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Abstract

In this paper we study existence and uniqueness of solutions for coupled systems consisting from fractional
differential equations of Riemann-Liouville type subject to coupled and uncoupled Hadamard fractional
integral boundary conditions. The existence and uniqueness of solutions is established by Banach’s contrac-
tion principle, while the existence of solutions is derived by using Leray-Schauder’s alternative. Examples
illustrating our results are also presented. (©2016 All rights reserved.
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1. Introduction

In this paper, we concentrate on the study of existence and uniqueness of solutions for a coupled system
of nonlinear Riemann-Liouville fractional differential equations with nonlocal Hadamard fractional boundary
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conditions of the form

RLanj(t) = f(t7$(t)7y(t))7 te [OvTL 1< q=< 27
RLDpy(t) = g(t,ﬂ:‘(t),y(t)), te [OaTL I1<p<2,

2(0)=0, z(T)=> aul’y(n), (1.1)

where pp DY, g1 DP are the standard Riemann-Liouville fractional derivative of orders q,p, gIfi, gl are
the Hadamard fractional integral of orders p;,v; > 0, 1;,6; € (0,7), f,9:[0,7] x R? = R and o, 8 € R,
t1=1,2,...,n, 7 =1,2,...,m are real constants such that

~ ] e ﬁje?_l q+p—2
Z(p—l)’”z(q—l)”#T '

Several interesting and important results concerning existence and uniqueness of solutions, stability
properties of solutions, analytic and numerical methods of solutions for fractional differential equations can
be found in the recent literature on the topic and the serge for investigating more and more results is in
progress. Fractional-order operators are nonlocal in nature and take care of the hereditary properties of many
phenomena and processes. Fractional calculus has also emerged as a powerful modeling tool for many real
world problems. For examples and recent development of the topic, see ([T}, 2l 3] [4} 5] 6], [7], 14} 16, 17, 18] 19|
20]). However, it has been observed that most of the work on the topic involves either Riemann-Liouville or
Caputo type fractional derivatve. Besides these derivatives, Hadamard fractional derivative is another kind
of fractional derivatives that was introduced by Hadamard in 1892 [12]. This fractional derivative differs from
the other ones in the sense that the kernel of the integral (in the definition of Hadamard derivative) contains
logarithmic function of arbitrary exponent. For background material of Hadamard fractional derivative and
integral, we refer to the papers [8], @, [10} 13, [14] [15].

The significance of studying in this paper is that, the system contains both of Riemann-Liouville
and Hadamard calculus which are new theories of boundary value problems. Existence and uniqueness
results are obtained by using Banach’s contraction principle and Leray-Schauder’s alternative. Examples
illustrating our results are also presented.

2. Preliminaries

In this section, we introduce some notations and definitions of fractional calculus and present preliminary
results needed in our proofs later.

Definition 2.1. The Riemann-Liouville fractional derivative of order g > 0 of a function f : (0,00) — R is
defined by

1 a\" [* S
RLqu(t):F(n_q)(dt> /O(t—s) qlf(s)ds, n—1<gq<n,

where n = [¢] + 1, [¢g] denotes the integer part of a real number ¢, provided the right-hand side is point-wise
defined on (0, 00), where T' is the gamma function defined by T'(q) = [;° e *s? !ds.

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ > 0 of a function f : (0,00) — R is
defined by

R0 (t) = F(lq) /0 (t — )7 f(s)ds,

provided the right-hand side is point-wise defined on (0, c0).
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Definition 2.3. The Hadamard derivative of fractional order ¢ for a function f : (0,00) — R is defined as

n + n—q—1
uDIf(t) = F(nl—q) <t(i> /0 (log Z) fis)ds, n—1<g<n, n=][q+1,

where log(-) = log,(-).
Definition 2.4. The Hadamard fractional integral of order ¢ € RT of a function f(t), for all ¢ > 0, is

defined as , )
1 t\ 1 ds
Iif(t) = / (10 ) s)—,
w110 = i | (ee) A9
provided the integral exists.

Lemma 2.5 ([14], page 113). Let ¢ > 0 and B > 0. Then the following formulas

nlP =~ %% and DU = puP
hold.
Lemma 2.6 ([I4]). Let ¢ > 0 and x € C(0,T) N L(0,T). Then the fractional differential equation

rrDiz(t) =0

has a unique solution

z(t) = ettt et 4 4 e tdT,
where c; e R, 1=1,2,...,n, andn —1 < q <n.
Lemma 2.7 ([14]). Let ¢ > 0. Then for x € C(0,T) N L(0,T) it holds

RLITRLD%2(t) = 2(t) + et + ot + L cpt? ",
where c; e R, 1=1,2,...,n, andn—1 < q <n.
Lemma 2.8. Given ¢,v € C([0,T],R), the unique solution of the problem
reDz(t) = ¢(t), te€[0,T], 1<qg<2
rrDPy(t) = ¥(t), tnE 0, 7], 1<p<2,
z(0) =0, «(T)= ZaiHI’”y(m), (2.1)
i=1

y(0) =0, y(T) =7 Bjul"z(6))
=1

18

1 n
x(t) = relio(t) - tqQ > (O‘“?Z (ZBJHI%RLI%( )—RLI%(T))
. =1 (2.2)
+7r (Z g I” R I (ni) — RL1q¢(T)>
=1
and
_ m eq 1 n
y(t) = RreIPP(t) Z e 1 (ZO@HIMRLIPW’OZ) — red%(T ))
=1 =1 (2.3)
+7771 (ZﬂjHI”RLIqqﬁ(Qj) - RLIP¢(T)) ;
=1
where . 1
N~ - B »
Q=) 1 Z @ _ij —TP2 £, (2.4)

i=1 j=1
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Proof. Using Lemmas the equations in ([2.1)) can be expressed as equivalent integral equations
x(t) = rpl%é(t) — 1t — o172, (2.5)

y(t) = reIPY(t) — dit? ™! — dat? ™2, (2.6)

for ¢1,c9,d1,d2 € R. The conditions z(0) = 0,y(0) = 0 imply that co = 0,d2 = 0. Taking the Hadamard
fractional integral of order p; > 0 for (2.5) and ~; > 0 for (2.6) and using the property of the Hadamard
fractional integral given in Lemma we get the system

n n p—1
— . «
RLqu)(T) - Cqu 1 — ZaiH‘[pZRLIpw(ni) — dl Z ﬁ,

=1 i=1

RLIPY(T) — dy TP Zﬁ]HI%RLIq¢ —012
7j=1

from which we have

Z(;W(ZBJHW riI90(0 )—RLI%(T)>

+ 7P (Z ;g 1P prIP(n;) — RL1q¢(T)>

=1

and

q—1

m 9q 1 n
Z <Z%prl rIP(n;) — RLIG(T ))

4+ a1 (Z Bl rp1%(0;) — RLIP¢(T)>

j=1

Substituting the values of ¢1, c2,d; and dg in ([2.5) and , we obtain the solutions (2.2) and ({2.3] . O

3. Main Results

Throughout this paper, for convenience, we use the following expressions

eI, 2(5).0(5)(0) = s | (0 — 57 h(s, 2(5), y(5))ds

and

gl reI"h(s, (s ) y(s

where u € {p;,v;}, v € {t,T,m,Gj}, w = {p,q} and h = {f, g9}, i = 1,2,....,n, 5 = 1,2,....,m. Let
C = C([0,T],R) denotes the Banach space of all continuous functions from [0, 7] to R. Let us introduce the
space X = {z(t)|z(t) € C'([0,7T])} endowed with the norm ||z|| = sup{|z(t)|,¢ € [0, T]}. Obviously (X, ||-||) is
a Banach space. Alsolet Y = {y(t)|y(t) € C*([0,T])} be endowed with the norm ||y|| = sup{|y(¢)|,t € [0, T]}.
Obviously the product space (X x Y, ||(x,y)|) is a Banach space with norm ||(z,y)|| = ||z|| + ||y||. In view
of Lemma we define an operator 7 : X xY — X x Y by
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where

Ti(z,y)(t) = rel?f(s, x(s), y(S))(t)

q—1 n (a7}
=t e (Zﬁmwmﬂﬂs #(s), <s>><ej>—ng<s,x<s>,y<s>><T>)
=1

+ 7Pt <Z aigIP RrIPg(s, 2(s),y(s))(mi) — reI?f (s, 2(s), y(s))(T))

i=1

and

Ta(z,y)(t) = reIPg(s, z(s),y(s))(t)

& 0 (& |
2 (Zammmﬁg@,x(s), y(s))(m) Rmf<s,x<s>,y<s>><T>)
J

Q S 9~ 1) i=1

et (Z By po I f (s, 2(s), y(5))(6;) — rol?g(s,x(s), y<s>><T>>

j=1

For the sake of convenience, we set

T4 T4-! ; 18;107  T2atp-2
My = + 3 il S , (3.1)
Plg+1) Qg +1) & (- Dri o= v [QT(g+1)
Tatr=1 L jq Pt Ta+r=2 |, |nP
My = ol ol (3.2)
Qr(p+1) = -1 [QL(p+1) & p»
Tatp-1 ™ |B:]097 1 Tatr=2 ™ |3:]09
M3 Z’ .7|j + Z| J"]7 (33)
Qg +1) = (=1 [Q0(g+1) = 47
TP TP—1 "oy 18] Qq ! Ta+2p—2
M, = + 3 sl - Z d (3.4)
Fp+1) [QL(p+1) = p~ (¢— 1 BRGTREESY
and
My = min{l — (M1 + Mg)kl - (MQ + M4)/\1, 1— (M1 + Mg)kg — (M2 + M4))\2}, (3.5)

ki, \i >0 (i=1,2).
The first result is concerned with the existence and uniqueness of solutions for the problem (|1.1)) and is
based on Banach’s contraction mapping principle.

Theorem 3.1. Assume that f,g : [0,1] x R?> — R are continuous functions and there erist constants
mi,ni,i = 1,2 such that for all t € [0,T] and x;,y; € R,i = 1,2,

|f(t,z1,22) — f(t,y1,y2)| < mi|wr — 22| + malyr — 2|

and
lg(t, x1,22) — g(t,y1,92)| < ni|z1 — z2| + n2fy1 — yol.

In addition, assume that
(M + M3)(mq +ma) + (M + My)(ny +ng) < 1,
where M;,i = 1,2,3,4 are given by (3.1)-(3.4). Then the boundary value problem (1.1 has a unique solution.
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Proof. Define sup f(¢,0,0) = N1 < oo and sup ¢(¢,0,0) = Na < oo such that

te[0,1] te[0,1]
> max M4Ns + M3Ny MiNy + M3N,
- 1— (M47’Ll + M3m1 —+ M4n2 + _]\4'37%2)7 1— (MQTLl + M1m1 + MQTLQ + Mlmg)

We show that 7B, C B,, where B, = {(z,y) € X XY : |(z,y)| <r}.
For (z,y) € By, we have

[Ti(z,y)(t)] = sup {RLqu(S,w(s),y(s))(t) -0 Z /-

te[0,7

x (Z Bia IV Rl f (s, 2(s), y(s))(0;) — rLIPg(s, x(s), y(S))(T)>

Jj=1

}

et (Z cunrI” g g (s, (), y(3) () — R T (5, 2(s), y<s>><T>>

i=1

< reI(|f (s, 2(s), y(S)) = f(5,0,0)[ +[/(s,0,0))(T)

7971 ||~
Ziz Z|/3]1HI%RLI‘J<|f<s x(s),y(s)) = f(5,0,0)]

+
€ | = @

+1£(5,0,0))(0;) + reI(lg(s, 2(s), y(s)) — g(s,0,0)| + |g(s, 0, 0)!)(T)>

. (Z 17 i 1P (lg(s. 2(s). y(s)) — 9(s,0,0)] + [g(s.0.0) ) (m)
=1

+ RLIq(‘f(va(8)7y(s)) - f(S,0,0)’ + ’f(‘g?OﬂO)‘)(T))
 Joilny !
; (p— 1)

X (Z 181 17 R (ma |2 || + ma|lyll + N1)(0;) + reI” (nallz| + nelly| + NQ)(T)>
j=1

T9-1
12|

< red(mallz|| +maly| + N )(T) +

n
+ 7Pt (Z il g 7 R IP (na ||z + n2lyll + N2)(n:)
=1

+ re I (ma||z|| + mallyl| + Nl)(T))

o i
= (ol + malll + 30) | () + T Z‘ i Zwﬂwmm )
Ta+p—2 Ta-1 a;
+ D2 e 9@ |+ el + ol + M) | 1 Z' I P )(T)
) a2 -
Tatp—2 2 _
MR D el a 1P Re (1) (i)
=1

o T > ol o 185107
Plg+1) [Ql(g+1) & (p- 1) o ¥

= (mallz|| + ma|ly|l + N1)
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T2q+p—2

T I8 ol
TGy

QTG+ 1) & (- D7

+ (] + na2llyll + N2)

_l’_
O+ 2 o
= My (mal|z|| +mally|| + N1) + Ma(ni||z|| + ne||ly|| + N2)
= (Mymy + Maong)||z|| + (Mima + Mans)||ly|| + M1 Ny + MaN,
< (Myimy + Maony + Myima + Mang)r + My Ny + MaNy < r.

Te+p—2 ™ |ai|77f]

In the same way, we can obtain that

PO 18107

Ta(, y) (O] < (ma[z]| + nallyll + N2)

j=1
1 ﬁwa

IQ!T Z (q—1)

J=1

Ta+2p—2
_l’_ -
QT(p+1)

+ (ma|lz]| +mallyl| + N

Ta+p—2 m ]ﬁ-‘e‘!
+ P
Q0 (g+1) = ¢
= (nlz[l + n2lyl + N2) My + (ma |z + molly[| + N1)M;
= (M4n1 + Mgml)HCEH + (M4n2 + Mgmg)HyH + MyNy + M3Ny
< (M4n1 + Msmq + Myng + Mgmg)r + MyNs 4+ M3Ny <.

Consequently, ||7 (z,y)(t)|| < r.

Now for (z2,y2), (z1,71) € X x Y, and for any t € [0,T], we get

| T1 (22, y2)(t) — Ti(z1,91)(2)]
< R f(s,22(5), y2(s ))—f(s z1(s),y1(s)[(T)

T 1| & azn
& | o (Zﬁmmmws £2(5),12(5)) — (5,109 1 ()]0
=1

_l’_

+ rLI|g(s, 2(s), y2(s)) — g(s, z1(s), yl(S))I(T)>
+1r! (Z ai g 1P RLIP|g(s, 22(s), y2(s)) — g(s, x1(s), y1(s))| (i)
i=1

+ Rl (s, w2(s), y2(s)) — f(s,wl(S),yl(S))l(T)>

T4 791 z”:om i\ﬁjwﬁ
T'(q +U QIT(¢+1) Dpi g

< (mallze — 21| + mally2 — w1 ll)

T24+p—2 Ta+p—1 ’aimp—l

+ s | T (flze — x| +n2fly2 — Y1 e

g1 | el el ol o5 Z (b— 17
Ta+p—2 ’alm
TR T 1) & pri

= My (ma||lz2 — 961” +mallyz — 1) + Ma(nilz2 — o1 + n2lly2 — v1ll)

TP Tr—1 " ||t
+ 7 J :
Ilp+1) [QC(pP+1) ; pri 2 (¢ —1)w
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= (Mymy + Many)||ze — z1|| + (Mima + Mang)|ly2 — y1l,
and consequently we obtain
T2 (22, y2)(t) — Ta(zr, y1)l| < (Myma + Many 4+ Mymg + Mans)|[[z2 — x| + [ly2 — w1 ll]. (3.6)
Similarly,
| T2(w2, y2)(t) — To(@1, y1)[| < (Mzmy + Myny + Mzma + Myna)[||z2 — 21| + ly2 — v1ll]- (3.7)
It follows from and that
[T (22, y2) () = T (1, y1) ()| < [(My + Ms)(my + ma) + (Mz + My)(n1 + n2)](lz2 — 21| + [ly2 — 1))

Since (M7 + M3)(mq + ma) + (Ms + My)(ny + n2) < 1, therefore, T is a contraction operator. So, By
Banach’s fixed point theorem, the operator 7 has a unique fixed point, which is the unique solution of
problem (|1.1)). This completes the proof. O

In the next result, we prove the existence of solutions for the problem (1.1]) by applying Leray-Schauder
alternative.

Lemma 3.2 (Leray-Schauder alternative, [11], page 4). Let F': E — E be a completely continuous operator
(i.e., a map that restricted to any bounded set in E is compact). Let

E(F)={x € E:x=M\F(x) for some () <\ < 1}.
Then either the set E(F) is unbounded, or F' has at least one fized point.

Theorem 3.3. Assume that there exist real constants ki, \j > 0 (i = 1,2) and ko > 0, o > 0 such that
Va; € R, (i =1,2) we have
|f(t,z1,22)| < ko + kil|z1| + ka|waf,

lg(t, 21, 22)| < Ao + Ar]z1] + Az|zal.

In addition it is assumed that
(Ml + M3)k1 + (MQ + M4)/\1 <1 and (M1 + Mg)kg + (M2 + M4))\2] <1

where M;,i =1,2,3,4 are given by (3.1)-(3.4). Then there exists at least one solution for the boundary value

problem (1.1).

Proof. First we show that the operator 7 : X x Y — X x Y is completely continuous. By continuity of
functions f and g, the operator T is continuous.
Let ® C X x Y be bounded. Then there exist positive constants L and L such that

[f(& (), y(®)] < Ly, gt x(t),y(t)] < La, V¥(z,y) €O,

Then for any (z,y) € ©, we have

n

q—1 041
H’Tl(aj,y)(t)H < RLIq|f(S>$(S)7y(S)) T|‘Q‘ Z |n
=1

x (Z |Bil eI R I f (s, 2(5), y())|(6;) + rIP|g(s, x(s), y(é’))!(ﬂ)

j=1

Lt <2 il I R I?lg(s, 2(s), y() i) + RLI%F (s, 2(s), y<s>>|<T>)

=1
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Tatr-1 APt Tatr=2 oy |n?
< Z || m; 4 Z a |7L Lo
QL(p+1) = -1  |[QT(p+1) = p”

T4 7971 L |yl L8100 T2ate-2
N N Z\ il; i L1,
Plg+1) Qg +1) & (p—Drr e a7 Qg +1)

which implies that

Ta+p—1

ol A At o 0
Ti(z,y)| < oot e
71 (2, )l <|Q|F(p +1) ; (p—1)pi  |QT(p+1) ; pPi 2

T4 Ta-1 " e |nP I |B10¢ T2q+p—2
4 i Z\ i|m; ’Z’ J|_J+ L
Pla+1) Qg +1) & (- Dri o= v |QT(g+1)

= MsLo + My L;.

Similarly, we get

TP Tp—1 " el & 18;107 Ta+2p—2
Ta(a,y)| < + : ot L
172tz vl (r(p+1) ]Q|F(p+1); Iz ;(q—l)W QTp+1) )™
N Ta+p—1 i”: |B; |0q ! TI+tr=2 i |ﬁj|9;z I
QT (g +1) = (¢ = 1) OCESY = v !

= MyLy + M3L;.

Thus, it follows from the above inequalities that the operator 7 is uniformly bounded.

Next, we show that 7 is equicontinuous. Let t1,ts € [0,T] with ¢; < to. Then we have

Ti(a(t), y(t2)) — Ti(a(tr), y(t)
1 h q— q—
<5 /0 [(ts — )77 — (11— )77V (s, 2(5), y(s))|ds

q)
B PP ty " — | Joalnf
+ (Q) /1 (t2 S) |f(5’$(3)7y(5))|d5 + |Q’ [; (p _ 1)Pz

r t
X <Z 1Bl 17 re 1 f (s, 2(5), y(s))[(67) + RLIP|g(s, x(s), y(S))\(T)>
j=1

+ 7! (Z ol 57 R 179 (s, 2(5), y(5))|(0:) + RLI|f (5. 2(s), y<s))'(T)>

i=1
Ly (" 1 Ly [ 1
< — [(ta — 8)T " — (t;1 —s)T ' ]ds + / (ta — s)? "ds
(a) Jo L'(q) J,
47t !

+

z": il [ Ly i 185107 Lo
) ) 2
€] =D\ lg+) = a7 T+l

L " Jeiln? T4
+ 77! = ol L
Fp+1) = pr  Tlg+1)

Analogously, we can obtain
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| Ta(x(t2), y(t2)) — Ta(x(t1), y(t1))]

ﬁ " — 5Pl — 5P Lds 2 " — s)Plds
<y [ 0t s s g [ -t

_ _ 1
+t% 1_15({ 1 i |ﬁj\9‘1 Z‘azm T4 L
12 = (g-1)7 p+1 ~ pri T(g+1)

_ Ly 185167 TP
+ 777! I 4 L
(F(q +1) Z qi I'(p+1) 2

Jj=1

Therefore, the operator T (z,y) is equicontinuous, and thus the operator 7 (x,y) is completely continuous.
Finally, it will be verified that the set £ = {(z,y) € X x Y|(z,y) = AT (z,9),0 < XA < 1} is bounded.
Let (z,y) € €, then (x,y) = AT (x,y). For any ¢ € [0,T], we have

x(t) = ATi(z,y) (1),  y(t) = ATz(z,y)(¢).
Then

T4 Tq—l n ’ai|77p71 m |ﬁ]’0q
z(t)] < (ko + k1||z|| + & + L 2

T24+p—2 Ta+p—1

" ol
b | + o+ M) + A d

Ta+p—2

— |ovi|n?
Yarp i & )

and

TP TP1 " Ja|n?
D < Mg+ A + A + :
ly(t)] < (Ao + Az 2||y|!)<F(p+1) T+ 1 EZ: ; Z

Ta+2p—2
to—— | + (ko + ka|z| + &

Ta+p—2

+ Z ’ ]‘.] )
QT +1) = 4™

Hence we have
2]l < (ko + Kallz[l + k2llyll) M1 + (Ao + M|zl + Aof[yl]) M:
and

[yl < (Ko + Kxll]| + K2llyl) Mz + (Ao + Azl + Azllyll) Ma,
which imply that

]| + lyll = (M1 + M3z)ko + (M2 + Ma)Ao + [(My1 + Mz)k1 + (Ma + Ma) ]|
+ [(My + M3)ka + (Ma + My)A2]||y||.
Consequently,

My + M3)ko + (Ma + Ma)X
(o)) < B R0 2 (B 2 M

for any t € [0,T], where My is defined by ({3.5)), which proves that £ is bounded. Thus, by Lemma the
operator 7 has at least one fixed point. Hence the boundary value problem (|I1.1)) has at least one solution.
The proof is complete. O
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3.1. Examples

Example 1. Consider the following system of coupled Riemann-Liouville fractional differential equations
with Hadamard type fractional integral boundary conditions

E+ D2+ [2@)]) G+ D2 L+ [y 3

1
5/4, () — b
rr D y(t) 55 €08 x(t) + TENGE siny(t) +1, te€]|0,2], 59

) =0, #(2) = SuT"y(2/3) + VI Ty(4[3),

( t2 .. 9
ST SC N )| I 15 c2,) R 70 IR Sy

y(0) =0, y(2) =v3uI""z(1/2) + %HI4/737(1) +25T7102(3/2).

Here ¢ = 3/2ap = 5/4,’/1 =2m =3T = 2,01 = 3/2,0&2 = \/57/81 = \/§a52 = 1/2763 =2,p =
1/37/)2 = 3/7771 = 1/47’72 = 4/77'73 = 7/1()’771 = 2/37772 = 4/3701 = 1/2702 =1,03 = 3/2 and f<t7x7y)
(" [2)/(((¢ + 7))L+ [2]) + (sin®2mt)[y])/(((Be’ + D)(1 + |yl)) + (1/3) and g(t,a,y) = (cosz/25)
(siny)/((t+6)%) + 1. Since [ f(t, z1,22) — f(t, 22, 92)| < ((1/49)|21 — y1| + (1/16)[x2 — yo|) and [g(t, 21, y1)
g(t,xa,y2)| < ((1/25)]x1 — y1| + (1/36)|x2 — y2|) by using the Maple program, we can find

I+

n p—1 m eq 1

aznz +p—2

Q= E E G—17 — T97P7% ~ 28.62075873 # 0.
=1

J:1

With the given values, it is found that m; = 1/49,me = 1/16,n1 = 1/25,n9 = 1/36, My ~ 2.930183476, My ~
0.6477212729, M3 ~ 0.7389741995, M4 ~ 2.829885649, and

(Ml + M3)(m1 + m2) + (M2 + M4)(n1 + 77,2) ~ 0.5399075928 < 1.

Thus all the conditions of Theorem are satisfied. Therefore, by the conclusion of Theorem the
problem has a unique solution on [0, 2].

Example 2. Consider the following system of coupled Riemann-Liouville fractional differential equations
with Hadamard type fractional integral boundary conditions

( rDV2a(t) =1+ \8/159:(75) cos y(t) + g\fy(t), t e 0,7,
wi Dyt = 5 4 Y2 sina) + Ly, te 0.7, -
2(0) =0, a(r)= ?Hﬂﬂy(w/z;) + %Hﬂ/i”y(w/za) + gHI3/4y(7r/2), |
YO =0, y(m) = Sl ur /) + LI oa(n)3)

Here g = vV2,p=V3,n=3m=2T =m0 = \/3/2,042 =2/17,a3 = 4/9,81 = 1/2,8> = V/5/14,p1 =
1/27102 = 2/3703 = 3/4a’}/1 = 3/5a72 = 5/6a771 = 7T/47772 = 7T/37773 = 71-/2761 = 77/6a02 = 7T/37 f(tvxvy) =
1+ (vV2z cosy)/(81) + (v/3y)/(367) and g(t,z,y) = (3/2) + (v3sinz)/(647) + (y)/(63). By using the Maple
program, we get
0= zn: a“ﬁi Em: Bt T9HP=2 ~ 1.955428761 # 0
i=1 j=1 (a— 1

Since [f(t,z,y)| < ko + kilz| + kalyl, [g(t, 2, )| < Ao + M| + Aolyl, where ko = 1,k = v2/81,ky =
V3/36m, Ao = 3/2,\1 = V/3/6471, Ay = 1/63, it is found that M; ~ 12.01088124, My ~ 8.095664081, M3 ~
5.051706267, My ~ 14.14407333. Furthermore,

(Ml + M3)l€1 + <M2 + M4))\1 ~ 0.6297371340 < 1
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and
(My + M3)kg + (My + My)Ae = 0.3736753802 < 1.

Thus all the conditions of Theorem holds true and consequently the conclusion of Theorem the

problem (3.9) has at least one solution on [0, 7].

4. Uncoupled integral boundary conditions case
In this section we consider the following system

( reDix(t) = f(t,x(t),y(t), te€[0,T], 1<qg<2,
rDPy(t) = g(t,2(1), y(1)), t€[0,T], 1<p<2,

2(0) =0, z(T)=Y_ aipl’xz(n),
=1

y(0) =0, y(T)=> Binly(0;).
j=1

Lemma 4.1 (Auxiliary Lemma). For h € C([0,T],R), the unique solution of the problem
RLqu(t) = h(t)7 1< q< 2; te [OvT]
n

z(0) =0, z(T)= ZaiHIp":U(m),
i=1

s given by
a1 " ,
@(t) = rel®h(t) — —— | RLITK(T) = > ai(aI? R Ih)(mi) |
i=1
where

) n 05'7]{171
AN:=T9"— . .
2t 7O

4.1. Existence results for uncoupled case
In view of Lemma we define an operator T: X xY — X x Y by

o= (20
where
T 9) (6) = R0 (5, 2(5),y(5)) (1)
S (mq,f(s, () YN (T) 3 I w5, 2(5), p(5) )
and -
ol 1)(6) = mr (5, 2(), 5() (1)
I gts, (), w()(T) — il BT R PPg(s, 2(5), 4(5))(6;)
=T Y (fjfjl)% #0

(4.1)

(4.3)

(4.4)
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In the sequel, we set

T4 T2%-1 T N Jagln?

0 = + + L, 4.5

S RS R Y R TRy D (45)
TP T2r—1 TPr—1 ™ 13|67

5 = ' ¥ o (46)
Pp+1) [eL(p+1)  [eL(p+1) = p¥

Now we present the existence and uniqueness result for the problem (4.1). We do not provide the proof of
this result as it is similar to the one for Theorem [3.11

Theorem 4.2. Assume that f,g : [0,T] x R? — R are continuous functions and there exist constants
mi, ni,i = 1,2 such that for all t € [0,T] and x;,y; € R,i = 1,2,

|f(t, x1,22) — f(t, y1,92)| < malz1 — yi| + malze — yo|
and
lg(t, z1,22) — g(t,y1,92)| < Rilzr — y1| + 2|z — yol.

In addition, assume that
(51(7”711 + mg) + 52(ﬁ1 =+ T_LQ) <1,

where 01 and 02 are given by (4.5) and (4.6) respectively. Then the boundary value problem (4.1)) has a

unique solution.

Example 3. Consider the following system of coupled Riemann-Liouville fractional differential equations
with uncoupled Hadamard type fractional integral boundary conditions

§ etz 1 ly(®)] m
D) = @+ 1 T @1 T2 L0
DYy () = AL 2smull) gy g

T 33(t+1)2 " 17(ef + 1)
2(0) =0, (3) = éHﬂ%a /2) — éHI3/4a:(1) + %Hp/%(:a/z),

WO =0, y@) = Suly(1/2)+ Jul¥%y(3/2) + 5 T/ y(s/3)

Here ¢ = 7/6,p = V/5/2,n = 3,m = 3,T = 3,a1 = 1/6,00 = —1/5,a3 = 2/9,31 = 3/4,8 = 1/2,03 =
/2,01 = V2,p2 = 3/4,p3 = V5,71 = 2/3,7%2 = V3,93 = 5/4,m = 1/2,m0 = 1,m3 = 3/2,60, = 1/2,05 =
3/2,05 =5/3, f(t,z,y) = (e"*=)/((5 4+ )*)(|=] + 1)) + (Jly])/(((e" +3)*)(ly| + 1)) + (7/2) and g(t,z,y) =
(4]z))/(33((5 + 1)%)) + (2siny(t))/(17(e" + 1)) + V3. Since |f(t,21,51) — f(t, x2,12)] < ((1/25)|z1 — xa| +
(1/16)|y1 — y2) afliﬂddlg(t,:m,yl) — g(t,2,y2)| < ((4/33)|z1 — 22| + (1/17)|y1 — y2|). By using the Maple
program, we can fin

n qfl

. g1 Qi

A:=T71 — 2; ’ _Zl)pi ~ —12.96942934 # 0
1=

and
—

P = Tpfl _ Z (/6]6-7
- p—

1
OE ~ —47.08574657 # 0.

J=1

With the given values, it is found that m; = 1/25,mq = 1/16,n; = 4/33, 72 = 1/17, 01 ~ 3.678923396, 09 ~
3.402792438. In consequence,

81(m1 + M) + 027y + n2) ~ 0.9897135986 < 1.
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Thus all the conditions of Theorem are satisfied. Therefore, there exists a unique solution for the problem

(#.7) on [0,3].
The second result dealing withe the existence of solutions for the problem (4.1)) is analogous to Theorem
[4:3] and is given below.

Theorem 4.3. Assume that there exist real constants ki, v; > 0 (i = 1,2) and kg > 0,19 > 0 such that
Va; € R, (i =1,2) we have
|f(t, 21, 22)| < Ko + K1|z1] + Kalwal,

lg(t, z1,22)| < vo + vi|z1] + vo|za|.

In addition it is assumed that
01K1 + 091 <1 and d1ko + dovg < 1,

where §1 and o are given by (4.5) and (4.6 respectively. Then the boundary value problem (4.1)) has at

least one solution.
Proof. Setting
do = min{l — (61k1 + dav1), 1 — (01k2 + o)}, ki, v >0 (i =1,2),
the proof is similar to that of Theorem [£.3] So we omit it. O
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