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Abstract

In this paper, we formulate and study a multi-group SIS epidemic model with time-delays, nonlinear inci-
dence rates and patch structure. Two types of delays are incorporated to concern the time-delay of infection
and that for population exchange among different groups. Taking into account both of the effects of cross-
region infection and the population exchange, we define the basic reproduction number Ry by the spectral
radius of the next generation matrix and prove that it is a threshold value, which determines the global
stability of each equilibrium of the model. That is, it is shown that if Ry < 1, the disease-free equilibrium
is globally asymptotically stable, while if Ry > 1, the system is permanent, an endemic equilibrium exists
and it is globally asymptotically stable. These global stability results are achieved by constructing Lya-
punov functionals and applying LaSalle’s invariance principle to a reduced system. Numerical simulation is
performed to support our theoretical results. (©2015 All rights reserved.
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1. Introduction

Based on the framework of Kermack and McKendrick [I5], many epidemic models (systems of differential
equations) and approximate schemes have been developed in order to understand the underlying phenomena
and offer helpful guidance to prevent disease transmission. In particular, time-delayed models (see e.g.,
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13, 22, 28]), multi-group epidemic models (see e.g., [11} 17, 22| 24 28, 29, 32, 33, 35, B8, B39]), patchy models
(see e.g, [5l 12, 26, 36]) and models with general nonlinear incidence rates (see e.g., [8, 28, 29, 38]) play
important roles in studying the transmission of disease. In this field, determining threshold conditions for
the persistence, extinction of a disease, and global stability of equilibria remains one of the most challenging
problems in the analysis of models due to the dimension of the model is higher. Yet such results are necessary
for explanation of parameter thresholds for eradication of disease transmission.

The dispersal of species in spatially heterogeneous environment is very interesting topic which have
attracted much attention of many scholars (see e.g., [6, 20, 30, 34]). When modeling the spread of infectious
diseases in spatially heterogeneous host populations, dispersal among distinct patchy can be interpreted
as the exchange that people travel or migrate among cities and regions or countries. By using monotone
dynamical systems theory, many authors obtained some dynamical results, which mainly focus on the
permanence and extinction of the populations. It should be pointed here that multi-group epidemic models
have been formulated to describe the contracts or mixing between heterogeneous groups (different activity
levels, sex, age, location etc.), and patchy models focus on the movement or dispersal (immigrate) of the
individuals between the discrete spatial patches. In [36], Wang and Zhao proposed an epidemic model in
order to simulate the dynamics of disease transmission under the influence of a population dispersal among
patches. They established a threshold above which the disease is uniformly persistent and below which
disease-free equilibrium is locally attractive, and globally attractive when both susceptible and infective
individuals in each patch have the same dispersal rate. In [I], Arino and van den Driessche proposed n-city
epidemic models to investigate the effects of inter-city travel on the spatial spread of infectious diseases
among cities. In [I4], Jin and Wang showed that the n-patch SIS model can be reduced to a monotone
system, and the uniqueness and global stability of the endemic equilibrium can be achieved by assuming the
dispersal rates of susceptible and infectious individuals are the same. In [21], Li and Shuai investigated an
SIR compartmental epidemic model in a patchy environment where individuals in each compartment can
travel among n patches. The global stability of equilibria is determined by threshold parameter Ry.

Communicable diseases such as influenza and sexual diseases can be easily transmitted from one country
(or one region ) to other countries (or other regions). Thus, it is important to consider the effect of population
dispersal on spread of a disease [36]. This applies particularly to models involving nonlinearity and delays.
Whereas there has been little discussion about how the combinations of time delays, nonlinear incidence
rates and population dispersal affects the disease transmission dynamics in higher dimensional system of
differential equations. It is, however, not well understood some problems on the mathematical properties
(e.g., existence, uniqueness and stability of equilibria) of such models. From this point of view, we are
interested in the work of Nakata and Rost [26]. For biological reason and mathematical viewpoint, to clarify
such properties is always thought to be an important work. This motivates us to derive a more realistic
delayed multi-group model that not only contains dispersal of humans but also incorporates nonlinear
incidence rates.

The aim of this paper is threefold. First, we will investigate that under threshold condition, the model we
will study is permanence. In the proof, we use a technique based on Muroya et al. [25]. Second, we will prove
the existence of endemic equilibrium, which is proved by means of a monotone iterative technique proposed
by Ortega and Rheinboldt [27] and Muroya [23]. Third, by constructing suitable Lyapunov functionals
and applying LaSalle’s invariance principle, we will prove that the threshold parameter (basic reproduction
number) determines the global stability of equilibria in a sense that if Ry < 1 the disease-free equilibrium
EY of system is globally asymptotically stable, while if Ry > 1 an endemic equilibrium E* exists and
it is globally asymptotically stable.

In this paper, we construct a time-delayed multi-group model which can be regarded as a generalization of
the model studied in Lajmanovich and Yorke [18]. Based on above considerations, we propose the following
time-delayed multi-group SIS epidemic model with nonlinear incidence rates and patch structure (that is,
individuals in each patch can move to another patch):
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S0 = b S0 = 3 [ Ky oy 5t )
j=1
n 40
+’Yka(t) + Z (akj A ij(S)Sj(t - s)ds — aijk(t)),
s (11)
+oo

G0 = Yy [ K6 (S0, ¢ = 5))ds = G+ )0

j=1

In system , Sk(t) and I (t) denote the population densities of susceptible and infective individuals
at time t € R in group k € {1,2,...,n}, respectively. For instance, to model a sexually transmitted disease,
we can set k = 1 to be the subscript for female and & = 2 to be that for male. We list the parameters and
their biological explanation as follows:

e by > 0, up > 0 and 7, > 0 denote the birth rate, mortality rate and recovery rate for individuals in
group k, respectively.

e [; > 0is the coefficient of disease transmission from an infective individual in group j to a susceptible
individual in group k.

e ay; > 0 is the rate of transfer of an individual from group j to group k.

It is advocated in [3] that we should incorporate time delays to investigate the spread of an infectious
disease transmitted by a vector (e.g. mosquitoes, rats, etc.). In [3], under the assumptions that time-delay
is determined by distribution kernels f(s) and the vector population is proportional to that of infective
humans at time ¢ — s, the force of infection was given by SI(t — s) and it was generalized to a distributed
form

+oo
B/O f(s)I(t — s)ds. (1.2)

In system (|1.1)), we introduce an integral kernel Kj;(s) to denote the probability a susceptible individual in
group k infected by individuals in group j at time t — s and becomes infective at time ¢. Then the force of
infection to a susceptible individual in group k at time ¢ is given by

n +00
> Bri ) Kij(s)G(I;(t — s))ds. (1.3)
j=1

The time delay used here represent the time during which the infectious agents develop in the vector.

We assume that transfer of an individual from group j to group k£ can be affected by the time-delay and

determined by distribution kernels Ly;(s) > 0 of past time s € Ry. The above force of infection can

be regarded as a further generalization of by introducing nonlinear function of infective individuals.
Before going into details, we present some assumptions on these coefficients.

Assumption 1.1. (i) The nonnegative matrices

o o Qg Bi1 - Pin

and [Bkj]lgk,jgn =

ksl <k j<n = :
Qpl - Qpp Bl - Bnn

are irreducible (for the definition of irreducibility, see Berman and Plemmons [{|] or Fiedler [10)]);
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(ii) For each k,j € {1,2,...,n},

“+o0o
Kyj(s)ds = /0 Lij(s)ds = 1. (1.4)

Moreover, for simplicity (for more general settings, see Faria [9, Section 2]), we assume that

(iii) There exists a positive constant My such that
400
/ sKyj(s)ds < My, forany k,j€ {1,2,...,n}. (1.5)
0

(i) of Assumption implies that there exists a transportation (or infection) path from one group to
every other groups. (ii) implies that these functions Kj; and Ly; are distributions in Ry. (iii) is used to
prove the uniform stability of the disease-free equilibrium and endemic equilibrium, respectively. In addition
to these settings, and consider more various types of disease transmission, we assume that the transmission
function in system is given by a general nonlinear function fi;(-,-) > 0. That is, we assume that the
force of infection to a susceptible individual Sk(t) in group k at time ¢ is given by

n +00
> B ; Kiij () frj(Sk(t), I;(t — s))ds.
j=1

For a special case of this type of force of infection, see Beretta and Takeuchi [3], Enatsu et al. [8] and Xu
and Ma [37].

Since system contains an infinite delay, its associated initial condition needs to be restricted in an
appropriate fading memory space. For any Ax € (0, ug + 7% + Z?:l ajr),j = 1,2,...,n, define the following
Banach space of fading memory type (see e.g., [2] and references therein)

Cr = {¢r € C((—00,0],Ry) : ¢p(s)e™* is uniformly continuous on (—oo, 0], sup |¢x(s)[e* < co}
s<0

and
YA ={¢r € Cx : ¢p(s) >0 for all s <0}

with norm [|¢||r = sup,<q |¢(s)|e**. Let ¢, € Cj and t > 0 be such that ¢y(s) = ¢(t + s), s € (—o0,0]. Let
Ok, Yx € Cy such that ¢k (s), ¥r(s) > 0 for all s € (—o0,0]. Throughout the paper, we consider solutions of
system (1.1)), (S1(t), I1(t), Sa(t), Ia(t),. .., Sn(t), I,(t)), with initial conditions

(Sl(t)7ll(t)7 L) Sn(t))ln(t)) = (901(t)7¢1(t)) Tt @n(t))¢n(t))a t<0. (16)

From the standard theory of functional differential equations (see e.g., [13]), we see that
(S1(t), L1 (t),...,Sn(t), In(t)) € Ck

for all t > 0. We study system (|1.1)) in the following phase space

n

Xa = H(Ck X Ck).
k=1

For fi;, we make the following assumption.

Assumption 1.2. For each k,j € {1,2,...,n}, fr; belongs to C* (Ri;]&r) and satisfies the following
conditions.

(i) fkj(()?y) = fkj(fE,O) =0 fOT‘ any (:U:y) € R%,-;
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(ii) For any fixred y > 0, fij(x,y) is strictly monotone increasing with respect to v € R ;

(iii) For any fized x > 0, fi;(x,y) is monotone nondecreasing with respect to y € Ry ;

(iv) For any fized x > 0, w is monotone decreasing with respect to y € Ry \ {0};

(v) For any fized x > 0, there exists a limit Cyj(x) := lim M;
y—+0 Y
vi) For any fired x > 0, lim M = —o0.
Y ,
Yy—r+o0 Y

For instance, bilinear incidence rate fi;(x,y) := zy and saturated incidence rate fi;(z,y) := zy/(1+ ar;y?),
where ap; >0, k,j =1,2,...,n and 0 < p < 1, are well-known examples which satisfy Assumption (see
e.g., Enatsu et al. [8, (H1) and (H2)] for similar assumptions).

It is easy to see that the trivial equilibrium E° = (59,0, 59,0,...,5%,0) of system (1.1 always exists,

which is called disease-free equilibrium. Here S,g >0,k=1,2,...,n is given by the solution of
_ 5 0 - 0 _
j=1

where agp = Z;L:l(l — ;i) and dx; denotes the Dirac delta which equals one if £ = j and zero otherwise.
Under Assumption the existence and uniqueness of S?, k = 1,2,...,n are easily verified (see e.g., [16]).
Using this Sg, we define the following matrix,

MO [,Bijkj(S,S) + (1 — O )k
P + Yk + Qg 1<kj<n

(1.8)

In fact, M® = V71F(SY), where S = (SY,59,---, 87T,

p1+ 7+ an 0 e 0
0 Y S 0
vV — ' H2 7? 22 .
0 0 o Hp Yt Qg
and
C11(51)611 Ci2(S1)Bi2 + a1z -+ C1p(S1)Bin + cun
C1(52) P21 + a21 C22(S2)B22 <o Con(S2)Pan + azn
F(S) = . . .
Cnl(sn)ﬁnl + an1 CnQ(Sn)BnQ +apy - Cnn(sn)ﬁnn

It is easy to see that this matrix corresponds to the next generation matrix (see e.g., van den Driessche
and Watmough [31]). Hence, we can obtain a threshold value

Ro =p (M), (1.9)

which corresponds to the well-known basic reproduction number Ry (see e.g., Diekmann et al. [7]). Here
p(-) denotes the spectral radius of a matrix.
The main theorem of this paper is as follows.

Theorem 1.1. Let Ry be defined by (1.9) and T' be a state space for system (1.1|) defined by

T = {(517[17527]2,~--7Sn7[n) € Ra_n | S+ I, < S]g, k= 1,2,...,n}. (110)
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(i) If Ro < 1, then the disease-free equilibrium E° = (S9,0,59,0,...,59 0) of system (L.1)) is globally
asymptotically stable in I'.

n' n

(i) If Ro > 1, then an endemic equilibrium E* = (S1,If,55,15,...,5%, 1) of system (L.1) exists in the
interior TV of T'. It is unique and globally asymptotically stable in T0.

Here we emphasize that this theorem is an extension of the previous result obtained by Kuniya and
Muroya [16] to the model with time-delays and nonlinear incidence rates.

This paper is organized as follows. In Section 2 we show the positivity of the solution of system and
the convergence of total population. In Section [3] we prove the global asymptotic stability of the disease-free
equilibrium E° for Ry < 1. In Section |4, we prove the uniform persistence of system , existence of
endemic equilibrium E* and global stability of it for Ry > 1. In Section[5] numerical simulation is performed
to support our theoretical results.

2. Preliminaries
For the positivity of the solution of system (|1.1]), we have the following proposition.
Proposition 2.1. Consider system(1.1)), the solutions remain positive for t > 0. That is,

Sp(t) >0, Ix(t)>0, k=1,2,...,n
fort>0.

Proof. By (L.1), we have that limg, ¢ %Sk > b > 0 and Sk(0) > 0 for any k = 1,2,...,n, which imply
that there exist positive constants txg, k = 1,2,...,n such that Si(t) > 0 forany 0 < ¢t < txo, k =1,2,...,n.
First, we prove that Si(t) > 0 for any 0 < ¢t < 400 and k = 1,2,...,n. On the contrary, suppose that
there exist a positive t; and a positive integer k1 € {1,2,...,n} such that Sk, (t1) = 0 and Sk, (¢t) > 0 for
any 0 < t < t;. But by , we have that %Skl (t1) > bg, > 0 which is a contradiction to the fact that
Sk, (t) > 0 = Sk, (t1) for any 0 < t < t;. Hence, we obtain that Si(t) > 0 for any 0 < t < 400 and
k=1,2,...,n.
Moreover, by , we have that

t
In(t) = e—(#k+’vk+dkk+akk)tjk(0) + e—(uk+’vk+dkk+akk)t/ o (YKt ant ok )u

0
n +o0
< {Z B [ Kig(s) g (Se(w), I — s))ds
— 0
=1 o
+Zakj/ Lij(s)I;(u— s)ds}du, for k=1,2,...,nand t > 0,
j=1 0
from which it follows that I(t) > 0 for any k =1,2,...,n and t > 0. O
Put Ni(t) = Si(t) +Ix(t) and N} = S,g, k=1,2,...,n. Adding the two equations in , we have that
d -
23 V() + Le()} = by — (g + g + ) {50 (8) + L (1) }
n +oo
+) oy / Lij(8){S;(t — s) + L;(t — s)}ds,
j=1 0
which implies

dNg (1)
dt

n +oo
=b, — (,uk + o + akk)Nk(t) + Z Oékj/ ij(S)Nj(t — s)ds. (2.1)
j=1 0
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In what follows, we show that this Ny(t) converges to the steady state N;. For the proof, we use the
following Lyapunov function.

n

Un(t) = Z{ng(nk +Z%N /+00ij )/t;g(nj(u))duds}, (2.2)

k=1
where g(z) =2 —1—1Inz > g(1) =0 for x > 0 and ny(t) = Ni(t)/Ni, k=1,2,...,n
Lemma 2.2. For the derivative of the Lyapunov function (2.2)), the following estimate holds.

dUn (t) = 1
< — N} t b — <0 2.3
TR ; kN g(n(t)) + brg o) =0 (2.3)
and thus, the solution of (2.1) satisfies
tl}-s—mooNk(t) =N;, k=12,...,n (2.4)

Proof. Differentiating Ux(t) along the solutions of (1.1 yields

Ontt) Z{ (1 - NJZZ )dN‘”’ + Z / " Lig()g(ny (1)) — gloms ¢ - s))ds}.

k=1

n
Using by, = (g + Qe + agr) N} — Z ozij;‘, k=1,2,...,n, we can arrange the first term in the right-hand

side of the above equation as

N\ dNg(t) Ny | L
(1 - Nkft)> da <1 - Nk?t)> b, — (purs + Gugers + uger ) N (t Zakj/ Lyj(s)N;(t — s)ds

- <1 — NZ@)) {—(ug + dnr + agr) { N (t) — N}

n +o00
# Y [ L) - N
- (1—1) {— (e + G + ange) Ny {n (t) — 1}
- nys(t) 223 kk kk )V 11k
n N* +OOL ' o i
+;ak] j/O ki (s){n;(t — s) — 1}ds

It is easy to check that the following relations hold:

(1= ) om0 = 1 = gtm@) + o s ),
<1 - n:(t)> {n;(t —s) =1} = g(n;(t —s)) - g(%) +9<nk1(t)>'
It follows that

<1 - N]Z(]:t)> d]\(th(t) = —(pr + aunk + o) Ny, {g(nk(t)) +9 (n;j(t))}

+ ]Z:aij; /OJrOO Ly;(s) {g(nj(t —s))—yg <n]§€(_t)s)> +g <nk1(t)> } ds.
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Thus, we have

dUC]l\;(t) _ - {_(Mk+&kk+akk)Ng{9(”k(t))+g<nk1(t)>}

s
g N /;oo ij(s){g(nj(t —s)) — 9(%) + g(nkl(t)> }ds

“+oo
%WA L) {5(n5(0) ~ g0 — )]

I =

+

(]

Jj=1

NE

+
j=1

3w (k)

{7 () o) ]

j=1

Mn

It follows from (1.7]) that Zaij = (uk + agr + agr) N — b, k=1,2,...,n. Furthermore, we have
7j=1

g;;;aw { >>+9( &w>}
= ;(Z%k>Nk9 ni(t)) + (Zak] > ( kl(t))

k=1

= Y (agk + ark)Nig(ng(t)) + i(z kN, ) (nkl(f)>

k=1 k=1
n ) . n ) . 1
— (akk + Ozkk)ng(nk(t)) + Z{(Mk + o + akk)Nk — bk}g< (t))
k=1 k=1 "k
Hence, we obtain (2.3]), which implies that (2.4) holds. O

Lemma 2.3. If there exist positive constants w, u and u* such that

0 <u<liminfu(t) <limsupu(t) <u, and u<u*<a, (2.5)
t—r+o0 t—+o0

then for the function g(z) =z —1—Inz for x >0,
1 " u(t) 1 .
—slu(t) —u ? < 9<u*> < glult) —u 2. (2.6)

This lemma is easily obtained by Taylor’s series expansion, and together with the assumption (1.5)), we
use to ensure the uniform stability of the disease-free equilibrium and the endemic equilibrium of (|1.1)).

3. Global stability of the disease-free equilibrium

In this section, we prove the global asymptotic stability of the disease-free equilibrium E° of system
for Ry < 1. Under Lemma without loss of generality, it is natural to assume that Sy(t) + I (t) = N},
for k =1,2,...,n. Since N} = 52, we can rewrite system by substituting Sk (t) = S,g — I (t) into the
second equation of it.
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7Ik Zﬁk] Kkj(s)fkj(s’g — Li(t), I;(t — s))ds — (pr + i) Ir(£)
(3.1)
+j§::1(06kj /0 Lij(s)Ij(t — s)ds — ajklk(t)>, k=1,2,...,n

Using this reduced system, we are in the position to state and prove the main theorem of this section.

Theorem 3.1. If Ry < 1, then the disease-free equilibrium E° of system (1.1)) is globally asymptotically
stable in T'.

Proof. Tt is sufficient to show that the trivial equilibrium I, =0, k = 1,2,...,n of system (3.1) is globally
asymptotically stable. Now, under Assumptions matrix M is nonnegative and irreducible. Hence,
it follows from the Perron-Frobenius theorem (see e.g., Berman and Plemmons [4]) that Rg = p(M°) < 1isa

left eigenvalue of M corresponding to a positive left eigenvector w = (w1, wa, ..., wy), wp >0,k =1,2,...,n
That is,
wM® = p (MO) w < w (3.2)
holds. For this w = (w1, ws, .. .,wy), we set
= —Wk = 5 == 1, 2, ,TL (33)
HE + Yk + Qg
Using these coefficients v, > 0, k =1,2,...,n, we construct the following Lyapunov functional.

t—s

n n +o00 t
Wt):Z’Uk; Ik(t)+26kj/ Kkj(s)/ frg (89— Iu(u+ s), I;(u)) duds
k=1 j=1 0

n 400 t
—i—j;akj/() Ly;j(s) /ts Ii(u)duds p . (3.4)

By (3.1)), the derivative of the first term in the right-hand side of (3.4)) is calculated as

Z(th(ﬂ) = Uk Zﬂkg/ Kij(8) frj(Sp — Ii(t), I;(t — s))ds
k=1 k=1 j=1

— (b + vk + Qpre) I (1) + Z U / Lij(s)I;(t — s)ds — apeli(t) o (3.5)

The derivative of the second term in the right-hand side of (3.4)) is

d n n +00 t
7 Z%Zﬁkg‘/ Kkj(S)/
k=1 j=1 0

t—s

fkj( — I(u+s),I;(u)) dud5>
:ka Bkﬂ/ Kj (8) fij (Sp — In(t + 5), 1;(t))ds
k=1

n 400
=Y By ; Kij(8) fieg (SR — In(2), Ii(t — 5))ds ¢ . (3.6)
j=1
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The derivative of the last term in the right-hand side of (3.4)) is

d n n +o00 t
— Z Vk Z Al / ij(s) / Ij (u)duds)
dt k=1 j=1 0 t—s

n +00
=Y me> ak;j/ Lij(s)1;(t)ds — Z Qg / Ligj(s)1;(t — s)ds
=1 0

k=1

n n n +00
= we Y o Li(t) = > ay, / Lij(s)I;(t — s)ds
k=1 j=1 =1 0

Thus, combining with (3.5)-(3.7]), we obtain the following estimate for the derivative of functional W (t)
along the trajectories of system (3.1)).

n n +o0
dvgt(t) = 2w By /0 Kij (8) frj (Sp — Ii(t + ), I;(t))ds
k=1 j=1

— (e + e + G ) T (1) + > s (1

Jj#k
n n +oo
< ) kD B ; Kpj(s) fij (S, 13 (t))ds
k= j=1
— (ot + Y + ) T (1) + Y g I (¢
Jj#k
< ) Zﬁkjfk](slf’]j(t))f () = (e + e + G T (8) + > g I(t
— I;(t) o
< Y ok D> {BeiCri(SR) + (1= Sk ks } i) — (e + e + i) T (2)
k=1 j=1
= w{MI(t)-I(t)} = w(Ro—1)I(t) < 0. (3.7)

Here we used Assumption and (13.2))-(3.3).

It is obvious from (3.7)) that Ry < 1 if and only if I(t) =0, k = 1,2,...,n. If Rg = 1, then it follows
from the first equation of (3.7)) that W'(¢) = 0 implies

ka s + Vi + oere) 1o ( ka Zﬁkj Kkj(s)fk:j( — Lu(t+5), L;())ds + Y oy It

k=1 J#k

By (3.3), the left-hand side of this equation is wI(t) and by the first equation of (3.2) and Ry = p(M?) = 1,
(3.7) implies

0 = > kg > {BriCri(SR) + (1= Spj)auns } I;(2)
= =

n

= D u {ﬂm/ Kij(s )ka(S _I;((t) )Ij(t))dSJr(l—5kj)akj}fj(f)
k=1 j=1 J
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It can be seen from Assumption that this equality holds if and only if Ix(t) = 0, k = 1,2,...,n.
Consequently, we conclude that W/(¢t) = 0 if and only if I} (t) =0, k = 1,2,...,n. Thus, it follows from the
classical LaSalle’s invariance principle (see [19]), E° is global attractive. Moreover, by Lemmas and
with (3.3) and (1.5) and % < 0 with (3.4), we can easily prove that there exist positive constants ¢; and
¢o such that ¢; and co do not depend on the initial condition (1.6 and

Ik(t) S 61W(t) S 01W(0) S C1C9 ImMax Ij(O), k= 1,2, ey,
1<j<n

which implies that E° of (3.1)) is uniformly stable. Hence, the disease-free equilibrium EY of the original
system ([1.1)) is so. O

4. Global stability of the endemic equilibrium

4.1. Permanence

In this subsection, we prove the permanence (uniform persistence) of system ([L.1]) for Ry > 1. As in the
previous section, for simplicity, we consider the reduced system (3.1]).

Under Assumption matrix MY is nonnegative and irreducible and hence, as in the previous sec-
tion, it follows that Rg = p(M°) > 1 is an eigenvalue of M° and there exists an associated eigenvector
r= (rl,rg,...,rn)T, r, >0, k=1,2,...,n such that

Mr=p(M")r>r, (4.1)

From this inequality, we obtain the following inequality (cf. (3.2)).

Z{ij<sg)5kj + (1 — 5kj)akj}rj — (Mk + Yk + dkk)rk > 0, k= 1, 2, RN (4.2)
j=1

We prove the following proposition.

Proposition 4.1. If Ry > 1, then system (3.1)) is permanent, that is, there exist positive constants m, M > 0
such that

< min liminf I(¢) < li I.(t) < M. 4.3

™ < g, il () < pp Bmonp filr) < 43

Here m and M are independent from the choice of initial condition.

Proof. Under Lemma the existence of the upper bound is obvious and hence, we show the existence of
the lower bound. Let i € {1,2,...,n} be a positive integer such that
Li(t) Ii(t)

lim inf = min liminf = 1.
t—+o00 Ty 1<k<n t—+o0 Ty

We first show I > 0. To this end, we assume I = 0 and show a contradiction. In this case, there exists an
increasing sequence 0 < t; < to < --- and t; — 400 such that

(i) Ii(tp) <0,p=1,2,...and lim I(t,) =0.

p——+00

(ii) Forallt € [0,t,],p=1,2,...,
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Then, it follows from Assumption and (3.1]) that
0 > IL(ty)
g oo Li(ty) £i;(SO — Li(t,), I;(t, —
:Zﬁiﬂ”j Kij(s) iltp) fig(Si = Liltp) Lilly = 5))
=1

- " %Ii(tp)
+o0 ) s A
St +Z<%”/ Liﬂ*"’)wi’nj)ds—amfg))
fzg( Li(tp), S Ii(ty))

2 Z B - T L) — (i +i)r ( aji”%?)
(i Br; fii (8 _rjl( : )a):fli(tp)) (i i)+ Z(l _ 5¢j)(04ij7”j - aﬂri)> Iigp).
j=1
Then, since I;(t,) > 0, we have
Zn: Bijr; ol _Zi[(;é:)zji(tp)) (i +yi)ri + ]Z; = 0i5)(auyrj — agiry) < 0.

Then, by virtue of lim I(t,) = 0 and Assumption p — 400 leads to

p—+o00
0 > Y {Cy(SN)Bi + (1 = bij)evigyry — (mi + v + Ga)ri.
j=1

However this contradicts with (4.2). Consequently, I > 0.

Next we show that there exists a positive constant i > 0 such that I > i . Here, i is a positive constant
such that H(I) > 0 holds, where H(-) is a monotone decreasing function on R defined by

H(I) Z </8U f”( TiL 7”]'[) + (1 - 51']')04@']')’/“]' - (Hi + Yi + d@'@')’l“i

ril
Jj=1 J

In fact, it follows from ([.2)) that H () > 0 holds for sufficiently small I > 0. Now, the definition of I ensures
that for a sufficiently small € > 0 and a sufficiently large Ty > 0,

L)

>I—e >0 7=12,...,n

holds for all ¢ > Ty. Moreover, by (1.4)), there exists a sufficiently large positive constant T} > Ty such that

Ty —+o0
Kij(s)ds >1—¢ and 0< Kyj(s)ds < e,
O T
/ Lij(s)ds >1—¢ and Og/ Lyj(s)ds <e, k,j=1,2,...,n.
0 T
It follows that, for ¢t > Ty + 11,
Ii(t —
M > I—¢, j=12,....,n, s€]0,T1], (4.4)
rj

T

+oo Ty +o0
/0 Kij(s) fij(Si(t), Ij(t — s))ds = /0 ij(8)fij (Si(t), Ij(t — s))ds + Kij(s) fij (Si(t), Ii(t — s))ds
(1_5)fij(sk(t)?rj(l_e))7 J=L2,...,n, (45)
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and
+o00o Ty +o0o
/ L)Lt — 5)/rj)ds = / Lij(s)(I;(t — ) /r;)ds + / Lij(s)(I(t — s) fr;)ds
0 0 T
> (1—-¢e)(L—¢), j=12,...,n. (4.6)

Combining inequalities (4.4)-(4.6]) yields

fij (S = Li(t), Ij(t — s

n 400
! t) = Z’Bijrj ; sz(s)(l - 5) )) ds — (Mi + %’)Ii(t)
j=1

ri(l —¢)
n 400
+Z{a,~j/0 Lij(s)I;(t — s)ds ajili(t)}
j=1
- fij (8P = Li(t), rj (L - ¢))
> Zﬁiﬂj(l —e)(L—¢) (- 2) — (i +yi)ri(L —€)
+Z{awr] —¢&) —ayri(l—e)}
<Z ,3137”] 1 — )fzj( _rj (;t) 7;])(1 5)) — (:ui + 72')7’1' + Z{aijrj(l — 6) — Oéjﬂ“i}> (l — 5).

j=1

(4.7)
In the case that I;(t) is eventually monotone increasing, the existence of the lower bound is obvious. Hence,
it remains to consider the case that [;(¢) is eventually monotone decreasing. In this case, there exists a
monotone increasing sequence 0 <t <9 < --- and ¢, — 400 such that

I;(t
II(t,) <0, p=1,2,..., and lim (tp)

p—+oo Ty

=1.

Then, it follows from (4.7) that

0> I(tp) > <26m7"j (1- )fl]( - ((Itp) (:)](I £))
J=1 J

n
—(,UJZ' + %)’l“i + Z{O&Z‘j’l"j(l — 6) — (JéjiT‘i}) (l — 6)
j=1
and hence, letting p — 400, we have inequality

n Q0 _ ril,ri(L — n
0> (Z ,Bijrj(l —¢€) fZJ(Sz rj(II_ 6;] €)) — (i +vi)ri + Z{aiﬂ“j(l —€) — ajﬂ"i}) (L—¢).

J=1 Jj=1

Then, letting e — +0, we have inequality

- (3 ’LI ~
E:(Bwfj r; g )+%1—-@ﬂam>fj—(ui+7%+fuﬁn = H(I).

VS

Since H (I) is monotone decreasing with respect to I, this inequality implies I > I for I such that H (i ) > 0.
This completes the proof. O

The permanence of system (|1.1)) for Ry > 1 follows from Lemma and Proposition
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4.2. Existence of an endemic equilibrium

Next, we prove the existence of an endemic equilibrium of ({1.1]) for Rg > 1. As in the previous sections,
we consider the reduced system (3.1). The components of the endemic equilibrium E* must satisfy the
following equation.

n
Z’Bk]fkj Ik:? ) (Mk + Yk + dkk)f;: + Z(l — (Skj)aij; = O, k= 1, 2, e, N (48)
Jj=1

In the proof of the subsequent proposition, we use the following function F on R’}.
F(x) := (FI(X)'L? Fy(x),..., Fn(x))T7 x = (z1,22,..., zp)T ERZ}_,
= - (Z Bri fri (S = Ty i) — (i + e + G)ze + (1= 5kj)akj$j>a k=1,2,...,n.
- ~ (4.9)
Proposition 4.2. If Rg > 1, then system has an endemic equilibrium

= (81, 17,85, 13, ..., 85, I') e TV.

n’ n

Proof. It is enough to show the existence of a nontrivial equilibrium I7, I3, ..., I} of the reduced system (3.1))
satisfying (4.8). To this end, we seek a root x of system F(x) = 0 such that 0 < z, <SP, k=1,2,...,n
Let us define the following two matrices.

FO = [C(SR)Brj + (1 — Opj)ojlickj<n and V= 1Clizf<g (e + % + Q)

It is easy to see from (1.8) that MY = V~!'F°. Now, since Ry > 1, we see that there exists a positive
eigenvector r = (r1,79,...,7,)7 of matrix M satisfying (4.1)). Then, the following relations hold.

F(r) = — <F0r - vr> + [%- (ckj(sg) w88 7; Tk Tf)ﬂ r (4.10)

1<k,j<n

" - (For — Vr) < - <F0r - p(MO)Vr) = 0. (4.11)

Here the order of vectors in R™ implies the usual element-wise one in R™. By (4.10)), it holds for any a > 0
that

F(ar) — —<F00é1‘ _ VO[I') + |:Bkj (Ck](slg) _ fk](slg — ark,arj>>] ar. (412)
1<k j<n

Oé’l"j

Noting that under Assumption [I.2]it holds that

lim fkj(Sg — arg, arj)
a—+0 Qar;

=Cy(SY), k,j=1,2,...,n,

we see from (4.11]) and (4.12)) that there exists a sufficiently small positive constant a > 0 such that
F(ar) <O0. (4.13)
Moreover, noting that under Assumption [T1.2]it holds that

lim M:—oo, ki=1,2...n,
Y—r—+00 Yy
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it follows from (£.12) that there exists a sufficiently large positive constant vector k = (k,k,..., k)T € R®
such that

F(k) > 0. (4.14)
Hence the Fréchet derivative F/(x) = [%?c)]gwgn of F(x) is calculated as follows.
= 0 0 0 . - ,
OF}(x) Z Bkj%fkj(sk — T, T5) — Bkk@fkj(Nk — o, o) ¢+ (e + % + k), k=7,
Ox;j !

0 . .
7ﬁkj67yfk](slgixkal‘])iak‘]SO? k#]’ kvj:17277n

Note here that fi;(x,y) is a two variable function of z,y € Ry and 0f;/0x denotes the partial derivative
with respect to the first variable and 0f;/0y denotes the partial derivative with respect to the second
variable.

Under these settings, we consider a sufficiently large positive constant [ > 0 such that

n
0 0 0 0 -
I > max 2 {5kj(%fkj(5k — T, T5) — 5kkafyfkj(5k - xk,xk)} + (pr + % + agg). (4.15)
Then, we see that n-diagonal matrix B := diag(I=!,171,...,17!) is nonnegative, non-singular and subinverse

of F/(x), that is, BF'(x) < I and F/(x)B < I hold for any x with 0 < x, < S2, k = 1,2,...,n, where [
denotes the identity matrix (for subinverse matrices, see e.g., Ortega and Rheinboldt [27] or Muroya [23]).
Now it follows from and that F(xo) < 0 < F(yo) with xo := ar and yo := ar. Thus, from
the property of matrix B, x,41 := x, — BF(xp), p = 1,2,...,n becomes a monotone increasing sequence
and hence, xg < x1 < ... <x, < xp,y1 < yp holds (see for similar approaches, Ortega and Rheinboldt [27,
Theorem 4.1 and Corollary 4.1] or Muroya [23, Theorem 3.1]). Since this sequence is bounded, there exists
a limit lim, 400 X, = x* = (25,23,...,25)T. This is a nontrivial root of F(x) = 0, that is, the desired

nontrivial equilibrium (see Zhao and Jing [40]). O

4.3. Global asymptotic stability of the endemic equilibrium

In this subsection, we investigate the global asymptotic stability of the endemic equilibrium E* of system
(1.1). Propositions imply that for Rg > 1, the disease-free equilibrium E? = (59,0, 59,0,...,59,0)
of (L.1) becomes unstable and a positive equilibrium E* = (S7,I7,..., S}, I}) of (1.1) exists. From (4.8),
the components of such E* satisfy the following equations.

n n
(e + e + Gk + o) T =Y Brjfei(SE =I5 I + Y oIy, k=1,2,...,n. (4.16)
j=1 j=1

We prove the following helpful lemma, which play an important role in computation and estimation of
derivative of Lyapunov functional. Similar argument can be found in Guo et al. [11, Lemma 2.1 and Proof
of Theorem 3.3].

Lemma 4.3. There exists a positive solution (vi,ve,...,v,) such that
n 0 * Tk
Zv](ﬁjk ! = b +ajk> = (ke + Yk + Gk Fomr), E=1,2,....n, (4.17)
=1 K

and it is expressed by
(UlaUZ)"' ,Un) — (C117022y~--70nn)> (418)
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where Cyr, is the cofactor of the k-th diagonal entry of matrix

[ Z Bij  —Ba o —Pm ]
J#l ~ B
i —bia Z Baj - —Bn2 Bk] /Bk]fk](so Ik? *) ak]—[] ,

J#2 ,
: : : 1<k, j<n.
_Bln _ﬁQn T Z ﬁnj
L Jj#n d

The proof is omitted since it is similar to that of [16, Lemma 4.1].

Proof of Theorem If Rp < 1, then by Theorem we can obtain the first part Ry < 1 of
Theorem [L.1]

Now, consider the case Ry > 1. Then, by Proposition system is permanent in I'Y, and by
Proposition there exists at least one endemic equilibrium E* = (5§, I7,S5,I5,..., S}, I).

As in the previous sections, we focus on the reduced system . It can be rewritten as follows.

*Ikz Zﬁkg Kkj(s)fkj(slg = I(t), I;(t — s))ds

(4.19)
— (e + vk + Gt + apre) I () + Zakj/ Lij(s)I(t — s)ds.
Put 0 ) 0 )
It o (S0 = L), I;(t — 5)) Fus (S0 — I, It
wtt) = Oy T B2 LC ) g ) i (BT L) (4.20)
i Fri (S I;;,I;) Fri (S I,;j,f;)
and consider the following Lyapunov function.
Ut) =Y ok {Tig (yr(t) + Ur(t) + Ua(1)} (4.21)
where
+oo t
Zﬁkgfk] 1) [ K [ dus (422)
t—s
and
n +o00 t
V=Yt [ L) [ ot w)duds (4.23)
j=1 t—s

and vy, v, -+ , v, are chosen as in (4.18)).
First we consider the derivative of the first term in (4.21)). It follows from (4.16)), (4.19) and (4.20]) that

n . / n 1 d
(kzl velrg (?ﬂc(@)) = ka <1 - yk(t)> alk(t)
- Yy (1 - y) Zﬁm " K9 i (SY — Te0), 15t — 5))ds

— (ke + vk + Ak + uger) L yr (1) Z Qkj / Lij(s)1;(t — s)ds

n n —+o00
_ 1uk(1—y:@) ;ﬂm [ K 6) s (S8 = 11 15) (o t5) = el s



J. Wang, Y. Muroya, T. Kuniya, J. Nonlinear Sci. Appl. 8 (2015), 578-599 594

n —+o00
+Z%‘/O Lij () {w;(t — 5) — ye(t)} ds
j=1

n 400
= > w {Zﬁkjfkg — I, I7) ; Kij(s) <1— y;j(t)) {zk;(t.s) — yr(t)} ds
k=1
n 40
+ Zaij;/O ij(s) <1 — y;j(t)) {yj(t — 8) — yk(t)} ds} . (4.24)
j=1
Now we prove the following relations.
1 - §k~(t—s)
(1— W) {ag(tos) ~ ()} < 9 (Gt — ) — g (D) — g (mw) (4:25)
LN s O — 0l — o) o a0 — g (=S
(1= 0 ) st =9) =m0} = bt =9) ~gml) —g (L) (1.26)

Since (4.26)) is obtained by performing a simple calculation, we omit the proof. We next show (4.25)). We
first rewrite (4.25)) as

(1= 5 ) Guattoo) = o0 = (1= - ) Gas(e) = 3gte = )

' (4.27)
(1= —— ) {Gri(t—s) —y(t
(1= 0 ) Guatt =) = o)
and the first term in the right-hand side of this equation is non-positive.
In fact, if I},(t) > I}, then it follows from (ii) of Assumption [1.2| that
1 (SO — I(b), i (t — SO —Ir Li(t—
<1— t)>o and oyt 5) — (i — 5) = 2R B L= 9) = fi (Sp = T L= 5)
Y (t) fui <sg _ ];;,[;)
and if I;,(t) < I}, then it follows also from (ii) of Assumption |[1.2| that
1 (S0 — (1), Ii(t — SO —Ix Lt —
(1 - ) <0 and zj(t,s) — Zk(t —s) = fis (S = 1u(8). 1i(t = 5)) = fis ( i1t = 9)) >0

yi(t) Fri (SO I I]*) -
Thus, from , we have
1 1\
(1- 55 ) et —n) = (1- ) -9 - n)

yi (1)
N Zrj(t — 5)
= GGt — ) — g () — g (yk@)>

and (4.25) is proved. Using (4.25) and (4.26]), we can evaluate (4.24]) as follows.

<2vk,f,:g (ym)))
k=1
< ka |:Zﬁk]fk] Ika ) 0

+o0

K9 {o G =) — g n0) — g (20 2 ) L

yr(t)

+j§:akﬂ}‘ [ bt {atwte - ) - g ey - (L)} ds]
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—+00

<ka Zﬁkgfkg - I 1 )0 Kij(s){g (Grj(t — ) — g (yu(t)) } ds

n 400
+3 ol /0 Lig(5) {9 (st — ) — g (D)} s | - (4.28)
j=1
On the other hand, calculating the derivative of (4.22)) yields
+oo
Z Brj frj (S — Ix, 1) ; Kij(s) {g (s (t)) — g (G (t — 5))} ds (4.29)
and calculating the derivative of (4.23]) yields
/ ¢ oo
0= oul; [ L) {alus(0) = gluy(t = )b s (4.30)
j=1

Hence, using (4.28), (4.29) and (4.30)), the derivative of Lyapunov functional (4.21]) can be evaluated as
follows.

+o0o

ka Zﬁk]fk] —ILL) | Kag(s) {9 (G (0) — g (u(0)) ds

n +o00
S ot [ L) (9 s(0) — 9 (o)} s (131)
j=1

Now we are in the position to prove the following inequality.

g (Zr;(t)) < g (y;(1)) - (4.32)

In fact, if Zy;(t) > 1, then it follows from (4.20) and (iii) of Assumption that I;(t) > I7. Then

y;(t) = L;(t)/I; > 1 and hence, to prove (4.32), it suffices to show that Zj;(t) < y;(t) (note that g(x) is

monotone increasing for x > 1). In fact,

Jrj (SR =T (1) I;(t)

o (S0-1mp) &
)

fi (821 ) [ fo (ST /m - 1)
fis (89 = 1. 17)
follows from (iv) of Assumption and I;(t) > I. Thus, g (Z;(t)) < g (y;(t)) is shown.
If Z;(t) < 1, then it follow again from (4.20) and (iii) of Assumption that I;(t) < I7. Then,
y;(t) = I;(t)/I; <1 and hence, to prove (4.32), it suffices to show that Z;(t) > y;(¢) (note that g(z) is
monotone decreasing for x < 1). In fact,
fij (SR =I5, (1)) L)
*
foi (S -1p1) 4

fis (80— (o) [ i (S= 0T LA E 10
fkj <SO I;:, I]*) * ()

2k (1) — y;(1)

25 (1) — w5 (t)
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follows from ( 1V) of Assumptlon and I;(t) < I*. Consequently, (4.32) is proved.
Usmg , and (| ) in Lemma we can evaluate the derivative of Lyapunov functional

as follows

—+00

U't) < ka Zﬁkyfky — I, I )O Kij(s) {9 (y;(t) — g (yx(t))} ds

n +o0
#3aul; [ Lugls) {o (6 — g (e} ds
=1 0

- kaZ{ﬁkjfkj(Sg—I;;, )+ aril; } {g (y; (1) — g (y(t))}

n n I*,I*
_ kaz{ﬁ‘”f’” : )+akj}fgf {90 - 9 (se(0))}
]

“ " Brjfri( 50 I, I7) .
= vk { sl RIE oy p Ig (y5(t))

=1 j=1
n n
Uk { 11 i + g o 159 (yk(t))
n n
Biufi(S) — I3, I}) .
_ { s 21D o g )
k=1 j=1 k
n
= v (s + Yk + ek + k) 15 g (yk(t))
=1
n n
Bjk f; k( — I3, Iy) B .
= > ZUJ{ i I* + agjp ¢ — vk (ke + Ve + Gnr + arr) ¢ Tig (ur(t))
k=1 | j=1 k
Y (4.33)

It is easy to see that the equality holds only if the equality holds in (4.25), that is, the first term in the
right-hand side of (4.27)) is equal to zero, that is,

1 ) B . .
<1_yk(t)> (og(t8) — gt — )} =0, kj=1,2,....n.

Then, by (4.33) and the above discussion, we see that %}Et) < 0 and from (ii) of Assumption this
equality holds if and only if

Sp(t)=5; and I(t)=1;, k=1,2,...,n,

Therefore, it follows from the LaSalle’s invariance principle that for Ry > 1, the endemic equilibrium E* is

globally attractive. Moreover, by Lemmas 2.2 and with (4.18)) and (1.5) and % < 0 with (4.21]), we can
easily prove that there exist positive constants c3 and ¢4 such that cs and ¢4 do not depend on the initial

condition (|1.6) and

() — I < csW(t) < esW(0) < czeq max |I;(0 Iﬂ, k=1,2,...,n,
1<j<n

which implies that E* is uniformly stable. Hence, E* is globally asymptotically stable in I'?. This completes
the proof. m
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5. Numerical simulation

In this section, we perform simple numerical simulation in order to verify the validity of Theorem
For simplicity, we let n = 2 and consider the case of constant time delay in which the kernel functions Kj;(s)
and Ly;(s) are given by the Dirac delta functions. Moreover, we consider the case of saturated incidence in
which f; is given by fi;(x,y) = xy/(1 + ar;jy), where ap; > 0, k, j = 1,2. In this case, system can be
rewritten in the following simplified form.

2

+ v L (t) + Z <ozkj5’j(t —5) — ajkzsk(t)>a

i=1

d

£5k( ) = b, — prSk(t) Zﬁkgsk g

Lt —s)
akjlj(t — 8)

2
*Ik Zﬁkﬁk . +2k(j[_(:)_ i (1 =+ ) I (t) + Z(Oékjfj(t —8) — Oéjkfk(t)>, k=12,
j=1

(5.1)
where s > 0 denotes the constant time delay. For simplicity, we fix the following parameters (they are
chosen only for experimental reason).

a11:1, CL12:2, CL21:3, a22:4, 61:1, 52:2, /1,1:1, /1,2:2,
11 = 1, 12 = 2, a1 = 3, 99 = 4, Y1 = 0.1, Y2 = 0.2, S = 1,
©1(0) = 2(0) = 0.9, ¥1(0) = 12(0) = 0.1,

where ¢ and ¥, kK = 1,2 are initial conditions defined by (1.6)).
First we set

B11 = 0.25, B12 = 0.5, Ba1 =0.75, B2 = 1.

Then, we can calculate Ry ~ 0.8927 < 1 and the infective population density converges to zero (see Figure
(a)). This corresponds to the situation of Theorem (1)

I3

Density of infective populations
s o s o o s o
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(a) For Ry ~ 0.8927 < 1 (b) For Ro ~ 1.2020 > 1

Figure 1: I1(t) and I2(t) of system ([5.1) versus time ¢

Next we set
B11 = 0.5, B2 =1, Po1 = 1.5, Ba2 = 2.

Then, we can calculate Rg ~ 1.2020 > 1 and the infective population density converges to the positive
equilibrium (see Figure (1] (b)). This corresponds to the situation of Theorem (ii).
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