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Abstract
In this work we use fixed point theorem method to discuss the existence of positive solutions for the
impulsive boundary value problem with Caputo fractional derivative
“Diu(t) = f(t,u(t)), ae. t€[0,1];
Au(ty) = Ir(u(ty)), Au'(ty) = Jx(u(ty)), k=1,2,....m;
au(0) — bu(1) =0, au'(0) —bu'(1) =0,
where ¢ € (1,2) is a real number, a,b are real constants with a > b > 0, and °D{ is the Caputo’s fractional

derivative of order ¢, f : [0,1] x RT — R™ and I, J; : Rt — R™ are continuous functions, k¥ = 1,2,...,m,
RT := [0, +00). (©2016 All rights reserved.

Keywords: Caputo fractional derivative, impulsive boundary value problem, fixed point theorem, positive

solution.
2010 MSC: 34B10, 34B15, 34B37.

1. Introduction
In this work we study the impulsive boundary value problem with Caputo fractional derivative
°Diu(t) = f(t,u(t)), ae. tel0,1];
Au(ty) = I(u(ty)), AU (tg) = Jr(uty)), k=1,2,...,m; (1.1)
au(0) —bu(1) =0, au'(0) —bu/(1) =0,
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where ¢ € (1,2) is a real number, a,b are real constants with a > b > 0, and °D{ is the Caputo’s fractional
derivative of order ¢; tp(k = 1,2,...,m, m > 1 is a fixed integer) are constants with 0 = tp < t; < --- <
tm < tmg1 = 1, u(t)) = limpou(ty + h) and u(t,) = limy_ou(ty — h) represent the right-hand and
left-hand limits of u(t) at t = ¢y, respectively. Moreover, f, I, and Ji satisfy the condition:
(H1). f:]0,1] x RT — R* and I, Ji : Rt — R (k =1,2,...,m) are continuous functions.

Denote J = [0,1], Jo = [0, t1], Jx = (tk, tx+1](k = 1,2,...,m). Furthermore, we define

PC(J) = {ulu: J — Ris continuous att # t,and u(t}), u(t; ) exist, u(ty ) = u(ty), bk =1,2,...,m}.

Clearly, PC(J) is a Banach space with the norm |Ju|| = sup;c; |u(t)| for u € PC(J). Note that C(J), which
represents the set of all continuous functions on J, is also a Banach space with ||u]|.

As is well known, it is an important method to express the solutions of differential equations by Green’s
function. However, for impulsive differential equations of fractional order (see [1H5] 9} 1], 14} 15, 17-HI9] and
the references therein), their integral forms are very complicated, and cannot be formulated by virtue of
some suitable Green’s functions. For example, in [I4], Wang, Ahmad and Zhang investigated the existence
and uniqueness of solutions for a mixed boundary value problem of fractional differential equations with
impulses

DYu(t) = f(t,u(t)), l<a<2, tel|

Aulty) = I(u(t),  Au'(t) = [ (u(t), k=1,2,....p;

Tu'(0) = —au(0) — bu(T), Tu'(T) = cu(0) + du(T),
which can be written in the form

_ S)a—l

t _ s a—1 T
u(t) = /tk (tF(a))f(s,u(s))ds + Al(t)/ (Trm)f(s,u(s))ds

T — s a—2
— Xa(t) /tp (?(a—)l)f(s’ u(s))ds + Z

)
k—lt t b (t; —s)*2 e
) / a1 /(& ule)ds + I (u(t)
k

t; . _ g a—2
+) (t—t) [/t_ (trz(a_)l)f(s, u(s))ds + Ii"(u(ti))]

=1
i s)@ 1
+ i (¢ [/t ()f(& u(s))ds + Ii(u(tz'))]

)
ti (f, — g)o—2
1:1 ti-1

p ti (tz’ _ S)a—Q .
_ ;[Ag(t) + A1 (t)ty) [/tl mf(s,u(s))ds + 1 (u(ti))] _

+ A1t

Mv -

We all know that impulsive differential equations with integer order can be expressed by Green’s function
(see for example [7], [16] 20]), therefore, it is a natural problem whether or not the same result holds for the
fractional order case. To the best of our knowledge, only [10, 21H23] are devoted to this direction. In [10],
Liu and Jia considered the fractional impulsive differential equations:

(Dgu(t) = ft,u(t), °Dyu(t), teJ;
Au(ty) = Ip(u(ty), Dy u(ty));
AcDo+u( k) = Qr(u(ty), D0+u(tk)), k=1,2,...,m;

u(0) = /0 ult




K. Zhang, J. Xu, J. Nonlinear Sci. Appl. 9 (2016), 4628-4638 4630

which can be expressed by
m
/ G(t,)f(s,u(s)," Dy u(s))ds + > H(t, t;)I;(u(t:), "Dy, u(t;))
i=1
+ 3 K@i (u(t), D ult).
i=1
By Schauder fixed point theorem and Krasnoselskii fixed point theorem, they established some existence
theorems for the above problem.

Inspired by the above mentioned works, in this paper by Green’s function and fixed point theorem
method, we obtain the existence of (positive) solutions for (|1.1)) with the assumptions that the growth of f
is superlinear, asymptotically linear and sublinear.

2. Preliminaries

Let us recall some notations and preliminary lemmas of fractional calculus, for more details, see [12| [13].

Definition 2.1. The Riemann-Liouville fractional integral operator of order o > 0, of function f :
(0,400) — (—00, +00) is defined as

RﬂﬂﬂzF;%A@—ﬁf*ﬂﬁm

where T'(+) is the Euler gamma function.

Definition 2.2. The fractional derivative of f in the Caputo sense is defined as

‘Dif(t) = ! ] /Ot(t — )" M ()ds, n—1<a<n,

'n—«
where n = [a] 4+ 1, [@] denotes the integer part of the number a.

Lemma 2.3. Let o > 0. Then the differential equation °Dgu(t) = 0 has a unique solution
u(t)=co+ecrt+- -+ Cp1t" !
for some ¢; € R(i =0,1,...,n—1), where n = [a] + 1.

Lemma 2.4. Assume that u € C(0,1) N L(0,1) with a derivative of order o > 0 that belongs to C(0,1) N
L(0,1). Then
I8 CDu(t) = u(t) + co + ert + -+ cpgt"

for some ¢; e R(1 =0,1,...,n—1), where n = [a] + 1.

Lemma 2.5 (|22, Lemma 2.5]). Let y € C(J). Then the unique solution of the boundary value problem
“Diu(t) = y(t), a.e. te0,1)
Au(ty) = Ii(u(ty)), Au'(ty) = Je(u(ty)), k=1,2,...,m; (2.1)
au(0) —bu(1) =0, au'(0) —bu'(1) =0

s given by

:/lGl(t,s ds+ZG2tt +ZG3tt (t:), (2.2)
0

=1
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where
g1 g1 _ _ g2 20, _ —g)a2
(t —5) b(1 — s) b(g — Dt(1 — s) b°(q 1)(12 ST g<s<t<t
it~ 1 T@ @ br@ (a—b)T(q) (a —b)°T'(q) (2.3)
’ b(l _ 3>Q*1 b(q — 1)t(1 — S)qiz b2(q - 1)(1 B 8)q72 0<t<s<1
(a—b)(q) (a—b)(q) (a=b)°T(q) = "=~ 7
(Ib +(l(t—tz)’ 0§t1<t§1’ 22172,7777/,
(a —b)2 a—2b
Gt =9 0 et (2.4)
! <t<t; <1, i=1,2,...
(a—b)2+ a—b 0<t<t; <1, i=12,...,m,
— 0<t;<t<l, i=12,...,m;
Ga(t,s) =13 25
a—0b 0<t<t <1, 1=12,....m
a—

Lemma 2.6 (|22 Lemma 2.6]). Let a,b be real constants with a > b > 0. Then G;(i = 1,2,3) have the
following properties

(i) Gi(t,s) € C(J x J,R") and G1(t,s) > 0,Ga(t, t;) > 0,G3(t, t;) > 0 for all t,t;,s € (0,1),

(i) there exists a negative function M(s),s € [0, 1] such that

" M(s) < Ci(t,5) < M),

where
al(l —s)a— (2 —s— —g)a2
SN[ TS S S
(iif) . P b )
o SR S oSGt <, VL e 1]

For convenience, we need to calculate the following integral

_ a’(q—1) + abg(q — 2) + ab
”"1‘/ M{s)ds = = D - bPr(g)

We define the operator A : PC(J) — PC(J) by

m

1 m
:/0 Gi(t,s)f(s,u(s))ds + Y Ga(t,t;) Ji(u(t)) + Y Gs(t, t:);(u(t;)),
=1

=1

where G;(i = 1,2,3) are defined in (2.3), (2.4) and (2.5). Then from Lemma solving the solutions of
(1.1) reduces to solve the fixed points of the operator equation u = Au. Furthermore, we can adopt the

Ascoli-Arzela theorem to prove A is a completely continuous operator.
2
Define P = {u € PC(J) : u(t) > 0,t € [0,1]}, and Py = {u € PC(J) : u(t) > %HuH,t € [0,1]}. Then
P, Py are cone on PC(J). Moreover, we easily obtain the following lemma.

Lemma 2.7. A(P) C R.
Let E be a Banach space, P be a cone on E, and Bg :={u € E : |ju|| < R} for R > 0 in the sequel.

Lemma 2.8 ([6]). Let A: BRN P — P be a completely continuous operator. If there exists vo € P\ {0}
such that v — Av # Avg for allv € 0Br N P and X\ > 0, then i(A, B N P, P) =0, where i is the fized point
index on P.
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Lemma 2.9 ([6]). Let A: BRNP — P be a completely continuous operator. If v # NAv for allv € 9BRNP
and 0 < A <1, then i(A, BRN P, P) = 1.

Lemma 2.10 ([§]). Let A : E — E be a completely continuous operator. Assume that T : E — E is a
bounded linear operator such that 1 is not an eigenvalue of T and

fm A= Tul
lullso0 [ul]
Then A has a fixed point in E.
3. Main results
Theorem 3.1. Assume that
(H2). f:[0,1] xR >R and Iy, Jp : R - R(k =1,2,...,m) are continuous functions, moreover,
t
lim M =\, uniformly int € [0, 1],
U—00 u
and s ;
TG0 TR/ C) S W I
u—oco U U—00 u
If

I < [nﬁm((aﬁ)y +afb>]1,

then (1.1) has a nontrivial solution when f(t,0) # 0 fort € [0, 1].
Proof. Define T : PC(J) — PC(J) by

(Tw)(t) == A

1 m m
/0 G1 (t, s)u(s)ds + Z GQ(t, ti)u(ti) + Z G3(t, tl)u(tz)] . (3.1)
i=1 i=1

Then T is a bounded linear operator. From Lemma equation ((3.1)) is equivalent to

°Diu(t) = Au(t), a.e.tel0,1];
Au(ty) = Mu(ty), AU (tg) = Mu(ty), k=1,2,...,m; (3.2)
au(0) —bu(1) =0, au'(0) —bu'(1) = 0.

Next, we consider the following two cases.
Case 1. A = 0. Equation (3.2)) is a problem without impulse, and from Lemma we have

u(t) =co+ crt

for some ¢; € R,i = 0,1. In view of the boundary conditions , we have ¢g = ¢; = 0 and thus u(t) =0
for ¢t € [0,1]. This shows has only a trivial solution.

Case 2. A\ # 0. From Case 1 we see has nontrivial solutions. Let w be a nontrivial solution for
and then [|u|| > 0. Suppose that 1 is an eigenvalue of 7. Then we have

1 m m
lull = ITul| < A][Jul [ / Gits)ds + 3 Galt ) + 3 Gat. 1)
0

i=1 i=1

a? a
<|A| |k1 +m (a— b2 + p— llu|l < [Jull-
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This is impossible.
To sum up, 1 is not an eigenvalue of T.
From (H2), for all € > 0, there exists M > 0 such that

|f(t,u) — M| <elul, |[Ix(u) — Au| < elul, |Jk(u) — Au| < elul, for t € [0,1], |u| > M.

Moreover, if |u| < M, then |f(t,u) — Au|, [Ix(u) — Au| and |Ji(u) — Au| are bounded. Hence, there exists
M > 0 such that

[f(t,u) — M| < elu|+ My, |Ix(u) — M| < elu| + My, |Jx(u) — Au| < e|u] + My, for t € [0,1], u € R.

Hence

| Au — Tu|]| = sup

/ Gi(t,s) [f(s,u(s)) — Au(s)]ds

teOl
+ ZG2 tts) [Jiu(t) = du(t)] + Y Ga(t, ) [Liu(ti) — Au(ti)]
=1

Stzlépl/ Gi(t,s)|f(s,u(s)) — Au(s)|ds

+ sup ZGz(, ti) [Ji(u(ti)) — Au(ts)| + sup ZGs tti) [ 1i(u(ts)) — Au(ts)]

tel0,1] ;4 te[0,1] ;=7
a2 a

< Gl +30) [t (S + 25 )]

which implies that

_ (e||lu]| + My) |k1 +m %—FG% 2
7HAU Tu”< lim [ <( 2k b” —5[n1+m<( ¢ + ¢ )]

lullso0  |ul] = ull—oo |

Note that the arbitrariness of ¢, so

| Au — Tul| 0

lul=oo [lul] '
Therefore, from Lemma A has a fixed point in PC(J), that is, has at least one solution wu.
Further, we can assert that u is nontrivial when f(¢,0) # 0 for ¢ € [0,1]. This completes the proof. O

In order to establish the following two theorems, we need some conditions as follows:
(H3). There exist ¢ > 0 and a; > 0,as > 0,a3 > 0 satisfying

azb*m + azb®(a — b)ym > (a — b)*(a® — abaik1)
such that
flt,u) > aju—e, I(u) > agu — ¢, Ji(u) > asu—c, forallte[0,1],u € R,
(H4). There exist r > 0 and by > 0,bs > 0,b3 > 0 satisfying
(1 — k1b1)b*(a — b)* > m [a*bs + a®(a — b)bs)

such that
f(t,u) < bru, Ii(u) < bou, Jp(u) < bsu, for allt € [0,1], u € [0,7].
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(H5). There exist 7 > 0 and a4 > 0,a5 > 0,a¢ > 0 satisfying
agh*m + asb®(a — b)ym > (a — b)*(a® — abayk1)
such that
ft,u) > agu, Ip(u) > asu, Ji(u) > agu, for allt € [0,1],u € [0,r].
(H6). There exist ¢ > 0 and by > 0,b5 > 0,bs > 0 satisfying
(1 — k1bg)b?*(a — b)? > m [a4b6 + a(a — b)bs|

such that
flt,u) <bgu+e, I(uw) <bsu+c, Jip(u) <bsu+c, foralltel0,1],uecRT.

Theorem 3.2. Suppose that (H1), (H3) and (H4) hold. Then (1.1) has at least one positive solution.

Proof. Let My = {u € P :u = Au+ M), \ > 0}, where ¢ € Py is a given element. From Lemma
u € M implies that © € Py. We shall prove that M; is bounded. If u € M1, then u > Au. This shows

1 m m
u(t) = / Gi(t,s)f(s,u(s))ds + > Galt, t:) Ji(u(ts)) + Y Ga(t, to) Li(u(ts)). (3.3)
0 i=1 i=1
Multiplying by M (t) on both sides of the above and integrating over [0, 1], we obtain
1 1 m m
/ w(t)M(t)dt 2/ / Gilt, s)f(s,u(s))ds+ZG2(t,ti)Ji(u(ti)) + Gt t) Liu(t)) | dt
0 » —
) =t (3.4)
b b
> K,l/ ft U )dt—|—( —b) KlzJ )—Fa_b/{,l;Ii(u(ti)).
Combining this and (H3), we find
1 b m
/0 u(t)M(t)dt > /-@1/ M(t)(aju(t) — c)dt —|— 5 K1 Z asu(t a e Z(agu(ti) —0)
i=1
) . m (3.5)
= aaml/o u(t) M (t)dt + 5 a3K1 Z — ba2/£1 ZZ;u(tz) — ¢,
where ¢; = @ % + (z CZ;Q K1+ 2 - b“l Next we consider the following two cases.
Case 1. baml > 1. From and u € Py, we obtain
b 1
c > (aaml - 1)/0 u(t)M(t )dt—i— a3/€12 (ti) + azmz (t:)
, 2 (3.6)
> o 1) [ Sitaroa+ o an Z Dl + =z Z )

This shows that there exists My > 0 such that

a®(a — b)2 1

b? a3b2m1m + agb(a — b)kim + k1(a — b)2(Laiky — 1)

[|lul| < := Ms, for all u € Mj.
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Case 2. faml < 1. From , we have

b ! b =
1+ (1 - aaml)/ u(t)M(t)dt > 5 A3K1 g a2k g u(t;). (3.7)
0 i=1
Note that u € Fy, we have
b
1—-— > 3.8
cr+ (1= carkr)r|lull 2 ———<5ask E QH ull + —— azk1 E QHUH (3.8)

Therefore,

c1a®(a — b)?

[Jul| < =: M3, for all u € Mj.

asb*kim + axb®(a — b)kym — (a — b)2(a? — abai k1) kK1
To sum up, M is a bounded set, as required. Taking R > max{ My, M3}, we obtain
u# Au+ X\, forallue dBgNP, \>0.

Lemma [2.§] yields
i(A, BR P,P) = 0. (3.9)

Let My :={u € B, NP :u=Nu,\ € [0,1]}. We shall prove My = {0}. Indeed, if u € My, we have
u € Py and

m

1 m
u(t) < /0 Gi(t, 8)f(s,u(s))ds + > Ga(t,t:) Ji(u(ts) + Y Gs(t, ti)Ii(u(t;)), for all u € B, N P.
= =1

Similar to (3.4]), multiplying by M (¢) on both sides of the above and integrating over [0, 1], we obtain

1
/Ou() (t dt</<;1/ MO u(b)at + leJ

(3.10)
/112[ , foralluw € B, N P.
This, together with (H4), implies that
1 1 CL2 m a m
/ u(t)M(t)dt < k1by / u(t)M(t)dt + ngm Zu(t )+ bbglﬁ}l Z u(t;). (3.11)
0 0 N i=1 N i=1

From u € Py we have

(1 — K1b1)b? ! a? - a

bbzfﬁ ; [l

K1 >m [( — bsk1 + bglﬁl} This implies My = {0} and thus
u # Mu for all u € 0B, N P and X € [0,1]. Lemma [2.9] yields

which contradicts the condition (1_2%2[)1%‘2
i(A,B,NP,P)=1. (3.12)
Equations (3.9) and (3.12]) imply that
i(A, (BR\B,) "N P,P)=0—1=—1.

Hence the operator A has at least one fixed point on (Bg \ B;) N P and therefore (1.1)) has at least one
positive solution. This completes the proof. O
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Theorem 3.3. Suppose that (H1), (H5) and (H6) hold. Then (1.1) has at least one positive solution.

Proof. Let M3 :={u € B,NP :u= Au+, A > 0}, where 1) € Py is a given element. We claim M3 C {0}.
Indeed, if u € M3, then u € Py and u > Au. By (H5) and (3.5]), we have

/01 w(t) M)t > gam /0 LMt + (af?b)Qam EU ¢ Ebaml ;u(ti). (3.13)
If 2a4/@1 > 1, note that u € Fy, then
0> (éa4f€1 -1) /1 w(t)M(t)dt + 5 A6k Z ask1 iu(t )
T a 0 a—b ;
> Caw=1) [ Sitaroat + o an Z S Z el
= , a2 o2 o2

This shows |lu]| =0, Yu € Ms.
If ga4/€1 < 1, then

b b ! b? -
(1~ Zasmiymalfull > (1 - aa4f<a1)/0 WM > sk 3 ult

a—2>b ;
i=1
> aﬁmz 2” uf + - amz 2IIuH

m
— ba5/<;1 ;u t

which contradicts the property (1 — fa4/<,1)/-$1 < K1m [( bb)z ag a2 + = ba5 2} This also verify ||u|| = 0,Vu €
Ms.
Hence M3 C {0}, as claimed. As a result, we have u — Au # A\ for all w € 9B, N P and A > 0. Lemma

2.8 gives
i(A,B, NP, P)=0. (3.14)

Let My :={u € P:u=MAu, X € [0,1]}. We assert M, is bounded. Indeed, if u € My, then we have
u € Py and u < Au, which can be written in the form

/Glts s, u( ds+ZG2tt —I—Ztht ().

By (H6) and (3.10]), we obtain

1 1
/Ou(t)M(t)dtgbml/O u(t)M ()dt+ bﬁmz bwz i)+ ca,

where ¢ = K2c + (a )Q/il + S5k
From u € Py, we get

M/@ lul] < (1 —bygk )/1u(t)M(t)dt<a2b K iu(t-)—i— S - Zu(t)%—c
22 jull < ak1) | _<a—b)261i:1 i)+ b i 2

2 m
a
< ot Z; lull + —

m
b5/<c1 Z HUH + Co.
=1
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Consequently, we see

coa’(a — b)?
(1 — K1bg)b%(a — b)2k1 — k1m [a*bs + a®(a — b)bs]

Jul < = Mj.

Now My is a bounded set, as asserted. Taking R > My, we have u # MAu for all u € 9BrN P and A € [0, 1].
Lemma [2.9] yields
i(A,BrN P, P) = 1. (3.15)

Equations (3.14) and (3.15)) imply that
i(A, (BR\B,)NP,P)=1—-0=1.

Hence the operator A has at least one fixed point on (Bg \ B,) N P and therefore, (I.1]) has at least one
positive solution. This completes the proof. O
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