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Abstract

In this paper, by Leggett-William fixed point theorem, we establish the existence of triple positive
solutions of a new kind of integral boundary value problem for the nonlinear singular differential equations
with p-Laplacian operator, in which ¢(¢) can be singular at t = 0, 1. We also show that the results obtained
can be applied to study certain higher order mixed boundary value problems. At last, we give an example
to demonstrate the use of the main result of this paper. The conclusions in this paper essentially extend
and improve the known results. (©)2016 All rights reserved.
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1. Introduction

In this paper, by using Leggett-William fixed point theorem, we will study the existence of triple positive
solutions for the following a new kind of second order singular integral boundary value problem (IBVP):

(6p()) () + q(t) f (u(t), v’ (t), (Tu)(t), (Su)(t)) = 0,0 <t < 1,
1.1
= a/ Pp(u u(1) = Bg(u'(n)), -y
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where ¢p(s) =

|s|P~2s(p > 1) is an increasing function, (¢,) 1(s) = @4(s ),% +i=10<e<1,0< e <
1,6>0,0<n<1; and T and S are two linear operators defined by

q

t 1
Tu(t):/o k(t, s)u(s)ds, Su(t):/o h(t,s)u(s)ds, u € C0,1],

in which k € C[D,R"], h € C[Dg, R*], D = {(t,s) € R?: 0<s<t<1}, Dg={(t,s) € R?:0<s,t <
1}, Rt =[0,400), R= (—00,+00), ko = max{k(t,s) : (t,s) € D}, and hg = max{h(t,s) : (t,s) € Do}.

The existence and multiplicity of positive solutions for differential equations BVPs with the p-Laplacian
operator have been extensively investigated in recent years, see [IH10, [12HI6] and the references therein.
Especially, the following differential equations with one-dimensional p-Laplacian:

(¢p(u)) +q(t) f(t,u) =0, 0<t<1

has been studied subject to different kinds of boundary conditions, see [5, O, [13 [16] and the references

therein. The methods mainly depend on Kransnosel’skii fixed point theorem, upper and lower solution

technique, Leggett-Williams fixed point theorem and some new fixed point theorems in cones and so on.
Recently, in [8], Kong et al. have studied the existence of triple positive solutions for the following BVP:

(¢p(u) (1) +q() f(u(t), u'(t), (Tu)(t), (Su)(t)) =0, 0 <t <1, 1.2)
W'(0) =0, wu(l)=g(«(1)). '
In [7], Hu and Ma have studied the existence of triple positive solutions for the following BVP:
{ (8p(u)) (1) + q(0)f (u(t), o' (1), (Tu)(8), (Su)(t) = 0, 0 <t < 1, w3
u'(0) = Bu(n), u(l)=g(u'(1)). '

More recently, in [14], Wang and Yu have pointed out some mistakes in [§] and [7], and studied the
existence of triple positive solution for the following BVP:

(op(u)) (t) + q(t) f (u(t), v/ (t), (Tu)(t), (Su)(t)) =0, 0 <t <1,
m—2
=" By (), u(l) = g(u' (1)),
=1

Motivated by the work above, in this paper, we will discuss the existence of solutions for the IBVP (|1.1J).
Obviously, when o = 0,38 = 1,7 = 1, IBVP reduces to BVP (1.2). In addition, when 8 = 1,7 =1
and the integral boundary condition can be translated into u/(0) = ¢4(aé)u'(¢) (¢ € [0,£]) by mean-value
theorem of integrals, IBVP reduces to BVP (|1.3)). Hence, BVPs and are special cases of

IBVP (L.1).

Throughout this paper, we always suppose the following conditions hold:
(C1) feC(RT x Rx Rt x RT,(0,+));

(C2) q(t) € C(]0,1], RT) may be singular at ¢ = 0,1 and 0 < fo t)dt < +00, so it is easy to see that there
exists a constant M > 0 such that 0 < fo t)dt < ¢p(M);

(C3) g: R — R™ is nonincreasing and continuous, and 0 < g(v) < |v| for v € R.

We deal with the existence and uniqueness of solutions for BVP (|1.1)) by using the Schauder’s fixed
point theorem and Banach’s contraction mapping principle and obtain multiplicity results which extend and
improve the known results.
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2. Preliminary results

In this section, we firstly present some definitions, theorems and lemmas, which will be needed in the
proof of the main result.

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P C F is called a cone if it
satisfies the following two conditions:

(i) z € P,\ > 0 implies \z € P;
(ii) z € P,—x € P implies z = 0.

Definition 2.2. Given a cone P in a real Banach space E. A continuous map « is called a concave (resp.
convex) functional on P if and only if for all z,y € P and 0 <t < 1, it holds

L a(tz + (1 —t)y) > ta(z) + (1 — t)a(y),
2. (resp. a(tr + (1 —t)y) < ta(z)+ (1 —1t)a(y)).

We consider the Banach space E = C1[0,1] equipped with norm |lu| = maxo<i<1{|lu(t)]o, [|v'(t)]lo},
where ||ullo = maxo<i<1 |u(t)].
We denote, for any fixed constants a, b, r,

CT[0,1] = {u € C[0,1] : u(t) > 0,t € [0,1]},
P = {u € Elu(t) is concave and nonincreasing on [0, 1]},
P,={ueP:|u|<r},
P(a,a,b) ={u € P:a < a(u),|ul| <b}.

It is easy to see that P is a cone in F.

Theorem 2.3 (Leggett-William). Let A : P. — P. be a completely continuous map and let « be a nonneg-
ative continuous concave functional on P with a(u) < ||u|| for any u € P.. Suppose there exist constants
a,b and d with 0 < a < b < d < c such that

(i) {u € P(a,b,d) : a(u) > b} # ¢ and a(Au) > b for all u € P(a,b,d);
(ii) [|Au|| < a for all u € Pg;
(iii) a(Au) > b for allu € P(a,b,c) with ||Aul| > d.

Then A has at least three fized points ui,us, and us satisfying
|luill <a, b<a(uz), |usl|>a, and o(us)<b.
Lemma 2.4. Suppose y € C*[0,1] with (¢,(y')) € L'[0,1] satisfies
(G <0, 0<t<1,

—a / 6ot/ (5))ds, y(1) = Ba(y/(n)).

Then, y(t) > 0 is concave and nonincreasing on [0, 1], that is, y € P.
Proof. Since (¢,(y'))'(t) < 0, we know that ¢,(y’) is nonincreasing, that is, y( is nomncreasmg, which
means y(t) is concave. At the same time, we have y/(t) < ¢/(0), so ¥ (0) = ¢4(a / op(y

3

gi)q(oz/ op(y'(0))ds) = ¢q(af)y’(0), namely '(0) < 0. Then y/(t) < 0, that is to say y(¢) is nonincreas-
0

ing. So y(t) > y(1) = Bg(y'(n)) > 0. Above all, y € P. This completes the proof. O
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Lemma 2.5. Let y € C[0,1] and (¢p(v'))" € L'[0,1], then BVP
(bp(u)) (1) = —y(t), 0<t<1,

3
Gp(u'(0) = [ Gp(u'(s))ds, u(1) = Bg(u'(n)),

0

u(t)—/tl ¢q<1j“a§ /5(5—r)y(r)dr+/sy(r)dr>ds
+/J’g< < ag/ —7) err/Ony(r)dr)).

Define the operator A: P — E by

(Au)(t) :/t1 ¢q<1_o‘a€ /5(5 — P)q(r) f (u, o, T, Sw)dr + /Osq(r)f(u,u’,Tu, Su)dr) ds

has a unique solution

(2.1)
n
—i—ﬁg( < af/ —)q(r)f(u,u, Tu, S’u)d?“—i—/ q(r)f(u,u',Tu,Su)dr)),
0
obviously, A is well-defined and u € E is a solution of BVP ([1.1)) if and only if u is a fixed point of A.
Lemma 2.6. A: P — P is completely continuous.
Proof. 1t is similar to the proof of Lemma 2.2 in [§]. O

Lemma 2.7. For any u € P, we have ||Aullo < (1+ B)||(Aw) ||o, || Au|| < (14 B)||(Au)||o-
Proof. From (22.1), we obtain

H(Au)\():/ol ¢q( “a€ /5(5—r)q(r)f(u,u',Tu,Su)dr—i—/Osq(r)f(u,u’,Tu,Su)dr)ds

i ﬁg( < a€ / = a(r)f .o, Tu, Suydr + /On a(r) f (u o, T, Su)dr>>
! S
<o (1—as/ (€ = P)a(r) (o T Sudr + [ q(r) (. T, Su)dr> ds
+/3¢q<1 Oéf/ _7‘ u UI’TU’Su)dT“‘/nq(r)f(u,ul,Tu,Su)dr>>

0

1
- !, Tu, Su)d ', Tu, Su)d
)¢q<1_ 5/ T) (u,u’, Tu, Su) T+/O q(r) f(u,u’, Tu, Su) r)
B3)

|(Au)'(1)
) (Aw)’ ||0-

Since || Au|| = max{||Aul|o, ||(Au)||o}, so we have ||Au|| < (1 + 8)]|(Au)’||o, which completes the proof. [

=(1+

<(1+p
=1+

3. Existence and uniqueness results

For any 6 € (0, min{¢,1—¢,7m,1—n}), we define a nonnegative continuous concave function o : P — R™
by a(u) = ming<;<(1_s5) u(t). Obviously, the following two conclusions hold:

a(u) =u(l =9) <|ullo and «a(Au)= Au(l —-9) Vue P.

The main result of this paper is the following.
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Theorem 3.1. Let m = ming<¢<; ¢(t) and 0 < a€ < 1. Suppose (C1),(Cz) and (C3) hold. Suppose further
that there exist numbers § € (0,min{&, 1 —¢&,n,1—n}),a,b,c and d such that 0 < a <b < mWM <d<e¢, and

(Hy) f(u,v,w,l) < (1 —a)op(75v77 1+,6’ 17) for (w,v,w,l) € [0,a] x [~a,0] x [0, koa] x [0, hoal;

(Ha) f(u,v,w,l) <(1-— a§)¢p( 1+6 37) Jor (u,v,w, 1) € [0, c] x [—¢,0] x [0, koc] x [0, hoc];

(Hs) f(u,v,w,l) > %(%) for (u,v,w,l) € [b,d] x [—d,0] x [0, kod] x [0, hod], where L = qﬁq(folfé q(t)dt);
M

(H4) mln(uvwl eJ f(u v, w l)(bp( 1+8)m ) 0 ( )dt > MaX (yv,w,l)eJ f(u v, w, l f[) dt where

J =10,¢] X [—¢,0] x [0, koc] x [0, hoc].
Then IBVP (1.1) has at least three positive solutions uy,us and us such that

< b< t > d i t) <b.
lluil] < a, 6<m1n 6U2( ), us]l >a an 6Srtn<1{176u3( )

Proof. We divide the proof into three steps.

Step 1. We prove AP. C P., AP, C P,, that is, (ii) of Theorem
By Lemma we have AP. C P, so for all u € P, we get 0 < u(t) < ¢, —c <u/(t) <0,0 < (Tu)(t) <
koc,0 < (Su)(t) < hoc. For t € [0,1], and by (Hs)

1
|(Au)' |0 = qﬁq( a§/ —7r)q(r)f(u u’,Tu,Su)dT’—i—/O q(r)f(u,u’,Tu,Su)dr)

1
< ¢q<1 “ o Jy q(r)f(u o', Tu, Su)dr —i—/o q(r) f(u, o', Tu, Su)dr)

(1 v r)f(u, v, Tu, Su)dr)

<¢qg¢p<w>>¢q</;w>dr>

< <uq,
<135 °

and by Lemma it is obvious that

= C.

I(Awllo < (1+ B)I(AuYllo < 1+ 8)3—

Hence, ||Au|| < ¢ and AP, C P.. Similarly, we obtain AP, C P,,.
Step 2. We show

{u € P(a,b,d) : a(u) > b} # ¢, (3.1)
and
a(Au) > b for all u e P(a,b,d), (3.2)

that is, (i) of the Theorem
Let u = #, then u € P(a,b,d),a(u) = b‘gd > b. Hence (3.1) holds. For any u € P(«a,b,d), we have
b<u(t) <d,—d<u(t) <0,0 < (Tu)(t) < kod,0 < (Su)(t) < hod,t € [0,1 — 4], so by (Hs), we have
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a(Au) = ter[?’ilrié](Au)(t) = (Au)(1 —9)

1 13 s
- /1_5 ¢¢I<1_aa§/ (& —7r)g(r)flu,u', Tu, Su)dr—i—/() q(r)f(u,u’,Tu,Su)dr>d,3

(Tu,Su)dr + [ ' Tu, Su)d

+Bg< < 5/ ~ralr)f o, Tu, u)r+/0 q(r) f(u,u’, T, Su) 7“>>
1-6

> 5¢q<1§/ —T 7“ u u/ Tu, Su)dr—l—/o Q(T)f(u,ul,Tu, Su)dr)

/ n ,
+ﬂg< < a§/ —r) f(u u,Tu,Su)dr—i—/O q('r)f(u,u,Tu,Su)dr>>
1-§
= 5%(/0 Q(T)f(u7U'7TU,Su)dr>

> sou(n(y Joul [ a0

=b.

Hence (3.2)) holds.

Step 3. We show that a(Au) > b for all u € P(«,b,c) with ||Aul| > d, that is, (iii) of the Theorem
If u € P(a,b,c) with ||Aul| > d, we obtain 0 < u(t) < ¢, —c < u/(t) < 0,0 < (Tu)(t) < koc, 0 < (Su)(t) <
hoe, for any t € [0,1], and so by (Hy), we have

1-6 1
¢p<(1+]wﬁ)m)/0 q(r)f(uju',TujSu)er/O q(r) f(u, o', Tu, Su)dr.

Furthermore, we have

1-6
¢p<(1+]\é)m>/0 q(r)f(u,U’vTu,SU)dchp( >1_a£/ —r)q(r) f(u, o, Tu, Su)dr
1 o 13
2/0 q(r) f(u, ', Tu, Su)dr + 1_a£/0 (€ —7)q(r) f(u, v, Tu, Su)dr

Therefore, by Lemma [2.7, we have
a(Au) = (Au)(1 —9)

¢ s
- /1; ¢q<1_oza£/ (& —=r)q(r)f(u, v, Tu, Su)dr+/0 q(r)f(u,u’,TujSu)dr>d5

+5g< < af/ —r) uu/’TU’Su)dT+/an(r)f(u,u,,Tu,Su)dr>)
1-6
> a¢q(1 o /0 (€~ s T S+ [ gtr) T 5 dr)
(r) f(u, ', Tu, Su)dr + fol q(r) f(u, o', T, Su)dr
@(%) >

1

_a +5 m5 ( ag/ —r)q(r) f(u u’,Tu,SU)err/ q(T)f(U:U’,T%SU)d’“)
0

(1+ ﬁ)

® cwl
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Hence, by Theorem the results of Theorem [3.1] hold. This completes the proof of Theorem O

Corollary 3.2. Suppose there exist constants a,b,c, and d with 0 < a < b < mﬁ‘;d < d < c. Suppose also
that f satisfies (Hy)-(Hs) of Theorem and the following conditions:

(Hs) k(t,s) = c1,h(t,s) = ca, 1 and co are constants, and 0 < ¢1,c2 < 1, f(u,v,w,l) is increasing with
respect to (u,v) and decreasing with respect to (w,l) for 0 <u <¢,—c <v<0,0 <w < koe,0 <1 <
hOC;

(t)dt
(1) 0 (i ) = e
Then IBVP . has at least three positive solutions ui,us, and us such that

|luill <a, b< min we(t), |ug]>a and min _ ug(t) <b.
0<t<(1-0) 0<t<(1-9)

Proof. By the proof of Theorem we only need to show a(Au) > b for all u € P(«,b,c) with ||Aul| > d.
In fact, for any u € P(a,b,c), we have 0 < u(t) < e, —c < u/(t) < 0,0 < (Tu)(t) < koe,0 < (Su)(t) < hoe.
From the fact that the functions w(t) and u/(t) are decreasing, and the functions (Tw)(t) and (Su)(t) are
increasing, we get

1 1
/1_5 q(r)f (u(r), o' (r), (Tu)(r), (Su)(r)dr < f(u(l = 8),u'(1 = 6), (Tu)(1 = 9), (Su)(1 - 5))/1 q(r)dr,

-6
1-6 1-46
/0 q(r) f (u(r),u'(r), (Tu)(r), (Su)(r))dr > flu(l = 8),u' (1 = 9), (Tu)(1 —9), (Su)(1 - 5))/0 q(r)dr,
and so

Jig a(r)f (), o (r), (Tu)(r), (Su)(r))dr - Ji_ga(r)dr
Jo =" a(r) fu(r), ! (r), (Tu)(r), (Sw)(r))dr — 3" g(r)dr

then

which yields

1:35j§(£—vﬂq0ﬂf@uuCTm,SUﬁh“+/SQOﬂf(uﬂ/,Tu,Suﬁﬁ

T—af fo£ - f(u o', Tu, Su)dr + fl_éq r) f(u, v, Tu Su)dr
~ bl W (), (Tu)(r), (Sw)(r)dr [y a . <M>
< - < '
S 5q00f04r% (), (T, (Su)()dr - <>dr (1+B8)m
Then proceeding as in Step 3 in the proof of Theorem we complete the proof of Corollary O

Remark 3.3. Similarly, we can study the existence of three positive solutions for the following two boundary
value problems:

()Y () + a1 D) (), (Tu)(0), (Su)(1) = 0,0 < 1 < 1
—a/’% (0) = 590/ (),

and

(@p(u)'(8) + q(t) f (u(®), v/ (1), (Tu)(t), (Su)(t)) = 0,0 <t < 1,

a/¢p 5/
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4. Applications

Our results can also be applied to study the solution of some higher order mixed boundary value problems
(MBVPs; see[11], [14]). Here we consider the following IBVP:

((dp(z"))'(t) +a(t) (2" 2" 2’ 2) =0, 0 <t <1,
a12(0) + asz’(0) = 0,
Bra(1) + B2’ (1) = 0,

/l/ _a/ (bp /// ’ ( ) ﬂg( I//< ))

Assume o? + a3 > 0,82 + 32 > 0,A = 181 + agBs — B # 0 and f € C[R x R, (0,+0c0)]. Let 2"
then

(4.1)

t
2 (t) = / u(s)ds = Tu(t), k(t,s) =1, 0<s<t<l,
0
1
z(t) = / h(t, s)u(s)ds = Su(t), t € (0,1),
0
where h(t, s) is the Green function of the following BVP:
z"(t) =0,
a12(0) + apz’(0) = 0,
,81%(1) + ,82%’(1) =0
Thus MBVP(4.1]) can be transformed to the following IBVP:
(8p(u) () + () f(u(t), w'(t), (Tu)(t), (Su)(t)) = 0,0 < t <1,
—a / Byl u(1) = Bg(u/(n)).
and by Theorem MBVP.1)) has at least three solutions under proper conditions
Example 4.1. Consider the following IBVP:
(l'Ju')'(8) + q() f (u(t), u' (), (Tw) (2), (Su)(t)) = 0,0 <t <1,
1
1 [2 1 7 (4.2)
/ / _ = / 1) = = n__
O0) = 5 [7 s (1) = S5
where
73, 0<t< 4,
t) =
A R
25 300" 16
2 v 3
10010+ 25 4 \/EJFﬂ, 0<u<1,0<0,wl>0,
Flu,v,w,1) = 500 500 ~ 500

2+e? \3/w Vi
10* M <uw<0wl>0
Vit =50t 500 Thogr LS wvS0w 20,

V3, lv| > 1,
g(v) = 2

lv| < 1.



C. Yu, J. Wang, Y. Guo, J. Nonlinear Sci. Appl. 9 (2016), 6048—-6057 6056

Since p=3,M =v2andm=g5,a=3(=38=1n=11%0=1F,a=1b=1d=1600,c= 3600,
k(t,s) =1 and h(t,s) = 1, then we can obtain 0 < a < b < 5d<d§c,and

716 1 a 1 1
\/ \/ Yt = \[ ¢p(m):¢p(gf/§):i,

3600, 24007 b 1 1622 512
T ) wEm) =5 Oo(57) = o) = s = 20

Next, we show that (Hy)-(Hy) are satisﬁed

If0<u<f—f<v<00<wl< , then
1 3 9 1
10 - —_— _— _— ) = —.
fluyvyw,l) <10- (D + g0+ 555 < (1= g)%((l—i—ﬁ)M) 96

So (Hy) is satisfied.
Tf 0 < u < 3600, —3600 < v < 0,0 < w, < 3600, then

60 x 2
l 1 10 v
flu,v,w,l) < 10 V3600 + 500 + 500

< (1= a&) (- y77) = 720000,

(1 **5)
So (Hsg) is satisfied.
If 1 < wu <1600, —1600 < v < 0,0 < w, < 1600, then

512

10
flu,v,w,l) > 10 V1 + (VT2

2 b
500 > ¢p(ﬁ) =

So (Hs) is satisfied.
For any (u,v,w,l) € [0,3600] x [—3600, 0] x [0,3600] x [0,3600], we have

2 2

minf(u,v,w,l)zﬁ, max f(u,v,w,1) < 10 V3600 —1—%—}—6055; )
M 1=0 3 1 17207
) =2-200? t)dt = — t)dt = ——.

Hence, it is easy to know that (Hy) is satisfied.
So by Theorem we conclude that the IBVP (4.2]) has three positive solutions u, ug, and ug satisfying

furl < 3 1< min w(0), fus| > 7. and () <1 for 5=

- min —~, an min r o= —.

“ 4’ stal—s 2o WS Z o ARG e s © 16
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