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Abstract

In this paper, we first propose a new definition of almost automorphic functions on almost periodic time
scales and study some of their basic properties. Then we prove a result ensuring the existence of an almost
automorphic solution for both the linear nonhomogeneous dynamic equation on time scales and its associated
homogeneous equation, assuming that the latter admits an exponential dichotomy. Finally, as an application
of our results, we establish the existence and global exponential stability of almost automorphic solutions to
a class of shunting inhibitory cellular neural networks with time-varying delays on time scales. Our results
about the shunting inhibitory cellular neural networks with time-varying delays on time scales are new both
for the case of differential equations (the time scale T = R) and difference equations (the time scale T = Z).
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1. Introduction

The theory of time scales was initiated by Hilger [I7] in his Ph.D. thesis in 1988, which unifies the
continuous and discrete cases. The theory of dynamic equations on time scales contains, links and extends
the classical theory of differential and difference equations. In the recent years, there has been an increasing
interest in studying the existence of periodic solutions and almost periodic solutions of various dynamic
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equations on time scales; we refer the reader to the papers [1}, 2] [3, [8, 12 14} [15] 16| 18] 22, 27, 29, 30 33,
34, [35), (38|, 40, 4T, 43, [45], [46), [47, 48], 50].

The concept of almost automorphy was introduced in the literature by S. Bochner in 1955 in the context
of differential geometry [5] (see also Bochner [6, [7]). Since then, this concept has been extended in various
directions (see, e.g., [4, [I1]).

Remark 1.1. Although every almost periodic function is almost automorphic, the converse is not true.

In order to study almost periodic, pseudo almost periodic and almost automorphic dynamic equations
on time scales, the following concept of almost periodic time scales was proposed in [24].

Definition 1.2 ([24]). A time scale T is called almost periodic if
M={reR:t+7eTVteT}#{0}

Based on Definition almost periodic functions [24], pseudo almost periodic functions [25], almost
automorphic functions [31), B9] and weighted piecewise pseudo almost automorphic functions [36] on time
scales were defined successfully. For example, the authors of [39] proposed the following concept of almost
automorphic functions on time scales.

Definition 1.3 ([39]). Let T be an almost periodic time scale and X be a Banach space. A bounded
continuous function f : T — X is said to be almost automorphic if for every sequence (s,,) C II there exists
a subsequence (s,) C (s,,) such that

lim f(t+3n> = f(t)

n—oo

is well defined for each ¢ € T, and

lim f(t_3n> = f(t)

n—oo

for each t € T.
A continuous function f: T x X — X is said to be almost automorphic if f(¢,z) is almost automorphic
in ¢ € T uniformly in = € B, where B is any bounded subset of X.

The concept of almost periodic time scales in sense of Definition |1.2|is very restrictive, in the sense that
it is a kind of periodic time scale (see [I§]). This excludes many interesting time scales. Therefore, it is a
challenging and important problem in theory and applications to find a new concept of almost periodic time
scales. Recently, some new types of almost periodic time scales were introduced in [20] 28| [37]. However,
there has been no definition of almost automorphic functions on these new almost periodic time scales yet.

Motivated by the above discussions, the main aim of this paper is to propose a new definition of almost
automorphic functions on almost periodic time scales and study the existence of an almost automorphic
solution for both the linear nonhomogeneous dynamic equation on time scales and its associated homoge-
neous equation. As an application of our results, the existence and global exponential stability of almost
automorphic solutions to a class of shunting inhibitory cellular neural networks with time-varying delays on
time scales is established.

The organization of this paper is as follows: In Section 2, we introduce some notations and definitions
and state some preliminary results which are needed in later sections. In Section 3, we first introduce a
new definition of almost automorphic functions on time scales, then we discuss some of their properties.
Finally, we propose two open problems. In Section 4, we prove a result ensuring the existence of an almost
automorphic solution for both the linear nonhomogeneous dynamic equation on time scales and its asso-
ciated homogeneous equation, assuming that the associated homogeneous equation admits an exponential
dichotomy. In Section 5, as an application of our results, we establish the existence and global exponential
stability of almost automorphic solutions to a class of shunting inhibitory cellular neural networks with time-
varying delays on time scales. In Section 6, we give examples to illustrate the feasibility and effectiveness of
the results obtained in Section 5. Finally, we draw a conclusion in Section 7.



Y. K. Li, B. Li, X. F. Meng, J. Nonlinear Sci. Appl. 8 (2015), 1190-1211 1192

2. Preliminaries

In this section, we shall first recall some fundamental definitions and lemmas which are used in what
follows.

A time scale T is an arbitrary nonempty closed subset of the real set R with the topology and ordering
inherited from R. The forward jump operator o : T — T is defined by o(t) = inf {s €T s> t} for all
t € T, while the backward jump operator p : T — T is defined by p(t) = sup {s eT, s < t} for all ¢t € T.
Finally, the graininess function g : T — [0,00) is defined by wu(t) = o(t) —¢t. A point ¢t € T is called
left-dense if ¢ > inf T and p(t) = ¢, left-scattered if p(t) < ¢, right-dense if ¢t < supT and o(t) = ¢, and
right-scattered if o(t) > t. If T has a left-scattered maximum m, then T* = T \ {m}; otherwise T* = T.
If T has a right-scattered minimum m, then Ty = T \ {m}; otherwise Ty, = T. A function f : T — R is
rd-continuous provided it is continuous at right-dense points in T and its left-side limits exist at left-dense
points in T. The set of all rd-continuous functions f : T — R will be denoted by Cy = Cyq(T) = Cp.q(T, R).
A function r : T — R is called regressive if 1 + u(t)r(t) # 0 for all t € T*. The set of all regressive and
right-dense continuous functions 7 : T — R will be denoted by R = R(T) = R(T,R). We define the set
RT =RT(T,R) ={reR:1+put)r(t) >0, Vt € T}. Let A be an m x n-matrix-valued function on T.
We say that A is rd-continuous on T if each entry of A is rd-continuous on T. We denote the class of all
rd-continuous m x n matrix-valued functions on T by C,q = C,4(T) = Cyq(T,R™*™). An n X n-matrix-valued
function A on a time scale T is called regressive (with respect to T) provided (1 + pu(t)A(t)) is invertible for
all t € T*. The set of all regressive and rd-continuous functions is denoted by R = R(T) = R(T,R"*"). For
more knowledge of time scales, one can refer to [9] 10].

Definition 2.1 ([23]). Let x € R™ and A(t) be an n x n rd-continuous matrix on T. The linear system
z2(t) = A{t)x(t), teT (2.1)

is said to admit an exponential dichotomy on T if there exist positive constants k, «, a projection P and a
fundamental solution matrix X (¢) of (2.1)), satisfying

I X(t)PX Y (0(s))| < keaalt,o(s)), s,t € T, t > o(s),
IX(t)(I — P)X Yo(s))| < keca(a(s),t), s,t € T, t < o(s),

3

1
|aij|*)2).
1

where | - | is a matrix norm on T, that is, if A = (a;;)nxn then we can take |A| = (

n
i=1j=

Definition 2.2 ([20]). Let T; and T3 be two time scales. We define

dist(Ty, T2) = max{sup {dist(¢,T2)}, sup {dist(¢,T1)}}
teTy teTy
where dist(t, Tq) = inﬂf {It — s|}, dist(¢, Ty) = inﬂf {|t — s|}. Let 7 € R and T be a time scale. We define
sells selh
dist(T, T;) = max{sup {dist(¢,T,) }, sup {dist(¢,T)}},
teT teT,

where T, :=TN{T -7} =TnN{t—7:Vt e T}, dist(¢t,T,) = ian {|t — s|}, dist(¢, T) = in%{|t — s}
sel+ s€

Definition 2.3 ([20]). A time scale T is called an almost periodic time scale if for every ¢ > 0 there exists a
constant I(g) > 0 such that each interval of length I(¢) contains a 7(¢) such that T, # 0 and dist(T,T;) < e,
that is, for any € > 0, the set II(T,e) = {r € R,dist(T,T,) < e} is relatively dense. 7 is called the
e-translation number of T.

Obviously, if T is an almost periodic time scale, then inf T = —oco and sup T = +oo; if T is a periodic
time scale (see [20]), then dist(T,T,) = 0, that is T = T,.
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Remark 2.4. One can easily see that if a time scale is an almost periodic time scale under Definition [1.2
then it is also an almost periodic time scale under Definition [2.3]

Lemma 2.5 ([20]). Let T be an almost periodic time scale under Definition . Then
(i

) if T € II(T,¢), thent+7 €T for allt € T,;
(i1) if e1 < g, then II(T,e1) C TI(T, e9);
)

)

(zit) if T € II(T,¢), then —7 € II(T,¢) and dist(T,, T) = dist(T_,, T);

() if 1,72 € I(T,¢), then 71 + 2 € II(T, 2¢).

3. Almost periodic time scales and almost automorphic functions

In this section, we first introduce a new concept of almost periodic time scales and a new definition
of almost automorphic functions on time scales, then we discuss some of their properties. The following
definition is a slightly modified version of Definition 2 in [2§].

Definition 3.1. A time scale T is called almost periodic if
(i) M:={r e R: T, # 0} # {0} and T # 0,
(#i) if 71,79 € I, then 71 £ 7o € 11,

where T, =TN{T—7}=TN{t—7:Vt€T}and T= () T,.
T€ell

It is obvious that if 7 € I, then +7 € T and t £ 7 € T for all ¢ € T.

Remark 3.2. Noticing the fact that II = {r € R : T, # 0} D II(T,¢), from Lemma one can easily see
that if a time scale is an almost periodic time scale under Definition then it is also an almost periodic
time scale under Definition 3.11

Definition 3.3. Let T be an almost periodic time scale and X be a Banach space. A bounded rd-continuous
function f : T — X is said to be almost automorphic if for every sequence (3;1) C II there exists a subsequence
(sn) C (s,,) such that

nlg{)lo f(t + Sn) = f(t)
is well defined for each t € 'f‘, and

lim f(t - Sn) = f(t)

n—oo

for each t € T.

Denote by AA(T, X) the set of all almost automorphic functions on the time scale T.

Remark 3.4. From Definition [3.3] one can easily see that if a function f : T — X is almost automorphic
under Definition then it is also almost automorphic under Definition

Lemma 3.5. Let T be an almost periodic time scale and suppose f, fi, fa € AA(T,X). The following
assertions hold:

(i) f1+ f2 € AA(T,X);
(13) af € AA(T,X) for any constant o € R;

(iii) fo(t) = f(c+t) € AA(T,X) for each fized c € T.
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Proof. (i) Let f1, f» € AA(T,X). Then for every sequence (s, ) C II there exists a subsequence (s,) C (s,,)
such that

Jim fi(t+sn) = fi(t) and Jim fo(t +sn) = fa(t)
are well defined for each t € 'ﬁ‘, and

lim fi(t—sn) = fi(t) and  lim fo(t —sn) = fa(t)
for each t € T. Therefore, we obtain that

i+ Bt s0) = Tim (fult+sa) + ot +50)) = Filt) + Fo(0)

lim
n—oo
is well defined for each t € ’f, and
nli_{go(fl + f2)(t — sn) = Jim (f1(t = sn) + fot — sn)) = f1(t) + fa(t)

for cach ¢ € T.
(i) Since f € AA(T,X), it follows that for every sequence (s,,) C II there exists a subsequence (s,,) C (s,)
such that

lim (af)(t +5,) = lim af(t+s,) = af(t) = (af)()

n—oo

is well defined for each t € T, and

lim (af)(t —5n) = lim af(t - sa) = af(t) = (af)(t)

n—oo n—o0

for each ¢ € T. B
(#4) Tt follows from f € AA(T,X), ¢ € T that for every sequence (s, ) C II there exists a subsequence
(5n) C (s,,) such that

Jim fo(t+sp) = lim f((c+1) +sn) = fle+ 1) = felt)

is well defined for each t € ﬁ‘, and

T Folt — s,) = lm (e 1)~ s0) = fle+1) = fult)
for each ¢t € T. The proof is completed. O

Lemma 3.6. Let T be an almost periodic time scale. If the functions f,¢ : T — X are almost automorphic,
then the function ¢f : T — X defined by (¢f)(t) = ¢(t) f(t) is also almost automorphic.

Proof. Both functions ¢ and f are bounded since they are almost automorphic. We denote K7 = sup ||¢(?)]|.
teT

Given a sequence (s,,) C II, there exists a subsequence (s,.) C (s,) such that lim ¢(t + s,) = ()
n—oo

is well defined for each t € T and lim @(t — s.) = ¢(t) for each ¢ € T. Since f is almost automorphic,
n—oo

there exists a subsequence (s,) C (s, ) such that li_}In f(t + sn) = f(t) is well defined for cach ¢t € T and

lim f(t—s,) = f(t) for each ¢t € T. Now, we have
n—oo

[6(t + 50) f(t 4 50) = SOV F )| < 6t + 50) f(E + 50) — Gt + 52) F ()| + [|D(t + 50) F(£) — S(2) F (1)
< K|[f(t+s0) = FO)] + Eal¢(t + sn) — o(1)]]
< (K1 + Kj)e
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for n sufficiently large, where Ko = sup || f(¢)|| < oo. Thus, we obtain
teT

lim @(t + sn) f(t+ 5n) = G(£)F (1)

for each t € T.
It is also easy to check that

lim ¢(t — s,)f(t — 5,) = o(t) f(2)

n—oo

for each t € T. The proof is now complete. O

Lemma 3.7. Let T be an almost periodic time scale and (f,) be a sequence of almost automorphic functions
such that lim f,(t) = f(t) converges uniformly for each t € T. Then f is an almost automorphic function.
n—oo

Proof. Consider a sequence (s/n) C II. Asin the standard case of almost automorphic functions, the approach

follows across the diagonal procedure. Since f; € AA(T,X), there exists a subsequence (57(1 )) (s,) such
that

lim fl(t—l-s ) fi(t)

n—oo
is well defined for each t € ’]T, and

hm Filt — sy = fi(¢)
for each t € T. Since fo € AA(T,X), there exists a subsequence (37(12)) C (SS)) such that
lim fo(t + 7)) = falt)

is well defined for each ¢ € 'f‘, and
lim fo(t — s\P) = falt)

for each t € T. Following this procedure, we can construct a subsequence (37(1”) ) C (s;l) such that
lim fi(t+ ) = fi(t) (3.1)

for each t € T and all i = 1,2,....
Note that

1Fi(8) = FiO1 < Ifit) = filt + S+ it + s57) = i+ 5D+ 1f5 (8 +s0) = fO. (3.2)

By the uniform convergence of (f,), for any € > 0 we can find N = N(e) € N sufficiently large such that for
all 4,5 > N, we have
it + ) = fi(t+ )| < & (3:3)

for all t € T and all n > 1.

Hence, taking i, j sufficiently large in (3.2)) and using (3.1)) and (3.3]), we can conclude that (f;(t)) is a
Cauchy sequence. Since X is a Banach space, it follows that (f;(¢)) is a sequence which converges pointwise

on X. Let f(t) be the limit of (f;(t)). Then for each i = 1,2,... we have

(4 s50) = @< NF(E+s57) = fult + T+ i+ s57) = Fi ]+ 1) = F@)l. (3-4)

Thus, for ¢ sufficiently large, by (3.4) and using the almost automorphicity of f; and the convergence of the
functions f; and f;, we obtain

lim f(t+ s™) = f(t)

n—oo

for each t € T. Similarly, we can get

lim f(t - s{) = £(¢)

n—oo

for each t € T. This completes the proof. O



Y. K. Li, B. Li, X. F. Meng, J. Nonlinear Sci. Appl. 8 (2015), 1190-1211 1196

Lemma 3.8. Let T be an almost periodic time scale and X, Y be Banach spaces. If f: T — X is an almost
automorphic function and ¢ : X — Y is a continuous function, then go f : T — Y is an almost automorphic
function.

Proof. Since f € AA(T,X), for every sequence (s,,) C II there exists a subsequence (s,) C (s,,) such that

ILm f(t+ sn) = f(t) is well defined for each ¢ € T and ILm F(t = s,) = f(t) for each t € T.
By the continuity of the function ¢, it follows that

lim o(f(t+ sn)) = @( lim f(t +sn)) = (w0 F)(t).

n—o0

On the other hand, we can get

lim (f(t—sn)) =¢( lim f(t—s,)) = (po f)()

n—oo n—o0

for each t € T. Thus, po f € AA(T,Y). The proof is complete. O

Definition 3.9. Let T be an almost periodic time scale and X be a Banach space. A bounded rd-continuous
function f : T x X — X is said to be almost automorphic if for any sequence (s,n) C II there exists a
subsequence (s,) C (s,,) such that

lim f(t+ s, ) = f(t, )

n—o0

is well defined for each t € ’71", t+s, €T,z eX, and

lim f(t — sp,2) = f(t,2)

n—oo
for each t € 'f, z e X

Denote by AA(T x X, X) the set of all such functions.

Remark 3.10. From Definition [3.9, one can easily see that if f : T x X — X is an almost automorphic
function under Definition then it is also an almost automorphic function under Definition [3.9

Lemma 3.11. Let f € AA(T x X,X) satisfy the Lipschitz condition in x € X uniformly in t € T. If
v € AA(T,X), then f(t,o(t)) is almost automorphic.

Proof. For any sequence (s,,) C II, there exists a subsequence (s,) C (s,,) such that

lim f(t+ sy, x) = f(t, )

n—o0

is well defined for each t € 'ﬁ, r € X, and

lim f(t — Sn,x) = f(tax)

n—o0

for each t € T, € X. Since ¢ € AA(T,X), there exists a subsequence (7,) C (s,) such that
lim @(t +7,) = &(t)
n—oo

is well defined for each t € ﬁf‘, and
lim @(t - Tn) - So(t)

n—oo

for each t € T. Since f satisfies the Lipschitz condition in z € X uniformly in ¢ € ']f, there exists a positive
constant L such that

Lf(t + Tos ot + 7)) = F(& QNI < 1F(E A+ Ty p(t+ 7)) = f(E+ T, O+ (& + 70, §(2) — F(E, @(2))]
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< Lllg(t + ) = @@ + £t + 70, (1) = (£, 6()] = 0, n — o0

and

1F(t = 7o, @t = 7)) = f(E @) < I F(E = T, Gt — 7)) —
< Lllg(t — ) — e@)]| + |

F(t— T, o) + 1 (E = T, 0(8) — (&, 0(2))]]
Flt = m,0(8)) = f(t,0(®)] = 0, n— .

Hence, for any sequence (s,,) C II there exists a subsequence (7,,) C (s,,) such that

Hm f(t 4 70, 0(t + 7)) = F(t, 5(t))

n—0o0

is well defined for each t € ’ﬁ‘, and

lim f(t — 7, @(t — 7)) = f(t,0(t))

n—oo
for each t € 'ﬁ', that is, f(¢,p(t)) is almost automorphic. This completes the proof. O

Definition 3.12. Let T be an almost periodic time scale. The graininess function g : T — Ry is said to be
almost, automorphic if for every sequence (s,,) C II, there exists a subsequence (s,) C (s,,) such that

lim pu(t + sn) = i(t)
n—00

is well defined for each t € ’]T, and
lim fi(t — sn) = p(t)

n—o0

for each t € T.

In the following, in order to make the graininess function p have a better property, we will use Definition
[2.3] as the definition of almost periodic time scales.
From Corollary 15, Theorem 19 in [20] and Definition we can obtain

Lemma 3.13. Let T be an almost periodic time scale under Definition (2.3 Then the graininess function p
s almost automorphic.

Open problem 1. Let T be an almost periodic time scale under Definition [3.1. Does it follow that the
graininess function p is almost automorphic?

Open problem 2. Let the graininess function p of T be almost automorphic. Does it follow that T is an
almost periodic time scale under Definition [3.1]?

4. Automorphic solutions to linear dynamic equations
Consider the linear nonhomogeneous dynamic equation on time scales
z2(t) = A(t)z(t) + f(t), t €T, (4.1)
where A: T — R™™ and f: T — R", and its associated homogeneous equation
2 (t) = A(t)x(t), t € T. (4.2)

Throughout this section, we restrict our discussions to almost periodic time scales under Definition and
we assume that A(t) is almost automorphic on T, which means that each entry of the matrix A(t) is almost
automorphic.
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Lemma 4.1. Let T be an almost periodic time scale, A(t) € R(T,R™*™) be almost automorphic and non-
singular on T and the sets {A71(t) et and {(I + p(t)A(t)) ' }ier be bounded on T. Then, A=L(t) and
(I+ p(t)A(t))~! are almost automorphic on T. Moreover, suppose that f € AA(T,R"™) and admits an
exponential dichotomy. Then has a solution z(t) € AA(T,R"™), and x(t) is given by

+oo

x(t):/_ Xt)PX Y o(s))f(s)As — t Xt)(I - P)X Y(o(s))f(s)As, (4.3)

where X (t) is the fundamental solution matriz of (4.2)).

Proof. We divide the proof into several steps.
Step 1. A~1(t) is almost automorphic on T.
Consider a sequence (s;) C II. Since A(t) is almost automorphic on time scales, there exists a subse-
quence (s,,) C (s,,) such that B
lim A(t+ s,) = A(t)
n—oo
is well defined for each t € ﬁ‘, and B
nlLH;O At — sp) = A(t)
for each t € 'ﬂIi'.N
Given t € T, define A,, = A(t + s,,), n € N. By hypothesis, the set {4, 1},cn is bounded, that is, there
exists a positive constant M such that |A; '] < M. From the identity At — At = A H(A,, — Ap)ALL it
follows that {4,} and {A, !} are Cauchy sequences. Hence, for each t € T fixed, there exists a matrix S
such that

ANt) — S(t), n — oo.

n

Then we have o
lim A,A ' =AA =1,

n—o0

where I denotes the identity matrix, and we obtain that A(¢) is invertible and A~1(t) = S(¢t) for each ¢ € T.
Since the map A — A~! is continuous on the set of nonsingular matrices, we infer that

lim A7 (t+s,) = A1)

n—o0
is well defined for each ¢ € T. Similarly, we can get that

lim A7 (t —s,) = A7)
n—oo
for each t € T.
Step 2. (I + p(t)A(t))~! is almost automorphic on T.
Since A(t) and u(t) are almost automorphic functions, for every sequence (s,) C II there exists a

’

subsequence (s,) C (s,,) such that

lim A(t + s,) = A(t) and lim_pu(t + sn) = ()

n—oo
are well defined for each t € 'ﬁ‘, and

lim A(t —s,) = A(t) and lim ji(t — s,) = p(t)

n—oQ n—o0

for each t € T. Therefore, we have

lim (I 4+ A(t+ sp)u(t+ sn)) =1+ A(t)a(t)

n—o0
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for each t € ’f‘, and -
lim (I + A(t — sp)i(t — sn)) =1+ A(t)u(t)

n—o0

for each t € T. Hence, (I + A(t)u(t)) is almost automorphic on T. In addition, since A(t) is a regressive
matrix, (4 A(t)u(t)) is nonsingular on T. By hypothesis, the set {(I+A(t)u(t)) "' }ser is bounded. Similarly
as in the proof of Step 1, we obtain that (I + A(t)u(t))~! is almost automorphic on T.
Step 3. The system has an automorphic solution.
Since the linear system admits an exponential dichotomy, the system has a bounded solution
x(t) given by
+oo

- / X(OPX (o(s)f(s)As— [ X(O)I = P)X ' (o(s))f(s)As.

t

Since A(t), u(t) and f(t) are almost automorphic functions, for every sequence (s, ) C II there exists a
subsequence (s,) C (s,,) such that

lim A(t+s,) = A(t), lim u(t+s,) =) and lim f(t+s,) = f(t)

n—oQ n—oo n—oo

are well defined for each t € 'ﬁ‘, and

lim A(t —s,) = A(t), lim f(t —s,) =pu(t) and lim f(t—s,) = f(t)

n—o0 n—o0 n—oo

for each t € T.
We let

_/_ X(£)PX " (o(s))f(s)As

/Mts s)As,

where M (t,s) = lim X (t+ s,)PX "(o(s + s,)).

n—oo
Then, we obtain

and

IB(t + 50) — B(1)|| = /t+snX(t+sn)PX Lo As—/ M(t,5)F(s) s

—00

- /;X(Hsn)PX— (0(s+sn))f(s+ sn) AS—/ M(t, 5) ASH

IN

/_t X(t+ s,)PX Yo(s+sp))f(s+ sn)As

_ / X(t+ sn)PXfl(a(s + sn)) f(s)As

t
+H/ X(t+s,)PX Yo(s+sp))f As—/ M(t, s) ASH

—H/t X(t+s,)PX No(s+s0)) (f(s+sn) — (s ASH
+H/ X(t+ 50) PX N0 (s + 0)) = M(t,5)) ()] (4.4)

In addition, since the function f is almost automorphic, we have that f is a bounded function. Passing to

the limit in (4.4]), we get B
lim B(t+ s,) = B(t) (4.5)

n—oo
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for each ¢ € T. Analogously, one can prove that

lim B(t —s,) = B(t) (4.6)
for each t € T.
On the other hand, let
+oo
Cct) = X()(I = P)X H(o(s))f(s)As

t
and

o) = /_ N(L, 5)J(5)As,

_ . - _1 . .
where N(t,s) = nh_}ngo X(t+ sp)(I —P)X " (0(s+ sp)). Then, similar to the proofs of (4.5) and (4.6]), we

can show that given a sequence (s,,) C II, there exists a subsequence (s,) C (s,,) such that

lim C(t+s,) = C(t)
n—oo
for each t € ’ﬁ‘, and -
Jlim C(t —sn) = C(t)
for each t € T.
Finally, we define Z(t) = B(t) — C(t). Then, by the definition of x from (4.3]), one can prove that given
a sequence (s,) C II, there exists a subsequence (s,) C (s,,) such that
Jim z(t 4 s,) = Z(t)
is well defined for each t € ﬁ‘, and
lim Z(t — sp,) = x(t)

n—oo

for each t € T. Hence, z(t) is an almost automorphic solution of system (4.1)). This completes the proof. [
Similar to the proof of Lemma 2.15 in [23], one can easily show that

Lemma 4.2. Let ¢;(t) be almost automorphic on T, where ¢;(t) > 0, —¢;(t) € RY, t € T,i =1,2,...,n and

min {inf ¢;(¢)} = m > 0. Then the linear system
1<i<n teT

xA(t) = diag<_cl(t)7 _CQ(t)’ cet —Cn(t))x(w

admits an exponential dichotomy on T.

5. An application

In the last forty years, shunting inhibitory cellular neural networks (SICNNs) have been extensively
applied in psychophysics, speech, perception, robotics, adaptive pattern recognition, vision, and image
processing. Hence, they have been the object of intensive analysis by numerous authors in recent years.
Many important results on the dynamical behaviors of SICNNs have been established and successfully
applied to signal processing, pattern recognition, associative memories, and so on. We refer the reader to
13, 191 211, 23], 26], [32], 42}, [44) 49] and the references cited therein. However, to the best of our knowledge,
there is no paper published on the existence of almost automorphic solutions to SICNNs governed by
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differential or difference equations. So, our main purpose in this section is to study the existence of almost
automorphic solutions to the following SICNN with time-varying delays on time scales

v(t) = —ay(zt) — D B (@rt — (1))@ ()

Cri€N-(4,5)
t
- > ijl(t)/ 9@ (w)) Auwq;(t) + Lij(¢), (5.1)
CklENp(i,j) t_(skl(t)

where ¢t € T, T is an almost periodic time scale in the sense of Definition i1=1,2,....m,7=1,2,...,n,
C;j denotes the cell at the (7,j) position of the lattice, the r-neighborhood N, (4, j) of Cj; is given by

Ny(i,7) = {Cx : max(|k —i|,[l = j|) <r, 1 <k <m,1<1<n},

Ny(i,7) is similarly specified, x;; is the activity of the cell Cyj;, L;;(t) is the external input to Cjj, a;i;(t) > 0
represents the passive decay rate of the cell activity, ijl (t) > 0and C’fjl (t) > 0 are the connections or coupling
strengths of postsynaptic activity of the cells in N,.(7, j) and Np(7, j) transmitted to cell C;; depending upon
variable delays and continuously distributed delays, respectively, and the activity functions f(-) and g(-) are
continuous functions representing the output or firing rate of the cell Cy;, 7x;(t) and dx;(t) are transmission
delays at time ¢ and satisfy ¢t — 75(¢) € T and ¢ — 0y (t) e Tfor t € T, k=1,2,...,m, [ =1,2,...,n.
The initial condition associated with system is of the form
zij(s) = wij(s), s€[-6,0]t, i=1,2,...,m,j=1,2,...,n,
where 6 = max{ max  Tgl, max 571}, and ;;(-) denotes a real-value bounded rd-continuous
1<k<m,1<I<n  1<k<m,1<I<n
function defined on [—6, 0]r.

Throughout this section, we let [a,blr = {t|t € [a,b] N T} and we restrict our discussions to almost
periodic time scales in the sense of Definition [2.3] For convenience, for an almost automorphic function

f:T — R, denote f = %n%f(t), f = sup f(t). We denote by R the set of real numbers, and by R™ the set of
- € teT

positive real numbers.
Set

xr = {l‘m(t)} = (mll(t), e ,l‘ln(t), . ,l‘il(t), ey l‘in(t), e ,xml(t) N ,xmn(t)) S Rmxn‘
For all z = {x;;(t)} € R™*", we define the norm ||z(¢)|| = max; j |z;;(t)| and ||z| = sup ||z(t)||.
teT

€
Let B = {¢lp = {pij()} = (pr1(t); -, p1a(t)s- s 0ir(8)s -, in(t) s pma(8) - pmn(t))}, where
is an almost automorphic function on T. For all ¢ € B, if we define the norm ||¢||g = sup ||¢(¢)||, then B is
teT

a Banach space.

Definition 5.1. The almost automorphic solution z*(t) = {z;(t)} of system (5.1)) with initial value ¢* =
{go’{j (t)} is said to be globally exponentially stable if there exist positive constants A\ with 6\ € RT and
M > 1 such that every solution x(t) = {z;;(t)} of system (.1]) with initial value ¢ = {;;(t)} satisfies

|z — z*||s < Meex(t, to)lle — ¢*|lB, Vit € [to,+00)T, to € T.
Theorem 5.2. Suppose that
(Hi) forije A={11,12,...,1n,...,m1l,m2,...,mn}, —a;; € R, where R denotes the set of positively
regressive functions from T to R, a;;, ijl7 ijl,Tkl,Lij € B;
(Hs) functions f,g € C(R,R) and there exist positive constants LY, L9, M M9 such that for all u,v € R,
|[f(u) = f(0)] < Llu—of, f(0)=0, |f(u)] <M/,
l9(u) — g(v)| < L|u—wv|, g(0) =0, [g(u)] < M?;
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(Hs) there exists a constant p such that

3 Bklep + X CklMgéklp +Lij

{CMGNT(M) Cri€Np(i,5)
max <p
0] Qij
and _ — .
> BIMI+Lh)p+ Y CE(MY+ L9)oup
{ Cr€N(3,5) CriENp(i,5)
max <1.
0] Qij

Then, system (5.1)) has a unique almost automorphic solution in E = {p € B : |||l < p}.

Proof. For any given ¢ € B, we consider the following system

xl%(t) = —aij(t):nij(t) — Z Bz'k;‘l(t)f(()pkl(t - Tkl(t)))goij(t)

Cri€Nr(4,5)
t
. cfjl(t)/ (o) Mgy () + Lis (), i = 11,12, .. mn. (5.2)
Cri€Np(i,5) t=3(t)

Since min  {infa;;j(t)} > 0 and —a;; € R, it follows from Lemma [4.2| that the linear system
1<i<m;1<j<n teT

l'g(t) = —al-j(t)xl-j(t), Z] = 11, 12, Lo, Mmn

admits an exponential dichotomy on T. Thus, by Lemma we obtain that system (/5.2)) has exactly one
almost automorphic solution as follows

w20 = 50 ={ [ eonto)(= X B outs - e

Cri€N-(4,5)

- X e [ o) dug)+ Lyl s

Cri€Np(4,5)
Now, we define the operator 7' : B — B by setting
T(p(t)) = 2¥(t), Yy eB.

First, we will check that for any ¢ € E, T'p € E. For any ¢ € E, we have

Tl = swma{| [ e on(~ X G ol - mle))e)

et Cra €N (i.7)
- X O [ st duns(s) + Lys)as |
Cri€Np(4,5) t=0(s)
t R
< swmac{| [ e o) X Bl - )
teT e Cri€Nr(4,9)
E
b T otoun)ug () s} + a1
t—6 v Qg
CMENp 7,]) kl Y
t R
< supmax{ [ e_%(t,o(s))( > B auls — () len(s)
€T —00

Cri€Nr(4,5)
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— s Lii
b e [ ol (o)) Asf - mux

. t—
Cri€Np(i,5) mis

IN

¢ _
supmax{/ €—ay(t, U(s))( Z leflefp2

7/"] . .
teT Cri€ENr(1,9)

. I
+ ) cfleg(sklp?)As} + max —~
. i Qij
Cri€Np(3,5)
3 Bklep + C’k’lMchklp + Lij
{ CriENr(1,5) Cr1ENp(i,5)
Qij

<»p.

< max
,L'7j

Therefore, we have that | T(p)|lp < p. This implies that 7" is a self-mapping from E to E. Next, we prove
that T is a contraction mapping on E. In fact, for any ¢,y € E, we can get

IT(p) = T(¥)lle = Sup IT(e)(#) = T () (D]

= sup max {’ /t € ay (t,a(s))( Z ijl(s) [f(@ri(s — ra(s)))pis(s)

17] _
teT oe Cri€Nr(4,5)

— FWr(s = ()i ()] + > CH(s )[/:5 ( )g(cﬂkz(u))Au%j(s)

Cr1E€Np(3,5)

- [, s au ) |
< sup max { / e—qy(t, J(s))( Z Bkl’f ori(s — Tri(s “‘Pzg —Yij(s)]

teT ©J —0o0 CkleNT‘(ivj)
LY o 9(pri(u) Aullpi(s) ¢z’j(3)|)A5}
CkleNp(i]) =0 M S)
t
—{—SupII'Z%&X{/ e_m(t,a(s))< Z B ‘f gpkl(S—Tkl( )))_f(wkl(S—Tkl(S)))‘
teT ¥J —00 Cri€Ny(i,5)

X [ij(s)] + Z a@l‘ S )(Q(QOM(U)) 9 (w)) Aul[i; (s )}

Cr1ENp(i,5) t=0ki(s

<supmax{ / eyt BEIMI louls — ma(s)lloi(s) — bi(s)

teT oJ —00 Cri€ENr(3,5)
+ Y C”“l/ M| g (u)|Aulepi;(s) —Wj(s)’)As}
Cri€Np(3,5) o)
. _
+ sup max {/ €—ay (t,0(s ))( > BEL (s — u(s)) = tri(s — Trls))|
teT i,J —00 CklENr 7])
CkleNp i.j) ~nl

t N
< supmax{ e_@a,a(s))( Z BIMp+ Y CklMg(SklP)AS}H(P vle

l’] « . .
teT o0 Cri€N, (i) Cri€Np (i.j)
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t — — —
+Supmax{/ e_%(t,a(s))< Z BZ?pr+ Z C{flegéklp>As}Hcp—1,Z)]B

teT ¥J —00 Cli€Ny(3,5) Cri€Np(4,5)
> BMMI+ Lo+ Y CH(MY+ L9)oup
Cri€Nr(4,9) Crt €Np(i:)
< max e — B
i Qij

By (Hs), we have that | T(¢) — T(¥)|ls < |l¢ — ¢|ls. Hence, T is a contraction mapping from E to E.
Therefore, T has a fixed point in E, that is, (5.1)) has a unique almost automorphic solution in E. This
completes the proof. O

Theorem 5.3. Assume that (Hi)-(Hs) hold. Then system (5.1) has a unique almost automorphic solution
which is globally exponentially stable.

Proof. From Theorem we see that system (5.1) has at least one almost automorphic solution
z*(t) = {zj;(t)} with the initial condition ¢*(t) = {¢};(¥)}. Suppose that {z(t)} = {(z};(¥)} is an ar-
bitrary solution with the initial condition ¢(t) = {y;;(t)}. Set y(t) = x(t) — 2*(t). Then it follows from

system that
Yy (t) = —ai;(t)yi;(t) — Z BE () (f(wr(t — ma(t)))wi; (t)

Cri€Nr(1,5)
IR mO)hw) - X el ([, ot
- [, s o) (53)

fori=1,2,...,m,7=1,2,...,n, and the initial condition of (|5.3) is
Yij(s) = pij(s) — pij(s), s €[=0,0]r, ij =11,12,...,mn.
Then, it follows from (5.3|) that for i =1,2,...,m, j =1,2,...,n and t > ¢y, we have

t
yij(t) = yij(to)e*aij(t’to) _/t eai].(t,a(s)){ Z sz]l(s)(f(mkl(s _Tkl(s)))xij(s)

Cri€Nr(4,5)

~fails = mMay )+ > ([ glotw)duy(s

Cri€N (ir5) t=0ki(s)

- gl (w) Auay(s)) ¢ As. (5.4)
/ }

—0ki(s)
Let S;; be defined as follows:

Sij(w) = aj; —w —exp(wsup pu(s))Wij(w), i =1,2,...,m,j=1,2,...,n,
- seT

where

Wy =( Y BEMIp+ > CH(M+ L9)5apexp {wha)

Cr1 €Ny (4,5) Cri€Np(i,5)
+ Z Biflefpexp{wTTd}), 1=1,2,....om,5=1,2,...,n.
Cri€Nr(4,7)

By (H3), we get
S,»»(O):%—Wij(())>0, 1=1,2,....m,3=1,2,...,n.
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Since S;; is continuous on [0,4+00) and S;j(w) — —oo, as w — 400, there exist 5,] > O such that
Sij(&j) = 0 and Sjj(w) > 0 for w € (0, {zj) =1,2,...,m, j=1,2,...,n. Take a = L 1<j<n {&;}.
We have Sz]( ) > 0,0 = 1,2,...,m,5 = 1,2,...,n, so we can choose a positive constant 0 < A <

i h th t
min {a, Lo i {am}} such tha

which implies that

exp(A Sup 11(s)) Wiz ()

aij —

<1l,i=1,2,....m,5=1,2,...,n. (5.5)

Let

M= %ij
T acidmigi<n | Wy(0) J
By (H3) and (j5.5), we have M > 1.
Moreover, we have es)y(t,tg) > 1, where t < ty. Hence, it is obvious that

ly(®)lls < Meaa(t,to)l[¢ls, V€ [to — 0, to]r,
where A € R™. In the following, we will show that

ly(®)lls < Meaa(t, to)[¥ls, Vt € (to, +00)T- (5.6)

To prove (5.6)), we first show that for any p > 1, the following inequality holds:

ly@)llz < pMeox(t,to)ll¢lls, Vi€ (to, +oo)r, (5.7)
which implies that, for i =1,2,...,m, j =1,2,...,n, we have
lyij (O] < pMean(t to)[6lls, ¥ € (to, +00)r. (5.)

If is not true, then there exists t; € (tg, +00)r such that

lyij (1) = pMeca(ty, to)lvlls and [yi;(6)] < pMeca(t, to)|vls, vt € (to, t1)r.
Therefore, there must exist a constant ¢ > 1 such that

lyij (t1)] = cpMegx(tr, to) ¥l and |yi;(t)] < cpMeaa(t,to)ll¢lle, Vit € (to, 1)

Note that, in view of (5.4, we have that

yij(t())e*aij (th tO) - / 1 €—a;; (tl? O’(S)){ Z szjl(s) (f($kl(8 - Tkl(s)))xij(s)

to Cri€Nr(4,5)

lyij(t1)| =

~faials = ma )+ Y ([ gl su()

Cr1ENp(3,5) 5= 0ki(s)

-/ PIRCIOINET0) bas
t1 _
e—a;; (t1,t0) [P ||B + /t e—ay; (t1, 0(8)){ > B faw(s — mls)))wis(s)

Cri€N(1,7)

IN
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1206

IN

IN

IN

— [ (@i (s — ma(s))ai;(s)| + Z Ckl

Cri€Np(i,5)

[ st s fas

e—aij(tlﬁto)”w”BJF/tl —ay (t1,0(s )){ > Bkle\xkl(S—Tkl( MDyis(s)]

Cri€Nr(i,5)

/ 9 (1)) Auziy ()
s—811(s)

+ ) C’fj/ MOy (u)| Auly;;(s)]

Cr1E€Np(i,5) 501 (%)

+ Z Blef\ykz(S — Thi(s ))]|xj](s)|
CklENr(iJ)

i Z CZZ/ LI|ypa (u)| Aul|a; (s )}AS
CklENp(ivj) 876“(8)

t1
/ —ayon(tr, a(s)
to

x{ Z Bklepe,\(J(s), s)+ Z @MQTMWA(U(S% s = Oru(s))

e—ay; (t1,t0)[[¥|lB + cpMec(t1, to) (|98

Cr1ENr(4,5) Cri€Np(i,5)
+ > BML pe(o(s), s — muls))
Cri€Nr(4,5)
+ > CHL9Gpe(o(s),s — 5kl(s))}}’As
CklENp(i,j)

e—ay; (t1,t0) [¥|lB + cpMec(t1, to) ||¥||B

[ e agentinnos)

to

x{ Z Biijfpexp{Aitelgu(s)}

Ck;leN’!'('?j)
n Z CklMg(;klpexp {)\ 5kl + sup (s ))}
Cri€Np(4,5) <
n Z Blefpexp{A(TTz+SuPN(5))}
Cri€Nr(3,5) <
i Z Cleg5klPeXp {)\ 5k1 + sup :U’( ))}}'AS
CriENp(i,5) !

ea”@A(tbto)—l-exp{)\sup,u( )}[ Z Bilklefp

1
cpMe@wl,to)nwnB{
Ck[GNT(ZJ)

+ Z @(Mg + L9)0ppexp { Ao } + Z Biflefp exp {)\TTCZ}}
CkZGNp(i,j) CkIGNr(i,j)

1
X / e_aien(t1,0(s))As

to

1 —
CpMe@,\(tl,t0)||¢||]3{Me_(aij_A)(tl,to) —|—exp{)\su¥,u(s)}[ E BZlep
- se ..
Cri€Nx(4,5)

+ Y CH(MT + L)dpexp (Mo} + Y @preXp{Am}}
Cri€Np(3,5) CrreNa(isd)
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1 t1
XW /to (—(aij = A))e—(a,;—xn (1, 0(s))As
exp {A\sup u(s)}

T
_ cpMe@Aul,to)nwnB{— (S B
M dij — A Cri€Nr(4,5)

+ Z @(Mg + L9)opexp { Ao } + Z Blefpexp {)\TTZ}>
Cri€Np(ing) CreNa(id)
exp {Asup p(s)} -
X€—(aiy;—N) (ti,to) + " fE_T/\ ( Z ijlep
— CliEN, (ir))

+ Z @(Mg—i—Lg)époexp{)\éTd} + Z ijlprexp{)\mD}
CklENp(i,j) Cri€Nr(i,5)

< epMegx(tr, to) ¥l

which is a contradiction. Therefore, (5.7) holds. Letting p — 1, we obtain that (5.6 holds. Hence, we have
that
ly(®)lle < Meaa(t,to)|[¥lls, VYt € (to, +00)r,

which means that the almost automorphic solution of system ([5.1)) is globally exponentially stable. The
proof is complete. 0

Remark 5.4. Theorems|5.2{and [5.3|are new even for the cases of differential equations (T = R) and difference
equations (T = Z).

6. Examples

In this section, we will give examples to illustrate the feasibility and effectiveness of the results obtained
in Section 5.
Consider the following SICNNs with time-varying delays:

z5(t) = —a (e ®) = Y, BEOf@ult —7a(t)) ()

Cri€Nr(4,5)

- > i /t_é (t)g(xkl(u))Auxij(t)—i—Lij(t), (6.1)

Cr1€Np(i,5)

where i =1,2,3,7=1,2,3, r=p=1, f(z) = 0.05| cosz|, g(x) = %, teT.
Example 6.1. If T = R, then u(t) = 0. Take

an(t) a12 (t) alg(t) 3+ | sint| 4+ | CcOs \/it‘ 2+ | sin t|
as (t) ag(t) ag(t) | = 2+ cos(%t)\ 5+ |sin2t] 14 |cos2t| |,
CL31 t agg(t CL33 t 4+ |COS2t| 3+ |Sin2t| 2+ |COSt|
Bll(t) B t B13 Cll(t) Clg(t) 013(75) 01| COSt| 02| COS 2t| 01| sint|
Bgl(t) B t B23 021 (t) 022 (t) 023 (t) = 0.1‘ sin 2t| 0.1’ COS t’ 0.2‘ COS 2t| s
Bgl (t) ng t ng 031 (t) 032 (t 033 0.1| COS t| 0.2| COS 2t| 0.1’ COS t’
Li1(t) Lio(t) Lis(t) 0.1sint cost 0.2sint
Lzl(t) LQQ L23 t) 0.2sint 0.4sint 0.1sint y
L31(t) Lso(t) Lss(t) 0.1sint 0.3sint 0.1cost



Y. K. Li, B. Li, X. F. Meng, J. Nonlinear Sci. Appl. 8 (2015), 1190-1211 1208

511(t) 512(t) 513(t) 0.5+ 0.5sint cost 0.7+ 0.2sint
(521(75) (522(t) 523(t) = 0.84+0.2sint 0.2+ 0.4sint 0.7+ 0.2sint
531(t) (532(t) 533(t) 0.940.1sint 0.6 +0.3sint 0.4+ 0.4cost

Obviously, (Hy) holds. Clearly, we have

MP=M9=005 Lf=19=005 )  BH= CH = 0.5,
CrieN1(1,1) CrieN1(1,1)
> e Y @en Y B- Y Ch-os
CrieN1(1,2) CrieN1(1,2) Cri€N1(1,3) CrieN1(1,3)
CrieN1(2,1) Cri€N1(2,1) Cri€N1(2,2) CriEN1(2,2)
Y - Y @-n Y H- Y -
CMENl(Q,?)) Ckl€N1(2,3) CMEN1(3,1) CkZENl(?),l)
> BM= > ci=o08 > Bi= > cChl=06
Cri€N1(3,2) Cri€N1(3,2) Cri€N1(3,3) Cri€N1(3,3)
and we can easily check that max ZJ = 0.25. Take p = 1. Then

2y

> Biflepr—F > @MgpQTm—FLTj

Cy r(2,J C L,
maX{ k1 ENr(4,5) rENp(0.7) } ~0.2669 <p=1
i,j Qij
and - — .
3 BZZ(Mf +LHp+ % ijl(Mg + L9)pow
Cri €N (i, Ck
maX{ k1 €N (i,5) K ENp () } ~ 0.5337 < 1.
Z?] aﬂ

The combination of the above two inequalities means that (H3) is satisfied for p = 1.

Therefore, we have shown that assumptions (H;)-(Hs) are satisfied. By Theorem system has
exactly one almost automorphic solution in E = {¢ € B : ||¢|lz < p}. Moreover, by Theorem this
solution is globally exponentially stable.

Example 6.2. If T = Z, then pu(t) = 1. Take

ain(t) aia(t) ais(t) 0.3+ 0.1|sint| 0.4+0.1|cosv/2t| 0.2+ 0.1]sint|

an(t) axn(t) ax() | = 02402/cos(it)] 05+0.1]sin2¢t 0.1+40.1|cos2t| |,

asi(t) as2(t) ass(t) 0.4+ 0.1]cos2t| 0.340.2]sin2t] 0.2+ 0.1] cost|
Bu(t) Blg(t) Blg(t) Cu(t> 012 (t) 013(t) 0.02’ COS t’ 0.02‘ COS Qt‘ 0.03| sint|
Bgl(t) ng(t) ng(t) ) == 021 (t) 022 (t) ng(t) = 001| sin 275‘ 001| COS t| 002| COS 2t| s
Bgl (t) B32(t) ng(t) 031 (t) 032 (t) ng(t) 0.03’ COS t’ 0.02‘ COS Qt‘ 0.01‘ COS t’

L11 (t) ng(t) L13 (t 0.0lsint 0.0lcost 0.02sint
L21 (t) ng(t) L23<t = 0.02sint 0.04sint 0.03sint s
Lsi(t) Lso(t) Las(t 0.01sint 0.03sin¢z 0.02cost

0.2+ 0.8sint 0.4+0.6sint 0.1 +0.9sint

)

)

)
sint 0.9cost 0.2+ 0.5sint
sint sint 0.7+ 0.2cost



Y. K. Li, B. Li, X. F. Meng, J. Nonlinear Sci. Appl. 8 (2015), 1190-1211 1209

Obviously, (H1) holds. Clearly, we have

M/ =M9=005, LF =19 =005 Y Bifi= > CH =006
CrieN1(1,1) CrieN1(1,1)

> Bii= > cH=o011, > Bfi= > cf=00s
Cri€N1(1,2) Cri€N1(1,2) Cri€N1(1,3) Cri€N1(1,3)

> Bif= > =011, > Bii= > cH=o017
Cri€N1(2,1) CrieN1(2,1) CrieN1(2,2) Cri€N1(2,2)

> BM= > ci=o011, > BM= > cil=o007,
CklEN1(2,3) Ckl€N1(2,3) CkleNl(B,l) Ckl€N1(3,l)

> Bii= > cH=01, > BM= > Ci=006
Cri€N1(3,2) Cr1€N1(3,2) Cri€N1(3,3) Cri€N1(3,3)

Li;

L = (0.15. Take p = 1, then

and we can easily check that max _-
Qij

]

> BiMi#+ ¥

legPQTkl + Tw

C r '7 j Ck " '
ma,X{ k1 ENr(4,5) rENp(1.7) } ~ 01904 <p=1
i, Qg
and - R .
> BE(MI+LNp+ X CH(MI+ L9)pdy
Ion A ,’. C "'
maX{ 11 €Ny (3,7) k1 ENp(i-7) } ~ 0.3657 < 1.
Z?] aﬂ

The combination of the above two inequalities means that (H3) is satisfied for p = 1.

Therefore, we have shown that assumptions (Hj)-(Hs) are satisfied. By Theorem system has
exactly one almost automorphic solution in E = {¢ € B : ||¢|lz < p}. Moreover, by Theorem this
solution is globally exponentially stable.

7. Conclusion

In this paper, we propose a new concept of almost automorphic functions on almost periodic time scales
and study some basic properties. We state two open problems concerning the relationship between the
algebraic operation property of elements of a time scale and the analytical property of the time scale.
Then, based on these concepts and results, we establish the existence of an almost automorphic solution for
both the linear nonhomogeneous dynamic equation on time scales and its associated homogeneous equation.
Finally, as an application of the results, we study the existence and global exponential stability of almost
automorphic solutions to a class of shunting inhibitory cellular neural networks with time-varying delays on
time scales.
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