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Abstract

In this paper, we prove a new fixed point theorem of a nondecreasing and continuous mapping satisfying
some type contractive condition in a partially ordered cone metric space by using c—distance. Also, we give
a fixed point theorem without the assumption of continuity in a partially ordered cone metric space with
normal cone. (©2016 all rights reserved.
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1. Introduction

Since Huang and Zhang [5] introduced the cone metric space which is more general than the concept of
a metric space, many fixed point theorems have been proved in normal or non-normal cone metric spaces
by some authors [I}, 446] [8, 10, 11]. Cho et al. [4] introduced the c—distance in a cone metric space which
is a cone version of the w—distance of Kada et al. [7]. Recently the existence of fixed points for the given
contractive mappings in partially ordered metric spaces was investigated by [2} 3].

In this paper, we prove a new fixed point theorem of a nondecreasing continuous mapping satisfying
some type contractive condition in a partially ordered cone metric space by using c—distance.

Let E be a real Banach space and 6 denote the zero element in E. A cone P is a subset of FE such that

(i) P is closed, nonempty and P # {0};
(i) a,b € R, a,b >0, 2,y € P = ax+by € P,

(iii) PN (—P)={0}, ie., z € Pand —x € P imply = = 0.
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For any cone P C F, the partial ordering < with respect to P is defined by x <X y if and only if y—2 € P.
The notation of < stands for x < y but x # y. Also, we use x < y to indicate that y —x € int P, where int P
denotes the interior of P. A cone P is called normal if there exists a number K such that for all z,y € E,

0 <z =<y implies |z| < K|yl (1.1)
Equivalently, the cone P is normal if

Tp 2 Yn = zpand lim z, = lim 2z, = z imply lim y, = z. (1.2)
n—00 n—o0 n—00

The least positive number K satisfying condition ([1.1]) is called the normal constant of P.

Definition 1.1. Let X be a nonempty set and let £ be a real Banach space equipped with the partial
ordering < with respect to the cone P C E. Suppose the mapping d : X x X — FE satisfies the following
conditions:

(1) 0 < d(zx,y) for all z,y € X, and d(z,y) = 0 if and only if x = y;
(2) d(x,y) =d(y,x) for all z,y € X;
(3) d(z,y) < d(z,2z) +d(z,y) for all z,y,z € X.

Then, d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 1.2. Let (X, d) be a cone metric space. Let {x,} be a sequence in X and z € X.

(1) If for every ¢ € E with 0 < c, there exists a natural number N such that d(z,,z) < ¢ for all n > N,
then {x,} is said to be convergent and {z,} converges to x, and the point x is the limit of {z,}. We
denote this by

lim z, =2 or =z, =z (n— ).
n—oo

(2) If for all ¢ € E with 6 < ¢ there exists a positive integer N such that d(z,, z,,) < ¢ for all m,n > N,
then {x,} is called a Cauchy sequence in X.
(3) A cone metric space (X,d) is said to be complete if every Cauchy sequence in X is convergent.

Lemma 1.3 ([9]). Let E be a real Banach space with a cone P. Then

(1) Ifa< b and b < ¢, then a < c.
(2) Ifa=bandb < c, then a < c.

Lemma 1.4 ([9]). Let E be a real Banach space with cone P. Then

(1) If 6 < ¢, then there exists 6 > 0 such that ||b|| < § implies b < c.
(2) If {an}, {bn} are sequences in E such that a, — a,b, — b and a, =< by, for alln > 1, then a <Xb.

Lemma 1.5 ([5]). Let (X,d) be a cone metric space, P a normal cone, x € X, and {z,} a sequence in X.
Then

1
2

) {xn} converges to x if and only if d(z,,x) — 6.
)
3) Ewvery convergent sequence is a Cauchy sequence.
)

The limit point of every sequence is unique.

4) {z,} is a Cauchy sequence if and only if d(xy, zm) — 0 as n,m — oco.
5) If xy, — x and y, — vy, then, d(zy,yn) — d(x,y) as n — oo.

(
(
(
(

Definition 1.6. Let (X, d) be a cone metric space. Then a mapping ¢ : X x X — F is called a ¢—distance
on X if the followings are satisfied:

(a1) 0 = q(z,y) for all 2,y € X;

(a2) q(z,2) = q(z,y) +q(y, 2) for all z,y, 2 € X;
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(g3) for all x € X and all n > 1, if ¢(z,y,) < u for some u = u, € P, then ¢(z,y) = u whenever {y,} is a
sequence in X converging to a point y € X;
(q4) for all ¢ € E with 0 < ¢, there exists e € E with § < e such that
q(z,z) < e and q(z,y) < e imply d(z,y) < c.

Example 1.7 ([4]). Let (X, d) be a cone metric space and let P be a normal cone. Put ¢(z,y) = d(z,y)
for all x,y € X. Then, ¢ is a c—distance.

Example 1.8 ([4]). Let (X,d) be a cone metric space and let P be a normal cone. Put ¢(z,y) = d(u,y)
for all z,y € X, where u € X is constant. Then, g is a c—distance.

Example 1.9 ([4]). Let E = Rand P = {z € E : z > 0}. Let X = [0,00) and define a mapping
d: X xX — Ebyd(z,y) =|x—y| for all z,y € X. Then (X,d) is a cone metric space. Define a mapping
q: X xX — E by q(z,y) =y for all z,y € X. Then, ¢ is a c—distance.

Remark 1.10.
(1) q(z,y) = q(y,x) does not necessarily hold for all z,y € X.
(2) q(z,y) = 0 is not necessarily equivalent to z = y for all z,y € X.

Lemma 1.11 ([4]). Let (X,d) be a cone metric space and let q be a c-distance on X. Let {x,} and {y,}be
sequences in X and x,y,z € X. Suppose that {u,} is a sequence in P converging to 0. Then the following
facts hold:

1) If g(zn,y) = up and q(xy, 2) = uy, then y = z.

(1)

(2) If g(zn, yn) = up and q(xy, z) = uy, then {y,} converges to z.

(3) If ¢(xn, xm) =X uy for m > n, then {x,} is a Cauchy sequence in X.
(

(
(
(
4) If q(y

Definition 1.12. The mapping T : X — X is continuous if lim,,_,o, £, = x implies that lim,,_,, Tz, = Tx.

, Tp) = Up, then {zy}is a Cauchy sequence in X.

2. Main results

In this section, we prove a new fixed point theorem by using c—distance in partially ordered cone metric
spaces.

Theorem 2.1 ([3]). Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone metric
space. Let q be a c—distance on X and f : X — X be a nondecreasing mapping with respect to T (without
the assumption of continuity of f). Suppose that the following three assertions hold:

(i) there exist nonnegative numbers a;,i = 1,2 with a1 + ag < 1 such that

q(fz, fy) = arq(z, y) + azq(z, f)
forall z,y € X with z C y;
(ii) there exists xg € X such that xo C fzo;
(iii) if {xn} is nondecreasing mapping with respect to = and converges to x then x, C x as n — co.

Then, f has a fixed point x € X. If v = fv then q(v,v) = 0.
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Theorem 2.2 ([4]). Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone metric
space. Let q be a c—distance on X and f : X — X be a continuous and nondecreasing mapping with respect
to C. Suppose that the following two assertions hold:

(i) there exist a; > 0,7 =1,2,3 with a1 + ag + a3 < 1 such that

q(fz, fy) = arq(z,y) + axq(x, fx) + azq(y, fy)

for all x,y € X with x C y;
(i) there exists xog € X such that xo C fxg.
Then, f has a fized point x € X. If v = fv, then q(v,v) = 6.

Theorem 2.3 ([3]). Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone metric
space. Let q be a c—distance on X and f : X — X be a continuous and nondecreasing mapping with respect
to C. Suppose that the following two assertions hold:

(i) there exist a; > 0,1 =1,2,3,4 with a; + a2 + asz + 2a4 < 1 such that
q(fz, fy) 2 arq(z,y) + azq(z, fr) + aszq(y, fy) + aaq(z, fy)

for all x,y € X with x C y;
(ii) there exists xg € X such that xo C fzy.

Then, f has a fized point x € X. If v = fv, then, q(v,v) = 6.

Theorem 2.4. Let (X,C) be a partially ordered set and suppose that (X, d) is a complete cone metric
space. Let q be a c—distance on X. Let f : X — X be a continuous and nondecreasing with respect to C.
Suppose that the following two assertions hold:

(i) there exist nonnegative constants a; € [0,1) i = 1,2,3,4,5 with a1 + 2as + 2a3 + 3a4 + a5 < 1 such that

q(fz, fy) 2 arq(z,y) + axq(z, fx) + azq(y, fy) + asq(z, fy) + asq(y, fz)

for all x,y € X with x C y;
(ii) there exist xg,z1 € X such that xo C 21 C fxy.

Then, f has a fized point in X. If v = fv, then, q(v,v) = 6.
Proof. Since f is nondecreasing with respect to C, we have

o a1 & feg=a0C foy =23 -+ .
Then, we have

q(T2n, T2ny1)
=q(fron—2, fron—1)
=a1q(ran—2, Ton—1) + a2q(r2n—2, fron—2) + a3q(T2n—1, fT2n-1)
+ aaq(xon—2, fron—1) + asq(v2n—1, fr2,2)
=a1q(Tan—2, Tan—1) + a2q(T2n—2, T2n) + a3q(T2n—1, Tony1) + a1q(T2n—2, Tony1) + asq(v2n—1, T2n)
=a1q(ran—2, Tan—1) + a2{q(T2n—2, T2n—1) + q(T2n—1, T2n) } + a3{q(z2n—1, T2n) + q(T2n, T2n+1)}
+ as{q(w2n—2, Tan—1) + ¢(T2n—1, T2n) + ¢(T2n, Tont1)} + a5q(T2n—1, T2n).

Hence,

q(on, Tant1) = aq(Tan—1, x2n) + Bq(T2n—2, T2n—1),
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agtaztastas 5,4 /3 _ aitastaq

where, o = Er— e

Similarly,

q(@on—1,T2m) = aq(Ton—2, Tan—1) + Bq(x2n—3, Tan—2).

Clearly 0 < a, 8 < 1. Set by = a and ¢; = 5. By applying the above inequalities and putting by = ¢1 +ab; =
B+ aby, ca = Bby, we obtain

q(on, Tant+1) =2 b1q(Tan—1,T2n) + c1¢(T2n—2, T2n—1)

= baq(T2n—2, Ton—1) + c2q(T2n—3, Tan—2)

(2.1)
= ban—1q(z1,2) + c2n—1q(z0, 1),
where, b, _1 = 8bop_3 + abo,_9 and cop_1 = Bboy_o.
Similarly,
q(x2n—1,%2n) = ban—2q(x1, x2) + c2n—2q(x0, 1), (2.2)

where ba,_o = Bbay_4 + abo,_3 and ca,_o = Bba,_3. From and (2.2),
q(Tp41, Tnt2) = bng(z1, 22) + cng(z0, 21),
where, b, = 8b,_2 + ab,_1 and ¢, = 8b,_1. Thus
bpto = abpy1 + Bb, (0<a, B <1,b1,b2 >0)

and b, > 0 for all n € N. Its characteristic equation is t? —at — 3 =0.If l —a—f>0and 1 + o — 5 > 0,
then it has two roots t1, t5 such that —1 < t; < 0 < 5 < 1. Also the hypothesis a1 + 2as +2a3 +3a4+ a5 < 1
implies 1 —a— 3 > 0 and 14+ a — 3 > 0. For such ¢; and ty, we obtain b, = k1 (t1)" + ka(t2)™ for some
ki,ks € R.

Let m > n > 1. It follows that

Q(Tn, Tm) 2q(Tn, Tny1) + @(Tpy1, Tug2) + o+ @(Tmo1, T)
j(bn—l + bn +--+ bm—Q)Q(xlv‘TZ) + (Cn—l +cp+---+ Cm—Q)Q(-TOy $1)
{4 ) (5 15 Y@, 70)
+ Bk (T2 4 ) k(TR A 150 b (o, 1)
. (k:lt’f’l kotd ™! kit ™2 Koty
—1l-1 1—1t9 1—1t 1—1t9
—0

Ja(x1, x2) + B(

)a(zo, 1)

as n — oo. Therefore, {z,,} is a Cauchy sequence in X by Lemma [L1.11] (3). Since X is complete, there
exists ¢ € X such that x,, - = as n — oco. Using the continuity of f,

r= lim z, = lim fz, o= fx.
n—oo n—oo

Therefore, x is a fixed point of f. Moreover, suppose that v = fv. Then we have
q(v,v) =q(fv, fv)

=a1q(v,v) + a2q(v, fv) + azq(v, fv) + asq(v, fv) + asq(v, fv)
=(a1 + ag + a3z + a4 + as)q(v,v).

Since 0 < aj + ag + a3 + as + a5 < 1, we have ¢(v,v) = 6. -
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The following corollaries can be obtained as consequences of Theorem

Corollary 2.5. Let (X,C) be a partially ordered set and suppose that (X, d) is a complete cone metric
space. Let q be a c—distance on X. Let f : X — X be a continuous and nondecreasing mapping with respect
to C. Suppose that the following two assertions hold:

() there exist nonnegative constants a € [0,1/4) such that

q(fx, fy) = aq(z, fz) + aq(y, fy)

for all x,y € X with x C y;
(ii) there exist xg,z1 € X such that xo C x1 C fxo.

Then, f has a fized point in X. If v = fv, then, q(v,v) = 6.

Corollary 2.6. Let (X,C) be a partially ordered set and suppose that (X, d) is a complete cone metric
space. Let q be a c—distance on X. Let f : X — X be a continuous and nondecreasing mapping with respect
to C. Suppose that the following two assertions hold:

(1) there exist nonnegative constants a; € [0,1) i = 1,2 with a; + az < 1 such that

q(fx, fy) 2 arq(z,y) + axq(y, fz)

for all x,y € X with x C y;
(ii) there exist xg,z1 € X such that xo C 21 C fxy.

Then, f has a fized point in X. If v= fv, then, q(v,v) = 6.

Corollary 2.7. Let (X,C) be a partially ordered set and suppose that (X, d) is a complete cone metric
space. Let q be a c—distance on X. Let f : X — X be a continuous and nondecreasing mapping with respect
to . Suppose that the following two assertions hold:

(i) there exist nonnegative constants a € [0,1) such that

q(fz, fy) = aq(z,y)

for all x,y € X with x C y;
(i) there exist xo,x1 € X such that xo C z1 C fxg.

Then, f has a fixed point in X. If v = fv, then, q(v,v) = 6.

We obtain the following fixed point theorem without the assumption of continuity in a partially ordered
cone metric space with normal cone.

Theorem 2.8. Let (X,C) be a partially ordered set. Suppose that (X, d) is a complete cone metric space
and P is a normal cone with normal constant K. Let q be a c—distance on X. Let f : X — X be a
nondecreasing mapping with respect to C. Suppose that the following three assertions hold:

(i) there exist nonnegative constants a; € [0,1) i = 1,2,3,4,5 with a; + 2as + 2a3 + 3a4 + a5 < 1 such that

q(fz, fy) 2 a1q(x,y) + axq(x, fx) + a3q(y, fy) + asq(z, fy) + asq(y, fz)

for all x,y € X with x C y;
(i) there exist xo,x1 € X such that xo C x1 C fxg;
(iii) for all y € X with fy # vy,

inf{llq(z, y)|l + llg(x, fz)|| + [l¢(fx,y)|| : x € X} > 0.
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Then, f has a fixed point in X. If v = fv, then, q(v,v) = 6.
Proof. Since f is nondecreasing with respect to C, we have

oL a1 C feg=a2C foy =230 ---
If m > n > 1, then by the proof of Theorem

Q(xnv me) jQ(xnu xn—&-l) + Q(xn—I—l; xn+2) +--- 4+ Q(xm—la xm)
AR v Epth ™2 kepth 2

<
—0

)a(zo, 1)

as n — oo. Therefore, {x,} is a Cauchy sequence in X by Lemma [l.11] (3). Since X is complete, there
exists 2’ € X such that x, — 2’ as n — co. By (q3),

Byttt kgt Eyth™2  keoth 2

q(zn, ') = (

Since P is a normal cone with normal constant K, we have

k'ltn 1 k2tn71 kltn 2 k2t7172
1q(Zn, Tm) || <KII( + 2 —)q(z1, 32) +ﬁ( + ——=2—)q(z0, 1)
— 11 1-— to — 11 1-— to
kltn 1 thn 1 k?ltn 2 thn 2
<K(— )H(J(fﬂhm)\l + KB( + )||Q($07951)”
1—t @ 1-— —t  1-
—0
as n — oco. Also
kpt?t kegth! kyth™2  keoth 2
la(n, )| <K|I(7 )l m) + BT+ T )a(zo, )|
—t 11—ty —t 11—ty
A v kit ™2 kgth 2
<K(— )HQ(%M)H + Kﬁ( + )HQ(J«“o,xl)H
1—1t 1-— — 1t 1-—
—0

as n — oo.
Suppose that 2’ is not a fixed point of f. Then by assumption,

0 <inf{|lg(z, ) + gz, fo)ll + a(fz,2)] : = € X}
<inf{[lg(n 2| + g, f2a)| + la(fzn,a)] < n € N}
— inf{lgan )| + l(@n, @s2)]| + lg(@nsz,a’)| : @ € N}
=0,

which is a contradiction. Therefore, x’ is a fixed point of f.
Moreover, suppose that v = fv. Then we have

q(v,v) = q(fv, fv) 2a1q(v,v) + azq(v, fv) + aszq(v, fv) + asq(v, fv) + asq(v, fv)
=(a1 + a2 + a3 + a4 + as)q(v, v).

Since 0 < a1 + ag + a3 + a4 + a5 < 1, we have g(v,v) = 6. -

We give an example which can not be applied to Theorem [2.3] and Theorem [2.2] but can be applied to
Theorem 2.4
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Example 2.9. Let X = {0,1,2,3}, E =R, and P = {xr € R: 2 > 0}. Defined : X x X — E by
d(z,y) = |z — y| and define C by
zCy & x>y

Then, (X,d) is a complete cone metric space and X is a partially ordered set. Define ¢ : X x X — E by
the following :

q(0,0) =0, q(0,1) =1, q(0,2) = 1.1, q(0,3) = 0.5,
q(1,0) =1, q(1,1) =0, q(1,2) = 0.1, q(1,3) = 0.5,
q(2,0) =1, q(2,1) =1, q(2,2) =0, q(2,3) = 0.5,
q(3,0) =1, q(3,1) = 0.5, q(3,2) = 0.6, q(3,3) = 0.

Then, it is easy to show that ¢ is a c—distance.
Define f: X - X by f0=1, f1 =2, f2=2, f3 =2. Then, f is nondecreasing. If we take z =2,y =0,
then, ¢(f2, f0) =¢q(2,1) =1 and

a1q(2,0) + a2q(2, f2) + a3q(0, f0) + a4q(2, f0) =a1q(2,0) + a2q(2,2) + azq(0,1) + asq(2,1)
=ai1 t+az+aqg <a;+az+2a4 <1

for any nonnegative real numbers a; (i = 1,2,3,4) with a3 + a2 + as + 2a4 < 1. Hence, the contractive
conditions of Theorem 2.3 and Theorem 2.2] are not satisfied and so Theorem 2.3] and Theorem 2.2 can not
be applied to this example.

But Theorem [2.4] can be applied to this example. In fact we take a; = 0.14,a9 = a3 = a4 = 0 and
as = 0.85. Then,

1 :q(f17 fO) < (Il(_[(l, 0) + (15(](0, fl) = 1075a
1 =q(f2, f0) < a19(2,0) + asq(0, f2) = 1.075,
1 =q(f3, f0) < a14(3,0) + asq(0, f3) = 1.075.

If we take xop = 3 and z1 = 2, then, x¢g C x1 C fzg. Clearly f is continuous. Hence, the hypotheses are
satisfied and so by Theorem [2.4] f has a fixed point 2.
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