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Abstract

The main purpose of this paper is to present a new iterative transform method (NITM) and a modified
fractional homotopy analysis transform method (MFHATM) for time-fractional Fornberg-Whitham equa-
tion. The numerical results show that the MFHATM and NITM are very efficient and highly accurate for
nonlinear fractional differential equations. (©2016 All rights reserved.
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1. Introduction

In the past three decades, the fractional differential equations have gained considerable attention of
physicists, mathematicians and engineers [9, 23] 24, 25, 27]. With the help of fractional derivatives, the
fractional differential equations can be used to model in many fields of engineering and science such as
diffusion and reaction processes, control theory of dynamical system, probability and statistics, electrical
networks, signal processing, system identification, financial market and quantum mechanics[14, 28]. In
general, it is difficult for fractional differential equations to find their exact solutions therefore numerical
and approximate techniques have to be used. Many powerful methods have been used to solve linear and
nonlinear fractional differential equations. These powerful techniques include the Adomain decomposition
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method (ADM) [2, 30], the homotopy perturbation method (HPM) [§] and the variational iteration method
(VIM) [26]. In recent years, many researchers have used various methods to study the solutions of linear
and nonlinear fractional differential equations combined with Fourier transform, Laplace transform [6], 11}
12l 13}, 15 16}, 17, 22, BT, 32] and Sumudu transform[29].

In 2006, Daftardar-Gejji and Jafari [5] proposed DJM for solving linear and nonlinear differential equa-
tions. The DJM is very easy to understand and implement and obtain better numerical results than Adomian
decomposition method (ADM) [2, B0] and Variational iterative method (VIM) [26]. The homotopy analysis
method (HAM) was first proposed by S. J. Liao [I8| 19} 20} 2] for solving linear and nonlinear integral and
differential equation. The advantage of HAM over other perturbation methods is that it does not depend
on any large and small parameter. The HAM have been applied by many researchers to solve many kinds of
nonlinear equations arising in science and engineering. In [II [7], the authors applied HPM, HAM and ADM
respectively in studying the time-fractional Fornberg-Whitham equation with the initial condition which
can be written in operator form as follows

U = Ugpt — Up + Ulgpy — Uy + SUgUpy,
O<a<l,t>0,

u(z,0) = e2,

where u(x,t) is the fluid velocity, ¢ is the time, x is the spatial coordinate and « is constant. When o = 1,
the fractional Fornberg-Whitham equation was used to study the qualitative behavior of wave breaking.

In this paper, based on DJM and HAM, we establish the new iterative transform method (NITM) and
modified fractional homotopy analysis transform method (MFHATM) with the help of the Elzaki transform
[3, 4, [10] for obtaining analytical and numerical solution of the time-fractional Fornberg-Whitham equation.
The results show the HPM and ADM can be obtained as a special case of the MFHATM for h = —1. The
numerical results show that the MFHATM and NITM are simpler and more highly accurate than existing
methods (HPM, ADM).

2. Basic definitions

In this section, we give some basic definitions of fractional calculus [7, 9, 24] and Elzaki transform
[3, 4] 10] which we shall use in this paper.

Definition 2.1. A real function f(z), > 0, is said to be in the space C,, p € R if there exists a real
number p, (p > ), such that f(z) = 2P fi(z), where fi(z) € C[0,00), and it is said to be in the space C}’
if ™ e C,, meN.

Definition 2.2. The Riemann-Liouville fractional integral operator of order a > 0, of a function f(z) € C,,
p > —1 is defined as [7, 9, 24]:

L ! T — a—1 o z
Iaf(l‘) _ F(a) /0 ( t) f(t)dt, >0,z >0,

I°f(z) = f(z),a =0,

where T'(.) is the well-known Gamma function.

(2.1)

Properties of the operator I, which we will use here, are as follows:
For f € C}u 2250 Z _17 O‘?ﬂ Z 07

(WI7 =11 f(x) = I f(2),

(2)I% = MmaJm
Fla+v+1)
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Definition 2.3. The fractional derivative of f(z) in the Caputo sense is defined as [7 [, 24]:

D*f(a) = I""D" (&) = s | @ = 2:2)

wheren—1<a<n,neN,z>0, feC",.

The following are the basic properties of the operator D®:
(1)DUI f(x) = f(x),

(2)I“D" f(z) = Zf’“) 02 o ©>0.

Definition 2.4. The Elzaki transform is defined over the set of function
[t] .
A={f(t): IM, k1 ks > 0, f(1)] < Me* ,t € (~1) x [0,00)}
by the following formula [3, [4] 10]:

t

T(o) = EUf(®) v [ e 0t v e [k k)
Lemma 2.5. The Elzaki transform of the Riemann-Liouville fractional integral is given as follows [3], 14l [10]:
E[I*ft)] = v T(v). (2.3)

Lemma 2.6. The Elzaki transform of the caputo fractional derivative is given as follows [3], 4] [10]:

E[D;u(z,t) Z 2=nectky, ()0, 4),n — 1 < na < n. (2.4)

vna

Lemma 2.7. Let f(t) and g(t) be defined in A having ELzaki transform M (v) and N(v), then the ELzaki
transform of convolution of f and g is given as:

BI(f = 9)(t)] = - M(s)N(v). (25)

3. Modified fractional homotopy analysis transform method( MFHATM)

To illustrate the basic idea of the MFHATM for the fractional nonlinear partial differential equation, we
consider the following equation with the initial condition as:

DU (z,t) + LU(z,t) + RU (z,t) = g(x, ),

n—1<na<n, (3.1)
U(z,0) = h(x),
where D7 is the Caputo fractional derivative operator, D¢ = g:—;;, L is a linear operator, R is general

nonlinear operator, g(x,t) is a continuous function.
Applying Elzaki transform on both sides of Eq. (3.1), we can get:

E[D{U(z,t)] + E[LU (x,t) + RU (x,t) — g(z,t)] = 0. (3.2)

Using the property of Elzaki transform, we have the following form:

n—1
E[U(z,t)] — v > v* "R ®)(z,0) + 0" E[LU (2,t) + RU(x,t) — g(x,t)] = 0. (3.3)
k=0
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Define the nonlinear operator:
n—1
N[@(x,t;p)] =E[®(x, t;p)] — 0" Y 0> " FFpF) ()
k=0
+ 0" E[L®(x,t;p) + R®(x,t;p) — g(z, t; p)].

(3.4)

By means of homotopy analysis method [18], we construct the so-called the zero-order deformation equation:
(1=p)E[®(z,t;p) — ®(x,1;0)] = phH (z,t)N[®(z, t; )], (3.5)

where p is an embedding parameter and p € [0, 1], H(x,t) # 0 is an auxiliary function, h # 0 is an auxiliary
parameter, E is an auxiliary linear Elzaki operator. When p = 0 and p = 1, we have:

{@(x,t;t)) = Up(a, 1),

®(x,t;1) = Ulx, t). (3.6)

When p increasing from 0 to 1, the ®(x, ¢; p) various from Uy(z,t) to U(z,t). Expanding ®(z,t;p) in Taylor
series with respect to the p, we have:

Oz, t;p) = Uo(w, 1) + Y U, )p™, (3.7)
m=1
where 1 0" (.t p)
_ T, t;p
Um(x7t) = EW“):O. (38)
When p = 1, the (3.7) becomes:
U(z,t) = Up(x,t) + > Un(a,1). (3.9)
m=1
Define the vectors:
U = (U, ), Ur(z, 1), Us(, t)..Un (2, 1) }. (3.10)

Differentiating (3.5) m-times with respect to p and then setting p = 0 and finally dividing them by m!, we
obtain the so-called mth order deformation equation:

ElUp(z,t) — kmUmn—1(z,t)] = th(xjt)Rm(ﬁm,l(x,t)), (3.11)
where -1 )
1 " O(x, tp
m m— ; = =05 12
BT (,1)) = (o gy gy o= (3.12)
and
_Jom<1
Fom = 1,m > 1.
Applying the inverse Elzaki transform on both sides of Eq. (3.11)), we can obtain:
Up(2,8) = kmUpnr (2, 1) + B~ [hpH (2, 8) Ron (U a1 (2, £))]. (3.13)

The mth deformation equation (3.13]) is a linear which can be easily solved. So, the solution of Eq. (3.1))
can be written into the following form:

N
Uz, t) =Y Un(,1), (3.14)
m=0

when N — 0o, we can obtain an accurate approximation solution of Eq. (3.1)).
Similarly, the proof of the convergence of the modified fractional homotopy analysis transform method
(MFHATM) is the same as [20].



K. Wang, S. Liu, J. Nonlinear Sci. Appl. 9 (2016), 2419-2433

2423

4. The new iterative transform method (NITM)

To illustrate the basic idea of the NITM for the fractional nonlinear partial differential equation, applying

Elzaki transform on both sides of (3.1]), we get:

n—1
BU(x,t)] = v"* Y o> " W) () — " E[LU (2,t) + RU (2, t) — g(x,t)].
k=0

Operating the inverse Elzaki transform on both sides of (4.1]), we can obtain:

n—1

Uz, t) = B " o> " 0®) (z)] = E7 0" E[LU (2,t) + RU(x,t) — g(a,1)]].

k=0

Let
f(l‘ t naZUQ na+kh k) ) UnaE[g(x,t)H,

N(U(z,t)) = —E~ 1[U"O‘E[RU( Ol
K(U(xz,t)) = —E 'W"E[LU (x,1)]].
Thus, (4.2) can be written in the following form:

U(z,t) = f(z,t) + K(U(x,t)) + N(U(z,t)),

where f is a known function, K and NN are linear and nonlinear operator of u. The solution of Eq.

can be written in the following series form:

t)=> Ui(x,t).
=0

We have - -
Z Ui)=> K(U,
i= 1=0

The nonlinear operator N is decomposed as (see [5]):

00 oo [ i—1
N(Y Ui)=NUo)+ ) {N_ U)—NQ_ Up}.
=0 1=0 7=0 7=0

Therefore, Eq. (4.3]) can be represented as the following form:

ZU f+ZK +NU0+Z{NZ])—N(ZU]-)}.
i=0 j=0

Defining the recurrence relation:

UO = f7
Uy = K(ug) + N(uop),

Unt1 = KWUn)+ NUg+ U1+ ...+ Up) = NUg+ Uy + ... + Upp—1),

we have:

Ui+ ...+ Upy1) = KUp+ ... + Up) + N(Up + ... + Upn),

(4.1)

(4.2)

(4.3)

E3)

(4.4)

(4.6)
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namely
[e.e] oo oo
N Ui=f+KO U)+NO_Ui). (4.9)
i=0 i=0 i=0
The m-term approximate solution of (4.3)) is given by:
U=Uyg+U;1+Us+Us+ ...+ Upp—1. (4.10)

Similarly, the convergence of the NITM, we refer the paper [5].

5. Illustrative examples

In this section, we apply MFHATM and NITM to solve the time-fractional Fornberg-Whitham equation.
Consider the time-fractional Fornberg-Whitham equation with the initial condition that can be written
in operator form as[7]:
uta = Uggt — Ugp + Ulggy — Uly + Suxuxx,

0<a<l,t>0, (5.1)
u(z,0) = e2.
5.1. Applying the MFHATM
Applying the Elzaki transform and the differentiation property of Elzaki transform on both sides of Eq.

(5-1), we get:

Elu] — v2u(:v, 0) = V¥ Eltuggt — Uy + Ulgry — Uly + 3Uzplyy), (5.2)
on simplifying (5.2)), we have:
Efu] — v ez — VY E et — Uy + Ulgyy — Uy + 3Ugtiyy,] = 0. (5.3)

We define the nonlinear operator as:

N(g(x,t;p)] = E[¢] — v’e? — v*Ebuar — bu + duaw — dbo + 3badaal- (5.4)

Constructing zeroth order deformation equation with assumption H(z,t) =1 , we have:

(1 —=p)E[¢(x,t;p) — ¢(7,t;0)] = phN|[d(z,t; p)]. (5.5)

When p =0 and p = 1, we can obtain:

ittty o9
Therefore, we have the mth order deformation equation:
Eltm(x,t) — kmttm—1(2,1)] = hp[Rm (U m—1(x,1))]. (5.7)
Operating the inverse Elzaki operator on both sides of Eq. , we get the result as follows:
U (2,1) = Kmtm—1(x,t) + WpE " [Ryn (W -1 (2, 1))], (5.8)

where
Rm(ﬁm—l) :E[um—l] - (1 - “m)lﬂe% - 'UaE[(um—l)xxt - (um—l)x

m—1
+ Z [uk(um—l—k):m:x - uk(um—l—k);p + 3(uk)x(um_1_k)m]] (59)
k=0
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According to (5.8, (5.9), we obtain:

Um :<h + ’im)um—l - h(l - ﬁm)e% - hEil[UaE[(um—l)mxt - (um—l)x
s 5.10
+ Z [uk(um—l—k)xxac - uk(um—l—k)x + S(Uk)x(um—l—k)xx]“ ( )
k=0

Using the initial condition ug(z,t) = e?, we get the following results as:

ur = —hE [0 B[~gei]] = ﬂfl(afm

vy — (14 h)he2t® ezt~ N h2ezt2®
2l'(a+1) 8I'(2cx) A (2a+ 1)’

vy — (14 h)%hezt® (14 h)hdext®>* =1 (1 +h)hPe2t®* (14 h)hPezt?!
20 (a + 1) 8T (2a) AT (200 + 1) 8T (2a)

h3e%t3a72 h3€%t3a71 h3€%t3a (1 + h>h26%t2a

T 3TBa—1) 8'(3a)  8TBa+l) | Tatl)
(14 h)3hezt® (14 h)2h3e2t?*1 (14 h)2h3e2t?® (14 h)%h2ezt?>e!

9

U oM ar ) 8T(2a) T 2atr) 8T(2a)
(1+Rh)h3ezt3@=2 (14 h)h3e2t3"1 (14 h)h3e2t3® (14 h)2h2ezt2™
32U (Ba—1) 8T (3a) 8T (3a + 1) T(2a+1)
(L4 h)heat?l (14 h)hPeatie! N (14 h)h3ezt®=2 (14 h)hPe2t3!
I'(2a) AT (3av) 320 (30 — 1) 16T (3cx)
(14 h)h3ezt3o—2  plezplos hieztlo—2  plesplo-l

320(3a—1)  1280(4a — 2) + 320 (4a —1) 320 (4a)
(14 h)2h2e2t?* (1 + h)hlezt®*=1 (14 h)h%e2t3® (1 + h)h3eztdo!
A (200 + 1) 16T (3x) 8C(3a+ 1) 16T (3
plebtla=?  pleitlel - pleile  h3(14 h)ert™
640(4c —1)  160(4a) = 320(Aa+1) = 2T(3a+1)

)

Thus, we use five terms in evaluating the approximate solution:

4

u(z,t) = Z U (2, 1). (5.11)

m=0

Remark 5.1. When h = —1, the 5-order approximate solution of Eq. (5.1)) is given by:

© to t2a—1 t2a t3o¢—1 t3a—1 t30¢ (5 12)
=e2[l — - + - + - :
M(a+1) 8[(2a)  4M(2a+1) 32IBa—1)  80(3a) 8[(3a+1)
t3a73 t4a72 t4a71 t4a72 t4a71 t4a

1287 (4ar — 2) - 320 (4a —1) 32T (4a) * 64T (4 — 1) 16T (4a) * 32T (4o + 1)]‘
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Remark 5.2. The exact solution of Eq. (5.1)) for a =1 is given as the following form [1]:
u(z,t) = €573 (5.13)

Remark 5.3. In this paper, we apply modified fractional homotopy analysis transform method and obtain
the same result as HPM [7] for h = —1. When h = —1, a = 1, the result is complete agreement with HAM
and ADM by F. Abidi and K. Omrani [I]. Therefore, the MFHATM is rather general and contains the
HPM, HAM and ADM.

Remark 5.4. In the MFHATM, the auxiliary parameter h can be apply to adjust and control the convergence
region and rate of the analytical approximate solutions. Figll}-Fig3| respectively show the so-call h-curve
[18] of the 5th-order MFHATM approximate solution for different values of «, it is very easy to see the valid
region of h which corresponds to the line segment nearly parallel to the horizontal axis. So, the series is
convergent when —5 < h < 5.

5.2. Applying the NITM
Applying the Elzaki transform and the differentiation property of Elzaki transform on both sides of Eq.

(1), we get:

Elu] = v’e? + 0" Etgat — s + Ulgps — Ully + BUglias] = 0. (5.14)
Operating the inverse Elzaki transform on both sides of Eq. , we have:
u=e3z + E_I[U“E[umt —ug]] + E_l[UO‘E[uumm — Uy + 3UgUgy]]. (5.15)
Applying the NITM, we can obtain:
uo = €2,
Klu(z,t)] = E7 o Euge: — ug]],
Nlu(z,t)] = B v Elutipee — wtty + 3tgptiyy)].

By iteration, the following results is obtained:

ug = 6%,
ezt
T TN et 1)
e (a)t2o ! ezt
Ug = + )
“8[0(a+ 1)(2a) ' 4T (2a + 1)
a2a —1)e2l (@)l (20— 1)t3272  qe2l(2a)t3e !
Uz = —

320(a 4+ 1)I'(2a)C(3a — 1) 8T(2a + 1)T'(3a)
ol (a)ez 31 e2 13
16T(a+ 1)I'(3a) 8B+ 1)’
—a(20 —1)(3ar — 2)e2T(a)T(2c — 1) (3 — 2)4e—3
1287 (a + 1)I'(2a)T' (B — 1)T' (4 — 2)
a(3a —1)e2'(20)T (3 — 1)t** 2 a(3a — 1)e2 () (3o — 1)t 2
3T (20 + DTBa)T(da—1) | 64T(a+ DT(B3a)T(4a — 1)
a(2a — 1)e2D ()20 — 1)t**=2  3aerT(3a)tie!
64T (a + 1)T'(2a)T(4a — 1) 320 (3 + 1)T(4a)
ae2[(2a)tho—1 ez (a)tio! eztle
© 16D (20 + 1)T(4) 32T (a + 1) (4ar) * 160 (4a + 1)’

Uy =
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We apply five terms in evaluating the approximate solution, the solution of the Eq. (5.1 is given by:

u(w,t) =Uug + U1 + Uz + U3 + Ug
oz ext™ B ae2T(a)t2e! ezt
2l +1) 8T(a+ 1)I'(2a)  4I'2a+ 1)
a(2a — e2l(a)l (20— 1)t3272  qe2[(2a)t3! ol (a)ez ¢3!
32l + DI'(2a)T'(Bar — 1) 82+ 1)I'(3a) 16T (a+ 1)I'(3cv)
ez 3o a(2a — 1)(3a — 2)e2(a)(2a — 1)T'(3a — 2)t4o—3
8I'(3a+ 1) 1287 (o + DI’ (20)T (3 — 1) (4ex — 2)
a(3a—1)e2T(20)T(Ba — Dt** 2 a(3a — 1)e2T(a)(3a — 1)t1*—2
32T (20 + 1)L (3a)T (4 — 1) 64T (o + DI (30)T (da — 1)
a(20 — 1)e2T(a)l(2a — 1)t1*=2  3ae2D(3a)tie!
64T (o + 1)I'(2a)T (4a — 1) 32T (3 + 1)I'(4a)
el (2a)tte1 ae2D(a)tio! eztle
160(2a + 1)I'(4a)  320(a+ DI (4a) | 16D(da+ 1)’

~— | —~

Remark 5.5. By using the new iterative transform method, we can directly find the approximate solution
without applying any prior knowledge as perturbation, polynomials, auxiliary parameter and so on. There-
fore, the NITM is very easy to understand and implement. In Table[l] and Table2] we compare the exact
solution with the 5th-order approximate solutions by MEFHATM and NITM at some points for « = 1. Fig]
and Figlh| show the absolute error between the exact solution and the 5-order approximate solutions by
MFHATM and NITM for @ = 1. The numerical results show that the MFHATM and NITM are highly

accurate.

Remark 5.6. In Table[3]and Table[4] we respectively compute exact solution and the 5th-order approximate
solutions by MFHATM and NITM for different values of a. Figl6|-Fig[l1] show the 5th-order approximate
solutions by MFHATM (h = —1) and NITM for o = 0.6, & = 0.8, a = 1, respectively. Figll2] we draw
the exact solution of Eq. for @« = 1. By comparison, it is easy to find that the approximate solutions
continuously depend on the values of time-fractional derivative c.

Remark 5.7. In Table[5], we compare the exact solution with the 5th-order approximate solutions by NITM,
HPM [7] and ADM [I] at some points for &« = 1. The numerical results show the NITM is more highly
accurate than HPM and ADM.

Remark 5.8. In this paper, we only apply five terms to approximate the solution of Eq. (5.1)), if we apply
more terms of the approximate solution, the accuracy of the approximate solution will be greatly improved.

6. Conclusion

In this paper, the modified fractional homotopy analysis transform method and new iterative transform
method have been successfully applied for finding the approximate solution of the nonlinear time-fractional
Fornberg-Whitham equation. The numerical results show that the new iterative transform method and the
modified fractional homotopy analysis transform method are simpler and more highly accurate than existing
methods (HPM, ADM). Therefore, it is obvious that the NITM and MFHATM are very powerful, efficient
and easy mathematical methods for solving the nonlinear fractional differential equations in science and
engineering.
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Figure 1: The h-curve of u(1,0.5) given by the 5th-order MFHATM approximate solution for o = 0.4.
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Figure 2: The h-curve of u(1,0.5) given by the 5th-order MEFHATM approximate solution for a = 0.8.
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Figure 3: The h-curve of u(1,0.5) given by the 5th-order MFHATM approximate solution for o = 1.
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a=1h=-1

xT

t

ueza

UMFHATM

|uexa - uMFHATMl

0.2
0.3
0.6
0.7

0.3
0.4
0.7
0.3

0.9048374180
0.8898817710
0.8464817249
1.1618342431

0.9087039069
0.8978703440
0.8683671592
1.1667989130

0.0038664889
0.0079885730
0.0218854343
0.0049646700

Table 1: The different values for the 5th-order approximate solution by MFHATM and the exact solution

for o = 1.

a=1

T t

Ueza

UNITM

|ueara - UNITM‘

0.2 0.3
0.3 04
0.6 0.7
0.7 0.3

0.9048374180
0.8898817710
0.8464817249
1.1618342431

0.9049165380
0.8898004371
0.8458696883
1.1619358351

0.0000791200
0.0000813339
0.0006120366
0.0001015920

Table 2: The different values for the 5th-order approximate solution by NITM and the exact solution for

a=1.
0.0003
0.0002-
0.0001
Figure 4: The absolute error |uezq — Figure 5: The absolute error |uezq —uUnTTM
uMFHATM| for « = 1. for a = 1.
h=-1
z t 03 0.6 0.9 1 Uega(a = 1)
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0.7
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0.9087039069
0.8978703440
0.8683671592
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0.9048374180
0.8898817710
0.8464817249
1.1618342431

Table 3: Comparison between the exact solution and the 5th-order approximate solution by MFHATM for
different values of a.
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Table 4: Comparison between the exact solution
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and the 5th-order approximate solution by NITM for

Table 5: Comparison the 5th-order approximate solution by NITM, HPM, ADM and the exact solution of
Eq.(5.1) for o = 1.

12

Figure 6: The 5th-order approximate solu-
tion by MFHATM for o = 0.6, h = —1.

Figure 7: The 5th-order approximate solu-
tion by NITM for o = 0.6.
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Figure 8: The 5th-order approximate solu- Figure 9: The 5th-order approximate solu-
tion by MFHATM for o = 0.8, h = —1. tion by NITM for a = 0.8.

Figure 10: The 5th-order approximate so- Figure 11: The 5th-order approximate so-
lution by MFHATM for o =1, h = —1. lution by NITM for a = 1.

Figure 12: The exact solution for o = 1.
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