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Abstract

In this paper, fixed points of an asymptotically quasi-¢-nonexpansive mapping in the intermediate sense
and a bifunction are investigated based on a monotone projection algorithm. A strong convergence theorem
is established in a reflexive Banach space. (©2016 All rights reserved.

Keywords: Equilibrium problem point, quasi-¢-nonexpansive mapping, fixed point, projection, variational
inequality.
2010 MSC: 65J15, 4TN10.

1. Introduction

Let C be a convex and closed subset of a Banach space F and let B : C' x C' — R be a bifunction.
Consider the following equilibrium problem in the terminology of Blum and Oettli [4]; find z € C' such that
B(z,y) > 0, Yy € C. The equilibrium problem, which was introduced by Ky Fan [15] in 1972, has had a great
impact and influence in the development of several branches of pure and applied sciences. The equilibrium
problem, which includes variational inequality problems, variational inclusion problems, Nash equilibrium
and game theory as special cases, has been shown that it provides a novel and unified treatment of a wide
class of problems which arise in economics, finance, image reconstruction, ecology, transportation, network,
elasticity and optimization; see [3], [12]-[16], [19], and the references therein.

Fixed point methods recently have been used to study solutions of the equilibrium problem. Krasnoselskii-
Mann iteration method, which is also known as a one-step iteration method, is an important method to study
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fixed points of nonlinear operators, in particular, nonexpansive operators. However, Krasnoselskii-Mann it-
eration only has the weak convergence for nonexpansive mappings; see [I7] and the references therein. There
are a lot of real world problems, including economics [20], image recovery [12], quantum physics [13], and
control theory [I6], which exist in infinite dimension spaces. In such problems, strong convergence or norm
convergence is often much more desirable than the weak convergence. To obtain the strong convergence of
the Krasnoselskii-Mann iteration, regularization techniques recently have been extensively investigated; see
[7-[110, [18], [21]-[23], [27]-[32] and the references therein.

In this paper, we suggest and analyze a monotone projection algorithm for the equilibrium problem and
a fixed point problem. Strong convergence of the algorithm is obtained without the aid of compactness
on a non-uniformly convex Banach space. The organization of this paper is as follows. In Section [2 we
provide some necessary preliminaries. In Section [3] convergence analysis of the algorithm is obtained on a
non-uniformly convex Banach space. Some subresults are also provided as corollaries.

2. Preliminaries

Let E be a real Banach space and let E* be the dual space of E. Let S¥ be the unit sphere of E. Recall
that F is said to be a strictly convex space iff ||z +y| < 2 for all 2,y € S¥ and = # y. Recall that E is said
to have a Gateaux differentiable norm iff

el flz + 1y

t—0 t
exists for each z,y € S¥. In this case, we also say that E is smooth. F is said to have a uniformly Gateaux
differentiable norm iff for each y € S¥, the limit is attained uniformly for all z € S¥. E is also said to have
a uniformly Fréchet differentiable norm iff the above limit is attained uniformly for z,y € S¥. In this case,
we say that E is uniformly smooth.

Recall that the normalized duality mapping J from E to 2F" is defined by

Joe={y e E*: |lz]* = (z,y) = ly[*}.
It is known,

e if I/ is uniformly smooth, then J is uniformly norm-to-norm continuous on every bounded subset of
E;

e if F is a strictly convex Banach space, then .J is strictly monotone;

e if F is a smooth Banach space, then J is single-valued and demicontinuous, i.e., continuous from the
strong topology of E to the weak star topology of E;

e if I/ is a reflexive and strictly convex Banach space with a strictly convex dual E* and J* : E* — F
is the normalized duality mapping in E*, then J ! = J*;

e if I/ is a smooth, strictly convex and reflexive Banach space, then J is single-valued, one-to-one and
onto;

e if F is uniformly smooth, then it is smooth and reflexive.

It is also known that E* is uniformly convex if and only if E is uniformly smooth.

From now on, we use — and — to stand for the weak convergence and strong convergence, respectively.

Recall that E is said to have the Kadec-Klee property iff lim, o ||z, — z|| = 0 as n — oo, for any
sequence {z,} C F, and x € E with z,, — z, and ||z,|| — ||z| as n — oc.

Let C be a convex and closed subset of E' and let T' be a mapping on C'. Recall that a point p is said to be
a fixed point of T iff p = T'p. T is said to be closed iff for any sequence {z,,} C C such that lim,,_,c 2, = 2’
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and lim, oo Ty, = ¢/, then 2’ € D(T) and T2’ = 3. Let D be a bounded subset of C. Recall that T is
said to be uniformly asymptotically regular on C' iff

lim sup sup{||7" "z — T"z||} = 0.
D

n—oo xe

Next, we assume that E is a smooth Banach space which means J is single-valued. Study the functional
$(a,y) = lz)* + yl* - 2{x, Jy), Va,ye€E.

Let C be a closed convex subset of a real Hilbert space H. For any z € H, there exists a unique nearest
point in C, denoted by Pcx, such that |z — Poz|| < |z — y||, for all y € C. The operator Pc is called
the metric projection from H onto C'. It is known that Pc is firmly nonexpansive. In [2], Alber studied a
new mapping Il in a Banach space F which is an analogue of Pg, the metric projection, in Hilbert spaces.
Recall that the generalized projection Il : E — C'is a mapping that assigns to an arbitrary point x € E
the minimum point of ¢(z,y), which implies from the definition of ¢ that

¢(x,y) = o, 2) = ¢(z,9) + 2(x — 2, Jz = Jy), Va,y,z € E, (2.1)

and
(ol + l121)? > ¢z, y) = (=l = llyl)? Vaz,y € E. (2.2)

Recall that T is said to be quasi-¢-nonexpansive [23] iff
Fix(T) #0,¢0(p, Tx) < ¢(p,z), Ve C,Vpe Fizx(T).
In the framework of Hilbert spaces, it reduces to the
Fix(T)#0,|lp—Tz|| < ||p—z||, VzeC,Vpe Fix(T).

T is said to be asymptotically quasi-¢-nonexpansive [24] iff there exists a sequence {u,} C [0,00) with
n — 0 as n — oo such that

Fix(T) #0,9(p, T"x) < (i, + 1)p(p, z), Va € C,Vp € Fix(T),Vn > 1.
In the framework of Hilbert spaces, it reduces to the

Fiz(T) #0,|lp—T"z|| < /pn + 1|p — 2|, Vz € C,Vp e Fiz(T).

Remark 2.1. The class of asymptotically quasi-¢-nonexpansive mappings and the class of quasi-¢-nonexpansive
mappings are more desirable than the class of asymptotically relatively nonexpansive mappings and the class
of relatively nonexpansive mappings; see [I] and [6] and the references therein.

T is said to be asymptotically quasi-¢-nonexpansive in the intermediate sense [25] iff Fiz(T) # () and

lim sup sup (¢(p, T"z) — ¢(p,z)) < 0.
n—oo peFiz(T),zeC

Putting &, = max{0, Sup,c piz(1) zcc (gb(p, T"z) — ¢(p, :U))}, we see &, — 0 as n — oo. It follows that
6(p, T"7) < 6(p,2) + &n, V€ C,¥p € Fia(T), ¥ > 1.
In the framework of Hilbert spaces, it reduces to the

lim sup sup (Hp—T”xH - ]p—acH) <0.
n—oo peFiz(T),ceC



X. Gong, W. Wang, J. Nonlinear Sci. Appl. 9 (2016), 1891-1901 1894

Remark 2.2. The class of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense [25] is
reduced to the class of asymptotically quasi-nonexpansive mappings in the intermediate sense, which was
considered in [5] as a non-Lipschitz continuous mapping, in the framework of Hilbert spaces.

Let B : C x C' — R be a bifunction. Recall that the following equilibrium problem in the terminology
of Blum and Oettli [4]: find z € C such that B(z,y) > 0, Vy € C. We use Sol(B) to denote the solution set
of the equilibrium problem. That is, Sol(B) = {z € C : B(z,y) > 0,Vy € C}. The following restrictions on
bifunction B are essential in this paper.

(R-1) B(a,a) =0,Va € C;

(R-2) B(b,a) + B(a,b) <0,Ya,be C,

(R-3) B(a,b) > limsup, g B(tc + (1 —t)a,b), Va,b,c € C;

(R-4) b— B(a,b) is convex and lower semi-continuous, Va € C.

We remark here that B is said to be monotone iff B(x,y) + B(y,x) <0 for all z,y € C. y — B(x,y) is
convex iff B(tx+ (1 —t)y,2) <tB(x,z)+(1—t)B(y,z) for all x,y,z € C and t € (0,1). y — B(x,y) is lower
semi-continuous iff B(z,y,) — B(z,y) whenever y,, — y as n — oo. It is known that the indicator function
of an open set is lower semi-continuous.

In addition, we also need the following lemmas to prove our main results.

Lemma 2.3 ([4]). Let E be a strictly convez, reflexive, and smooth Banach space and let C' be a closed and
convez subset of E. Let x € E. Then (y — xo, Jx — Jxg) <0, Vy € C if and only if xg = Uex and

oy, llcx) < oy, x) — ¢(Ilcz, ), Vy e C.

Lemma 2.4 ([], [23]). Let E be a strictly convex, smooth, and reflexive Banach space and let C' be a closed
convex subset of E. Let B be a bifunction with restrictions (R-1), (R-2), (R-3) and (R-4). Let x € E and
let r > 0. Then there exists z € C such that rB(z,y) < (y — z,Jz — Jz), Yy € C. Define a mapping WB" by

WhT ={2€ C:rB(z,y)+ (y — 2, Jz — Jz) >0, VyeC}.
The following conclusions hold:
(1) WBT is single-valued quasi-¢-nonexpansive.
(2) Sol(B) = Fiz(WB") is closed and convez.
Lemma 2.5 ([26]). Let E be a uniformly convexr Banach space and let r be a positive real number. Then
there exists a convez, strictly increasing and continuous function A : [0,2r] — R such that A(0) = 0 and
11— £)b + tal + (1 — HA(Ib — al) < tal2 + (1 — 1)Jp]?

for alla,b€ S¥ :={a€ E:|al| <r} andt € [0,1].

3. Main results

Theorem 3.1. Let E be a strictly convex and uniformly smooth Banach space which also has the Kadec-Klee
property. Let C be a conver and closed subset of E and let B be a bifunction with conditions (R-1), (R-2),
(R-3) and (R-4). Let T be an asymptotically quasi-p-nonexpansive mapping in the intermediate sense on
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C. Assume that T is uniformly asymptotically reqular and closed on C' and Fix(T) N Sol(B) is nonempty.
Let {z,} be a sequence generated by

xg € E chosen arbitrarily,

C1=0C,

z1 = Il¢, o,

TnB(tn, 1) > (uy — p, Jup — Jxyn),Yu € Cp,
Yn = Jfl((l — ap)Juy + anJT"xn),
Crt1=1{2 € Cp: ¢(2,20) + & > ¢(2,yn) },
Tp+1 = Ue, 21,

where {a,} is a real sequence in (0,1) such that iminf, . a,(1—ay) > 0, {r,} C [r,00) is a real sequence,
where 1 is some positive real number and &, = MaX{SUP,c piz(T)weC (¢(p, T"z) — ¢(p,x)),0}. Then {z,}
converges strongly to U piz(T)nSol(B) L1 -

Proof. Let e, f € Fix(T), and g = se + (1 — s)f, where s € (0,1). Note that ¢(e,T"g) < ¢(e,g) + &, and
o(f, T"g) < o(f,g) + &, In view of ([2.1), we obtain that

d(e, T"g) = ¢(e,g) +2(e —g,Jg — JT"g) + ¢(9,T"9),

and
o(f,T"g) = ¢(f,9) +2(f —g,Jg — JT"g) + ¢(g9,T"g).
It follows that

¢(9,T"g) < 2(g —e,Jg = J(T"g)) + &n, (3.1)
and

?(9,T"g) <2(g — f,Jg — J(T"g)) + &n. (3.2)
Multiplying 1 — s and s on the both sides of and , respectively yields that ¢(g,7"g) < &,. Hence,
one has lim,,_,« [|T7"g|| = ||g||- Since E is uniformly smooth, we have E* is uniformly convex. Hence, E* is

reflexive, we may, without loss of generality, assume that J(T"g) — v* € E*. In view of the reflexivity of
E, we have J(E) = E*. This shows that there exists an element v € E such that Jv = v*. It follows that

¢(9,T"9) = llgllI* = 2(g, J(T"9)) + || J(T"g)||>.
Taking lim inf,, ,,, on the both sides of the equality above, we obtain that

02> [lgl* = 2{g, v*) + [|v*||?
= llgll* = 2(g, Jv) + || Jv||?
= lglI* — 2{g, Jv) + [|v]®

= ¢(g,?})
> 0.

This implies that g = v, that is, Jg = v*. It follows that
J(T"g) — Jg € E*.
Using the Kadec-Klee property of E*, we obtain

Jim [lJ(T"g) = Jg|| = 0.
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Since J~! is a demicontinuous mapping, we see that T"g — g. By virtue of the Kadec-Klee property of E,
we see T"g — g as n — oo. Hence, TT"g = T" g — ¢, as n — oo. In view of the closedness of T', we obtain
that g € Fiz(T). This shows that Fiz(T) is convex. Using Lemma we find that Sol(B) is convex and
closed. This proves that Sol(B) N Fixz(T) is convex and closed. So, Projse(p)nriz(T)* is well defined, for
any element = in F.

Next, we prove that C,, is convex and closed. It is obvious that Cy = C is convex and closed. Assume
that C,, is convex and closed for some m > 1. Let p1,ps € Cry1. It follows that

p=sp1+(1—s)p2 € Cn,

where s € (0,1). Notice that
¢(p17ym) - ¢(p17$m) < éma

and
o(p2, Yym) — (P2, Tm) < &m-
Hence, one has
2(p1, Tt — Jym) — &mll® < &m — lum|?,
and

2(p2, Jxm = Jym) = |2m|* < &m — [lum|®.

Using the above two inequalities, one has

&P, Tm) +E&m > O(2, Ym)-

This shows that Cy,, 11 is closed and convex. Hence, C, is a convex and closed set. This proves that Il¢, ,z1
is well defined.

Next, we prove Sol(B) N Fiz(T) C C,. Note that Sol(B) N Fiz(T) C C; = C is clear. Suppose that
Sol(B) N Fixz(T) C Cy, for some positive integer m. For any w € Sol(B) N Fiz(T) C Cyy,, we see that

o(w,ym) = (1 — am) Jum + amJTm$m"2 + HU}H2
—2(w, (1 — apm) Jum + apJT"x,,)
< (1= am)[[uml* + || T @m|* + [Jw]?
—2(1 — o) (w, Jup,) — 2am (w, JT™" xy,)
= (1 — am)d(w, um) + amd(w, T 2y,)
< O(w, zm) + Amém,

where

&m = max{ sup (qb(p, T"x) — ¢(p, a:)),O}.
pEFix(T),zeC

This shows that w € Cy,41. This implies that Sol(B) N Fiz(T) C C,. Using Lemma one has
(z — xp, Jo1 — Ja,) <0, for all z € C,,. It follows that

(W —xp, Jr1 — Ja,) < 0,Yw € Sol(B) N Fiz(T) C Cy,.
Using Lemma [2.3] yields that

A(zn, 1) < ¢ pig(r)nsoi(B)T1, 1),

which implies that {¢(zy,z1)} and {z,} are bounded. Since F is a reflexive Banach space, we may assume
that z,, — & € C,,. Therefore, one has

Oz, 1) < O(T,271).
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This implies that

o(z,x1) < lirginf(]]:anQ + Hxlﬂz — 2(zp, Jz1)) = iminf ¢(zp, x1) < &(Z, 21).

n—oo

It follows that
lim ¢(z,,r1) = ¢(T,1).

n—o0

Hence, we have lim,,_,~ ||z| = ||Z||. Using the Kadec-Klee of the spaces, one obtains that sequence {z,}
converges strongly to T as n — oo. It follows that

A(Tnt1,Tn) < O(Tnt1, 1) — G(Tn, 71).

Therefore, we have
lim ¢(xpi1,2,) = 0.
n—o0

Since x,41 € Cpy1, one sees that
0 < ¢(xn+17yn) < ¢(xn+1v$n) + fn

It follows that
lim ¢(xp41,yn) = 0.

n—oo
Hence, one has
1 ([[gal] ~ s ])) = 0.
This implies that
i [Tyl = lm [yl = [2] = ||

This implies that {Jy,} is bounded. Assume that {Jy,} converges weakly to y* € E*. In view of the
reflexivity of E, we see J(E) = E*. This shows that there exists an element y € E such that Jy = y*. It
follows that

¢(xn+layn) + 2<xn+17 Jyn> = Hxn-‘rl”2 + ”Jyn”2
Taking lim inf,_, .., one has
0> [|Z]* - 2(z,y*) + [|ly*|®
= lz)* +[lJy|* - 2(z, Jy)
= o(2,y)
> 0.
That is, = y, which in turn implies that Jz = y*. Hence, Jy, — Jz € E*. Using the Kadec-Klee property

again, we obtain lim,,_,.. Jy, = J&. Since J~! is demi-continuous and E has the Kadec-Klee property, one
gets y, — T, as n — oco. It follows that

lim (¢(z,2) — ¢(z,yn)) =0, Vz € Fiz(T)N Sol(B). (3.3)

n—o0

By using Lemma one has

$(2,9n) < (1= an)|unl® + an | T"zn* + |2
—2(1 — apn)(z, Jup) — 200, (2, JT" ) — an(1 — an)A(|| Jup, — JT" 2y )
= (1= apn)P(z,up) — an(l — an) A(||Jun — JT"xy||) + ane(z, T 2y)
< Pz, 2p) — an(1 — an)A(J|Jun — JT 2y |]) + anén,

where

Em=max{ sup  (¢(p,T™z) — ¢(p,x)),0}.
pEFiz(T),zeC
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Using (3.3) and Lemma one has
lim |||Jup — JT" 2y = 0.
J—00

It follows that JT"z, — Jz. Since J~! : E* — FE is demi-continuous, one has T"x,, — z. This further
implies || T"xz,| — ||Z|| as n — oco. Since E has the Kadec-Klee property, one has

lim |||z — T"z,|| = 0.
—00
Since T is also uniformly asymptotically regular, one has lim,, o [|Z —T" 2, || = 0. That is, T(T"x,) — 7.

Using the closedness of T', we find Tz = z. This proves = € Fix(T).
Next, we show that z € Sol(B). Since B is monotone, we find that B(u,z) < 0. For 0 <t < 1, define

pt= (1 -tz + tu.
This implies that 0 > B(u?,Z). Hence, we have

0= B(u', u") <tB(u', p).

It follows that B(Z, ;) > 0, Vi € C. This implies that z € Sol(B).
Finally, we prove ¥ = [y p)npiz(r)71- Note the fact (z, — 2, Jo1 — Jxn) > 0, Vz € Sol(B) N Fiz(T).
It follows that
(x —z,Jxy — Jz) >0, Vze Fiz(T)N Sol(B).

Using Lemma we find that that T = IIp;y7)ng01(p)T1- This completes the proof. O

Remark 3.2. Theorem which mainly improves the corresponding results in [I8], [23], [31], [32], unify
the recent results of the monotone projection algorithms. The nonlinear mapping in Theorem is more
generalized than the corresponding results in the literature which only involve (asymptotically) quasi-¢-
nonexpansive mappings. The sequence {u,} is generated shrinkingly instead of always finding in set C

and it also deserves mentioning that there is no bounded restriction imposed on the common solution set
Fix(T) N Sol(B).

If T is a quadi-¢-nonexpansive mapping, we have the following result.

Corollary 3.3. Let E be a strictly convex and uniformly smooth Banach space which also has the Kadec-
Klee property. Let C be a conver and closed subset of E and let B be a bifunction with conditions (R-1),
(R-2), (R-3) and (R-4). Let T be an asymptotically quasi-¢-nonexpansive mapping on C. Assume that T
is closed on C and Fiz(T) N Sol(B) is nonempty. Let {x,,} be a sequence generated by

xg € E chosen arbitrarily,

€ =C,

z1 = e, 2o,

TnB(tn, 1) > (up — p, Jup — Jxyn),Vu € Cp,
Yo = JH(1 = o) Jun +  JTxy),

Crt1 =12 € Cn 1 ¢(2,70) > 9(2,Yn) }

\xn%»l = HCnJrl’:Bl?

where {ay,} is a real sequence in (0,1) such that liminf, o apn (1 —ay) > 0, {r,} C [r,00) is a real sequence,
where 1 is some positive real number. Then {x,} converges strongly to Il p;y(ynso1(B)T1-

From Theorem the following results are not hard to derive.
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Corollary 3.4. Let E be a strictly convex and uniformly smooth Banach space which also has the Kadec-
Klee property. Let C be a convex and closed subset of E and let B be a bifunction with conditions (R-1),
(R-2), (R-3) and (R-4) such that Sol(B) # (. Let {x,} be a sequence generated by

(20 € E chosen arbitrarily,

C1=0C,

z1 = e, 2o,

T B(tn, 1) > (up — p, Jup — Jxn),Vu € Cp,
Yn = J_l((l — ap)Juy + oszxn),

Cnt1 =1{2 € Cp : d(2,20) > 6(2,Yn)},

Tn+1 = H0n+1x17

where {ay, } is a real sequence in (0,1) such that iminf, _, a,(1—ay) > 0, {r,} C [r,00) is a real sequence,
where 1 is some positive real number. Then {x,} converges strongly to I1 Sol(B)Z1-

Corollary 3.5. Let E be a strictly conver and uniformly smooth Banach space which also has the Kadec-
Klee property. Let C be a convex and closed subset of E. Let T be an asymptotically quasi-¢-nonerpansive
mapping in the intermediate sense on C. Assume that T is uniformly asymptotically reqular and closed on
C and Fix(T) is nonempty. Let {x,} be a sequence generated by

xo € E chosen arbitrarily,

C1=0C,

z1 = ey zo,

Yn = J (1 — o)z + an J Ty,
Crt1=1{2 € Cp: (z,20) + & = ¢(2,n)},
Tn+1 = Ue, 21,

where &, = Max{SUPpe piz(1),zcC (¢(p, T"x)—¢(p, x)), 0}, {ov, } is a real sequence in (0,1) such that liminf, o
an(l —ay) > 0. Then {x,} converges strongly to Il p;yr)ns01(B)T1-

In the framework of Hilbert spaces, one has \/¢(z,y) = || — y||, Yo,y € E. The generalized projection
is reduced to the metric projection and the class of asymptotically quasi-¢-nonexpansive mappings in the
intermediate sense is reduced to the class of asymptotically quasi-nonexpansive mappings in the intermediate
sense. Using Theorem (3.1 we also have the following results.

Corollary 3.6. Let E be a Hilbert space. Let C' be a convex and closed subset of E and let B be a bifunction
with conditions (R-1), (R-2), (R-3) and (R-4). Let T be an asymptotically quasi-nonexpansive mapping in
the intermediate sense on C. Assume that T is uniformly asymptotically reqular and closed on C and
Fix(T) N Sol(B) is nonempty. Let {x,} be a sequence generated by

(20 € E chosen arbitrarily,

C,=0C,

r1 = Pe, o,

T B(Un, 1) > (Up, — fy Uy, — xp), YV € Ch,

Yyn = (1 — ap)Jup + an JT" 2y,

Cpy1 = {2 € Cn: flzn — 2P + & > 12 — wall*},

xn+1 = P0n+1x17

where {ay, } is a real sequence in (0,1) such that iminf, _, a,(1—ay) > 0, {r,} C [r,00) is a real sequence,
where 1 is some positive real number and &, = max{sup,c piy(r) zec (0 —T"z|* — |p — 2[|*),0}. Then {z,}
converges strongly to HFZ-E(T)QSOI(B)J:L
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