknhn ||z, — || + bpknhn[knhy ||z, — 27| + €, M1] + ¢, M

(an + bp)k2h2||zn — 2% + [buknhntn + ca] My

(1- cn)kihiHmn — || + [bpknhnCn + ca] My

kphipllen — || + (bnn + cn)knhn M

k22 ||z, — 2¥|| + (bpCn + cn) Mo

[+ (kahy = D]l — 2| + An (3.4)

41 — 7]

ININ A

IAIA

where
My = sup{knhn} M1, Ay, = (bnén + cn)Mo.
n>1

By putting A, = (k2h2 — 1), the inequality (3.4) can be written as follows
[ntr — 2| < (L4 An)l[on — 27| + An. (3.5)
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By hypothesis of the theorem, we find

o0 o
n=1 n=1
= Zkh + 1) (knhp — 1)
e o0
< (NiN2+ 1)) (bnhn — 1) < 00
n=1
Since by assumptions of the theorem ) 7 | ¢, < oo and ) 7 b,&, < 00, it follows that > | A, < co and
> o2 1 Ap < 00, thus by Lemma we have lim,_, ||z, — z*|| exists. Let lim, o ||z, — H = r for some

r > 0. From ({3.3)), we have
lyn — || < kphpllzn — 2%|| + &My, Vn > 1.
Taking limsup, .~ in both sides, we obtain

limsup ||y, —2*|| < limsup ||z, —z*| = hm |lzn — x| =7 (3.6)

Since T7 is asymptotically quasi-nonexpansive non-self mapping, we have
HTl(PTl)”_lxn —z*|| < kpllzn — 27|, Yn > 1.
Taking limsup,—~ in both sides, we obtain

limsup |71 (PT)" Yo, — 2| < 7 (3.7)

n—oo

In a similar way, we have
ITo(PTo)" Yy — 2*|| < hllyn — 27|, V1 > 1.

By using (3.6)), we obtain
limsup | To(PT2)" y, —2*|| < r (3.8)

n—oo -
Also, it follows from
r=lim [lz, — 27
= lim |ja, Ty (PTY)" Y2y + by To(PT5)" Yyn + cnln — 27|
n—oo

= lim lan[(T3(PT)" "2 — 2%) + 5 (n — 2°)

2a,
c

+bn[(T2(PT2)" yn — %) + ﬁ(ln — )|

= Jim_ [lan((T1(PTL)" o = %) + 57 (I = ")

2ay,
Cn, .
(1= a) (T (PT)" = %) + (= )|
and Lemma [2.4] that
. n— n— C’VL C?’L *
lim | Ty (PT)" e, — To(PTo)" Ly, + (ﬂ — ﬁ)(zn — %) =o. (3.9)
Since limy, o0 [|(52= — 52-)(In — 2*)|| = 0, we obtain that

lim |71 (PTy)" 2, — To(PT2)" y,| = 0. (3.10)
n— o0



G. S. Saluja, J. Nonlinear Sci. Appl. 7 (2014), 138-149 144
Now
|Zni1 — 2] = |lanTL(PT)" Yy 4 by To(PT)" Yy, + calp — x|
= (T (PT)" Yy — 2™) + b (To(PT2)" 'y
— T (PT)" ) + cn(ly — TV (PT)" ) ||
<NT(PT)" wn — 2| + b | To(PT2)" yp — To(PTH)" |
+ epllln — TL(PTY)™ |
yields that
r < liminf |7y (PTy)" e, — 2|
n—oo
so that (3.7) gives
lim |7 (PT)" ta, — z*|| = . (3.11)
n—oo
On the other hand,
1T (PT)" = a*|| < || T (PT)" ey — To(PT2)" | + | T2 (PT2)" iy — 2
< | T(PT)" w0 — To(PT2)" " yull + hallyn — 27|
so we have
r < liminf ||y, — 2*|. (3.12)
n—0o0
By using (3.6)) and (3.12)), we obtain
Tim g — | = 7 (3.13)
Thus
r= lim ||y, — x|
n—o0
= lim |lapx, + l_)nTl(PTl)n_ll’n + epmy, — |
n—oo
. T — * @ *
= Jim 5,73 (PT) s = ) + S (ma — 2°)
_ “ c
+ Gp Ty — %) + ﬁ(mn — x|l
— 1 7 n—1 Lk 6771 X
= Jim [, ((T3 (PT) = o) + (o 2)
_ . o
+ (1 =by)[zn — ")+ %(mn —z")]||-
Qn
Using (3.11)), (3.13) and Lemma the above inequality gives
lim | Ty (PTy)" &, — 2] = 0. (3.14)
Now
[y — znll < BnHTl(PTl)nilxn — T + Enllmy — 0. (3.15)
Using (3.14) and by hypothesis of the theorem in (3.15)), we obtain
Jimly, — @l = 0. (3.16)
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Also note that
|Zni1 — znll = |JanTi(PT)" 12y + by To(PT2)" Lyn + cpln — 0|
= (1 =0, — cn)Tl(PTl)”*lxn + bnTQ(PTg)”*lyn + cpln — x|

< N T(PT)" g — x| + b To(PT2)" yn — T (PTY)" |
tcnllln — TL(PTY)" ||
— 0 asn — oo, (3.17)
so that
[Znt1 = ynll < lzns1 — 2all + [lyn — 20l = 0asn — oco. (3.18)

Furthermore, from

Jnss = To(PT)"gall <l — @l + 20 — TLPT)™ '
HITU(PT)" 2, — To(PTo)"

we find that
lim ||@py1 — To(PT)" 'yl = 0. (3.19)

n—oo

Then
[Znt1 = Tizniall < lznsr — Ti(PT) " @na || + [T (PTY) " Tng1 — To(PTh) 2|
+H T2 (PT)" " zn — T1wpi1 |
[Zn+1 — T1(PT1)"Tn41ll + Ll|zpt1 — 2|
+L| Ty (PT)™ Yy — 21|
[Zn+1 — T1(PT1)"Tn41ll + Ll|znt1 — @
+Lb, || Ty (PT)" L2, — To(PT)" Ly,
+Leg || Ty (PT) Y2y, — 1|

IN

IN

yields
lim ||z, — Thz,|| = 0. (3.20)
n—oo
Now
20 = To(PTo)" ' anll < lon = @nga || + l2nt1 — To(PT2)" Hynll
+HT2(PT2)" ™ yn — T2(PT2)" "

|Tn — Tpt1l] + || Tn+1 — T2(PT2)n_lynH
n -~ 4n : ’
+L||yn — 2p|| = 0as n — oo (3.21)

IN

Thus
|znt1 = To(PT2) " @pia || + [ T2(PT2)" Tns1 — Totn1]|
2041 = To(PT2) 2|l + LITo(PT2)"  @ng1 — 2ng |
-1 n—1
zn1 — To(PT2) " @pga || + L<||T2(PT2)” Tn1 — To(PT2)" ynll

| Zn1 — Tozpi1|

VARVAN

IA

| T2(PT2)" "y = 20

[#n+1 — To(PTo) " @nsr || + L2 || @01 — ynl|
+L| T2 (PT)" 'y — T |

IN
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implies
lim |z, — Thzy| = 0. (3.22)
n—oo

This completes the proof. O

Theorem 3.2. Let E be a real uniformly convex Banach space satisfying Opial’s condition and K, T; (i =
1,2) and {z,} be as in Lemma[3.1 If F = F(Ty) N F(1») # ¢, then the sequence {x} converges weakly to
a common fixzed point of the mappings T1 and Ts.

Proof. Let p € F = F(Ty) N F(T3) # ¢. Then, by Lemmal[3.] ||z, — p|| exists. Assume that z,, — u weakly
and ,,; — v weakly as n — oco. Then u, v € F. We prove that v = v. If u # v, by Opial’s condition, we
have

lim ||z, —u| = lim ||z, —ul
n—o0 — 00
< lim |jzp, — |
1—00

= lim ||, — v
n—oo

< lim [y, —ul
j—o00

= lim ||z, —u
n—oo

which is a contradiction. Therefore, we have the conclusion i.e. u = v. Thus the sequence {x,} converges
weakly to a common fixed point of the mappings 77 and T5. This completes the proof. O

Lemma 3.3. Let E be a real uniformly conver Banach space and K be a nonempty closed convexr subset
which is also a nonexpansive retract of E. LetTh,To: K — E be two uniformly L-Lipschitzian asymptotically
quasi-nonezpansive nonself mappings with sequences {kn}, {hn} C [1,00) such that F = N7 F(T;) # ¢.
Suppose N1 = lim,, ky, > 1 and No = lim,, hy, > 1 such that > o (knhy, — 1) < 0o. From arbitrary z; € K,
the sequence {x,} defined iteratively by with the restrictions Y o2 | ¢, < 00 and Y o7 | bpéy < 00. Let
{an} and {a,} be sequences in [§,1 — §] for some § € (0,1). Then limy, oo ||tx, + (1 —t)p — q|| exists for all
p,q€ F andt € [0,1].

Proof. By Lemma we know that {z,} is bounded. Letting
an(t) = [[tzn + (1 = t)p — 4|

for all t € [0,1]. Then lim, o a,(0) = ||p — ¢|| and lim, o0 an(1l) = ||z, — ¢|| exists by Lemma It,
therefore, remains to prove the Lemma fort € (0,1). For all z € K, we define the mapping W,,: K — K
by

Wz = Pla,T1(PTY)" 'z + b, To(PTy)" L P(anz + b, TL(PT1)" ' 4 Emn) + culy).
Then
[Waz = Woyll < [L+ (k2hi = D]z — y]
[1+ An]llz =yl
Hyllz —y|| (3.23)

for all x,y € K, where H,, = [l + A\,] and A, = (k2h2 — 1) with >>°° A\, < 00 and H,, — 1 as n — oo.
Setting

Sn,m = n+m—1Wn+m—2 ‘e Wn, m > 1 (324)
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and
bnm = |[Sn,m(ten + (1 —1t)p) — (tSn, man + (1 —1)Sn maq)|. (3.25)
From (3.23)) and (3.24), we have

HSn,mx - Sn,myH < HpHpyr ..o Hypme |z =y
n+m—1

1 #)le—yl
j=n

anllz =yl (3.26)

IN

for all z,y € K, where o,, = H;ZLT_I Hj and Sy, ;m@n = Tptm, Sn,mp = p for all p € F. Thus

antm(t) = [[tTnim + (1 —1)p—q||
< by A+ |90, m(ten + (1= t)p) — 4
< bn,m + Unan(t)' (327)

It follows from (3.25), (3.26) and Lemma [2.6] that
bn,m < 00" [z = pll = 07 @ gm — pl)-
By Lemma and lim,,_,o 0, = 1, we have lim,, ;500 by, m = 0 and so

limsup ap,(t) < lim by + liminf 0,6, () = liminf a,(2).
M—00 n, m—00 n—00 n—00

This shows that lim,,_,~ a,(t) exists, that is,

lim |tx, + (1 —t)p —q||

n—o0

exists for all ¢ € [0,1]. This completes the proof. O]

Theorem 3.4. Let E be a real uniformly conver Banach space such that its dual E* has the Kadec-
Klee property and K be a nonempty closed convexr subset which is also a nonexpansive retract of E. Let
T1,15: K — E be two uniformly L-Lipschitzian asymptotically quasi-nonexpansive nonself mappings with se-
quences {kn}, {hn} C [1,00) such that F = N2 F(T;) # ¢. Suppose Ny = lim,, k,, > 1 and Ny = lim,, hy, > 1
such that 07 | (knhn, — 1) < co. From arbitrary x1 € K, the sequence {x,} defined iteratively by with
the restrictions Y o2 ¢, < 00 and Y o2 bpéy < 00. Let {a,} and {a,} be sequences in [0,1 — 0] for some
0 € (0,1). If the mappings I — Ty and I — Ty, where I denotes the identity mapping, are demiclosed at zero.
Then {x,} converges weakly to a common fized point of the mappings T and Ts.

Proof. By Lemma we know that {z,} is bounded and since F is reflexive, there exists a subsequence
{zn,} of {x,} which converges weakly to some p € K. By Lemma we have

nh—>Holo |Zn; — Thn, | =0, nh_)rrolo |zn; — Towy, || = 0.
Since the mappings I — 77 and I — 15 are demiclosed at zero, therefore Tip = p and Top = p, which means
p € F. Now, we show that {x,} converges weakly to p. Suppose {z,,} is another subsequence of {x,}
converges weakly to some ¢ € K. By the same method as above, we have ¢ € F' and p, ¢ € wy(x,). By
Lemma the limit

lim |[tzn, + (1 —)p — 4|

n—o0

exists for all ¢ € [0,1] and so p = ¢ by Lemma Thus, the sequence {x,} converges weakly to p € F.
This completes the proof. O
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Remark 3.5. If we put ¢, = ¢, =0, Ty = I and T5 = T then Theorem extends Theorem 2.1 of Schu [21]
to the case of more general class of non-self maps considered in this paper.

Remark 3.6. Theorem extends Theorem 3.10 of Chidume et al. [5] to the case of modified Ishikawa type
iteration process with errors in the sense of Xu [28] for two mappings considered in this paper.
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