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Abstract

The aim of the present paper, by using the Borwein-Preiss variational principle, we prove existence results
for countable systems of equilibrium problems. We establish some sufficient conditions which can guarantee
two existence theorems for countable systems of equilibrium problems on closed subsets of complete metric
spaces and on weakly compact subsets of real Banach spaces, respectively. (©2016 All rights reserved.
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1. Introduction

The Ekeland variational principle (for short, EVP) was discovered by Ekeland in 1974 (see in [9] and
[10]). The principle has received a great deal of attention and found many applications in different fields in
analysis. It is a potent and flexible tool in analysis and in optimization problems for lower semicontinuous
function on a complete metric space. Moreover, this Ekeland variational principle is equivalent to the
Caristi’s fixed point theorem, the Danes drop property, and the Petal flower theorem (see in [I1], [14], and
[17]). In 1987, for the application to differentiability problems of convex functions, Borwein and Preiss [7]
revised this principle in the Banach spaces. The generalization of the Borwein-Preiss variational principle
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on a complete metric space appeared in 2005 (see in [§]).

One of the most important problems in nonlinear analysis is the so-called equilibrium problem considered
by Takahashi [19] (see also in [6]). Let A be a nonempty set and ¢ : A x A — R a bifunction. The problem
consists of finding an element a* € A such that

¢(a*,a) >0, VaeA (EP)

Furthermore, equilibrium problems have been extensively studied (e.g. [0], [12], [I5] and the references
therein). The reason of studies of equilibrium problems is that it was applied among its particular cases,
variational inequalities (monotone or otherwise), Nash equilibrium problems, optimization problems, and
saddlepoint (minimax) problems (see [12] for a survey). Recently, Ansari, Schaible, and Yao [3] introduced
a system of equilibrium problems and established existence results of the problems (see also in [13], [16] and
[18]).

In 2005, Bianchi, Kassay and Pini [5] studied existence results of equilibrium problems and a system of
equilibrium problems via the Ekeland variational principle (see also in [2] and [4]). Very recently, Alleche and
Radulescu [I] studied the Ekeland variational principle for equilibrium problems and a system of equilibrium
problems under real Banach spaces. They also proved a result to guarantee for an existence of solutions for
countable systems of equilibrium problems in the non weakly compact case which is a generalization of ([2],
Theorem 15).

In this paper, by using the Borwein-Preiss variational principle, we prove existence results for countable
systems of equilibrium problems. We establish some sufficient conditions which can guarantee for existence
theorems of countable systems of equilibrium problems on closed subsets of complete metric spaces and on
weakly compact subsets of real Banach spaces, respectively.

2. Preliminaries

The purpose of this section, we will introduce the significant definitions, theorems and corollary for
using in the following section.

Definition 2.1 ([§]). Let (X, d) be a metric space. We say that a continuous function p : X x X — [0, o0
is a gauge-type function on a complete metric space (X, d) provided that

(i) p(x,z) =0 for all z € X,
(ii) for any e > 0 there exists 0 > 0 such that for all y,z € X we have p(y, z) < ¢ implies that d(y, z) < e.

The following theorem, it is well-known that the Borwein-Preiss variational principle on a complete
metric space.

Theorem 2.2 ([]]). Let (X,d) be a complete metric space and let f: X — RU{+o0} be a lower semicon-
tinuous function bounded from below. Suppose that p is a gauge-type function and {6;}:2, is a sequence of
positive numbers, and suppose that € > 0 and z € X satisfy

Jz) < inf flz)+e

Then, there exist y and a sequence {x;} C X such that

@) p(zy) < 5, p(xiy) < 55,

(0.) fy)+ 320 diply. @i) < f(2), and

(c.) f(@) + 2220 dipla, i) > f(y) + 2220 0ip(y, i), for all z € X\ {y}.
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Corollary 2.3. Let (X,d) be a complete metric space and let f : X — RU{+o0} be a lower semicontinuous
function bounded from below. Suppose that p is a gauge-type function and {0;}:°, is a sequence of positive
numbers. Then for any € > 0, there exist y and a sequence {z;} C X satisfying the following two conditions:

(1) f(y)+ > dip(y, z;) < infrex f(x) + ¢
(2) flw) + 32720 ip(w, i) > fly) + D20 dip(y, xi) for allw € X.

Proof. Tt is obvious from Theorem [2.2] O

Definition 2.4 ([1]). The function f is said to be sequentially upper (resp. sequentially lower) semicontin-
uous on a subset A of X if it is sequentially upper (resp. sequentially lower) semicontinuous at every point
of A.

Definition 2.5 ([I]). Let X be a Banach space (more generally it may be a Hausdorff topological space),
x € X and f: X — R a function. the function f is said to be

(1) sequentially upper semicontinuous at z if for every sequence {z,}, — = € X,
we have

f(z) > lim sup f(zn),

n—-+40o

where limsup,,_, o, f(z,) = inf, SUPg >, fxr);
(2) sequentially lower semicontinuous at x if — f is sequentially upper semicontinuous at x.

Hausdorff topological space is called sequentially compact if every sequence has a converging subsequence.
A subset A of a Hausdorff topological space is called sequentially compact if it is sequentially compact as a
topological subspace.

3. Main theorem

Let I be a countable index set. Assume that A; is a closed subset of a complete metric space (X;, d;)
and p; is a gauge-type function on (Xj, d;), for every i € I. The system of equilibrium problems is a problem
of finding «* = {z };cs such that

where ¢; : A x A; = R, A =T]][;c; A:i with A; some given sets. Without loss of generality, we may assume
that d; and p; are bounded by 1 for all i € I. An element of the set A® = Hje[ Aj; with j # ¢ will be
represented by z°. Therefore, Z € A can be written as = (2%, z;) € A’ x A;. The space X = [[,.; X; will
be endowed by the product topology. The distance d and gauge-type function p on X defined by

i€l

1
d(z,y) = idi(xiayi) N =A{xitier, y = {yitier € X,
icl
and

1
p(z,y) = Z ?Pi(l’iayi) Vo =A{zitier, y = {yitier € X
el
respectively. Therefore, the space (X, d) is a complete metric space.
The following theorem is the Borwein-Preiss variational principle for nonconvex countable systems of

equilibrium problems defined on complete metric spaces.
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Theorem 3.1. Let A; be a nonempty closed subset of a complete metric space (X;,d;) and ¢; : Ax A; — R,
for every i € I. Assume that, for every i € I, the following conditions hold:

(1) ¢i(a,a;) = 0, for every a = (a*,a;) € A;
(2) ¢i(a,b;) < ¢i(a, c;) + ¢i(¢,b;) for every by, c; € Ay, and a,é € A such that ¢ = (¢, ¢;);
(8) @i is lower bounded and lower semicontinuous in its second variable.
Suppose that {d"}>2 is a sequence of positive numbers and p; is a gauge-type function and suppose that

€ >0 and z = {z}ic1 € A, there exists m; € A; with

qbi(é,mi) < inf gbi(i,l‘i) + €,

:EiGAi

for all i € I. Then, for every z = {z;i}ic1 € A, there exist §y = {yitier € A and a sequence {Tp}2, =
{(@l)ier}sey € A such that, for alli € I,

(i) ¢i(2,9i) + >0t 0" pi(Yi, Tn) < 0;
(i) ¢i (Y, xi) + > oo 0™ (pi(xi, Tn) — pi(Yi, Tn)) > 0, Va; € A; and z; # y;.

Proof. We define sequences {z'} and F* for all i € I inductively. Let 2" := 2 € A and for all i € I
F = {w; € Ailgi(2®, i) + 6°pi(wi, 27) < 0} (3.1)

From the condition (1), we obtain that z{ € F. Hence, by the condition (3), F is nonempty and closed
set. For all i € I and z; € F?, we note that

—i(2”,2;) < ¢i(a°,2)) — ¢i(a”, 37)

q&i(xo,:c?) — inf d)i(aro,a:i) <e.

T, €EA;

6Opi ($i7 x?)

For all 7 € I, we choose xll € Fio such that

51
bi (20, 2}) + Opi(z}, ) < inf | di(2, ) + 60pi(zy, 2P) | + i
Z‘—L'EF,LQ 250
51
< ¢i(a°,x}) + inf |@i(a’, ;) + 0 pi(wi, 2l) | + %,
and hence .
50pi(asil,x?) < inf gbi(:pl, x;) + 50pi(xi,$?) + E
xZ'EFZO 260

For any fixed ¢ € I, we define
1
F! .= {xz € FP|ps(xt, i) + Zék,oi(asi,:cf) < 50pi(332-1,x?)}.
k=0

Similarly, for all i € I, we take 2? € F! such that

1 1 2
Sodtntchat) < it [oaha) + 30 o) + o

el 249
k=0 zi€F; =0

and define
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1
F} o= {xieﬂl\¢i(9€27$i)+z pi(i, T; SZ @) }

In general, for all i € I and for j = 0,1,.. — 1, suppose that we have defined x] F] satisfying

7j—1
&e
k : k k

Z“Z ) < ié?ﬂgl[(’”(x RAPSRES ’)]+250
and

J j—1
Fi = {x e Pyl m) + 3 il ab) < 3 6, Z)} viel
k=0 k=0

For all i € I, we choose 2" € F/*~ ! such that

n—1
o€
k : °°
Z(S pi(x?, 2F) < .12; {qﬁzx x —1—25 pi(zi, Z)] + 550 (3.2)
Ti€H; k=0
and define
Fr = {x EFi”_l\gbi(x",xi)—kZé pilzi, x¥) <Zakp, z?, f)} (3.3)
k=0 k=0

Thus, we see that, for every n = 1,2,..., F" is nonempty and closed set. It follows from (3.2]) and ({3.3])

7

that, for all i € I,n =1,2,..., and z; € F"

n—1 n—1
6 pl(xl’ z) S (Skp(ﬂjl ’xz) (d)l 'T y Ly +Z5 pl Ly, T z))

k=0 k=0
n—1

<Y ntetiat) -t o)+ zm 1.8
k=0 IiGFZni

< o"e

= 260"

Thus, we see that there exists ¢ := 557 such that pi(zi,z}) <odforallie I,n=1,2,..., and z; € F*. Since

pi is a gauge-type function, it follows that d;(x;,z}) — O as n — oo uniformly. Hence diam(F}') — 0 and
therefore, by Cantor’s intersection theorem, there exists a unique y; € N2y F" for all 7 € I. This implies
that z] — y; as n — oo. For any i € I, if z; # y;, we can conclude that z; §Z Moo 7" Therefore for some j,

Z(Sk:pz xi, T >Z5k,01 xl, af) — ¢i(ad, xy). (3.4)

This implies that

00 J
$i(x?, i) + Y Sppilwi,af) > di(ad )+ ki, )
k=0 k=0
j—1

> gi(a?, ;) +Z5m ), af) — ¢, m;) (3.5)

j—1

25].;;,01,( Ty flf)

J
k=0
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On the other hand, it follows from (3.1)), (3.3)), and y; € N7 F;* that, for all ¢ > j,

_QSZ(anxZ) 516/)1( 5, f)

»Qﬁ' <.
- o —

v

516/)1( Z;, z)+¢l(xj7 g)

i
[e=)
—~
Py
=2
~

q
> ¢i(a?, 2l) + ¢i(a®, yi) + > Skpilyir 2

k=0
' q
> ¢i(a?, i) + > kil o)
k=0
From (3.6)), we obtain that, for any ¢ > j and i € I,
q
0> ¢i(a,y0) + Y 6kpiysr ). (3.7)
k=0

Combining (3.5) and (3.6 yields for any ¢ > j and i € I,

00 q

k=0 k=0
Since ¢; (27, x;) — ¢i(27,y;) < ¢i(y, i), we have
) q
$i(Gwi) + Y Swpilwiaf) > Swpilyi ). (3.8)
k=0 k=0

By taking limits in (3.7) and (3.8)) as ¢ — oo, we have

0> ¢i(z,4) + D okpilysr f)
k=0

and - -
Gi(F, i) + > kpilas i) > Y Okpilyi, f)
k=0 k=0
for all ¢ € I. This completes the proof. O

Example 3.2. Let A; be a nonempty closed subset of a usual metric space (R,d) with the gauge-type
function p; = d, for every i € I, and A = [],.; Ai. Suppose that ¢; : A x A; — R is a real valued function

el
defined by
1 1
di(a,b;) = Pl Va={ai}icr € A b; € A;.

It is easy to see that both functions (p; and ¢;) satisfy the conditions in Theorem Suppose that {§"}>°
is a sequence of positive numbers and suppose that € > 0 and z = {z;};c; € A. Then, by Theorem. 3.1} there
exist § = {yi }ier with y; = ijrl € A; and a sequence {x,}02 o = {(2])icr}02 with 2] = + 5n2kn € A,
where {k,} is a subsequence of a sequence of natural numbers, such that

z+1
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o o
1 1
$i(Z,y0) + Y 0" pilyi, Tn) = ot > 6" piyi, 27)
n=0 v Yi n=0
1 Zi +

25 25

+1=0

for all 4 € I. Furthermore, for every x; # y;, we have

o0 o o
1 1
®i (¥, ;) + E 8" pi(xi, Tn) — E 8" pi(Yi, Tn) > ; L + E 8" pi(wi, x') — 1> 0.
n=0 v ¢ n=0

n=0
Putting I = {1}, X; = X and A; = A in Theorem we have the following result.

Corollary 3.3. Let A be a nonempty closed subset of a complete metric space (X,d) and ¢ : Ax A — R be
a bifunction. Assume that the following conditions hold:

(1) ¢(a,a) =0, for every a € A,

(2) ¢(a,b) < ¢(a,c) + ¢(c,b) for every a,b,c € A;

(8) ¢ is lower bounded and lower semicontinuous in its second variable.
Suppose that {0}, is a sequence of positive numbers and p is a gauge-type function and suppose that

€ >0 and z € A. There exists m € A with

Oz m) < inf 6(2,2) + e

There exist y and a sequence {x,}5°, C A such that

(1) B(z,y) + 32020 0" p(y, n) < 0;
(ii) ¢y, x) + 27010:0 0" (p(z,xn) — p(y,xn)) >0, Yz € A and x # y.

In the final of this section, we will prove existence theorems for solutions of countable systems of equi-
librium problems in the weakly compact case and non weakly compact case, respectively. Here, the space
X; is replaced by a real Banach space E;, for every i € I (Denoted by || - ||;)-

The following proposition can guarantee the existence of solutions to countable systems of equilibrium
problems in the weakly compact case.

Proposition 3.4. Let A; be a nonempty weakly closed subset of a real Banach space E; and ¢; : Ax A; — R,
for every i € I. Assume that the following conditions hold:

(1) ¢i(a,a;) =0, for every i € I and a = (a’,a;) € A;

(2) ¢i(a,b;) < ¢i(a, c;) + ¢s(e,b;) for everyi € I, by, c; € A;, and a,¢ € A such that ¢ = (¢, ¢;);

(8) @i is lower bounded and lower semicontinuous in its second variable, for every i € I.

(4) @i is weakly sequentially upper semicontinuous in its first variable, for every i € I.

(5) A is sequentially compact subset of E = [[,c; Ei with respect to the topology o.
Then, the system of equilibrium problems (SEP) has a solution.

Proof. For every n € N, we choose a sequence {z,} = {(21");c;} € A and €, = 1. By Theorem there
exists {Zn} = {(2")ier} € A which is a solution of the system of equilibrium problems (SEP) such that

)

1
¢A@uwﬁz—5W?—yMqu65Ar
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Since A is a sequentially compact subset of E with respect to the topology o, the sequence {Z,}, has a
converging subsequence {Z, }1 to some = {Z;}icr € A with respect to the topology . By the sequentially
upper semicontinuity of a function ¢; , we see that, for every i € I,

¢i(Z,y;) > lim sup ¢;(Z)*, y;)
k—o0
1
> lim sup<—||z?k — ysz)> =0, Vy € A,
k—ro0 ng

Therefore Z is a solution to the system of equilibrium problems (SEP). O

The ensuing theorem can guarantee the existence of solutions to countable systems of equilibrium prob-
lems in the non weakly compact case.

Theorem 3.5. Let A; be a nonempty weakly closed subset of a real reflexive Banach space E; and
¢i: A X A; = R, for every i € I. Assume that the following conditions hold:

(1) ¢i(a,a;) =0, for everyi € I and a = (a’,a;) € A;

(2) ¢i(a,b;) < ¢i(a, c;) + ¢i(e,b;) for everyi € I, by, c; € A;, and a,¢ € A such that ¢ = (¢, ¢;);

(3) there exists a nonempty closed subset K; of A; for every i € I such that for every T = (', zj) € A
with x; ¢ K; for some j € I,

Fyj € Ay, llysll < llzjll, d5(z,y5) < 0;

(4) @i is sequentially lower semicontinuous in its second variable on K; for every i € I;
(5) the restriction of ¢; on ([[;c; Ki) x K; is lower bounded in its second variable for every i € I;
(6) the restriction of ¢; on ([[;c; Ki) x K; is weakly sequentially upper semicontinuous in its first
variable, for every i € I;
(7) The subset [[;c; K; is sequentially compact subset of E with respect to the topology o.
Then, the system of equilibrium problems (SEP) has a solution.

Proof. 1t follows the proof of Theorem 4.3 in [IJ. O]
Putting I = {1}, E1 = E and A; = A in Theorem we have the following result.

Corollary 3.6. Let A be a nonempty weakly closed subset of a real reflexive Banach space E and ¢ : AX A —
R be a bifunction. Suppose that the following conditions hold:

(1) ¢(a,a) =0, for every a € A;
(2) #(a,b) < ¢(a,c) + ¢(c,b), for every x,y,z € A;
(3) there exists a nonempty weakly compact subset K of A such that

Vee A\K,Jy e A, [yl <llzll, ¢(z,y) <0;

(4) ¢ is sequentially lower semicontinuous in its second variable on K;
(5) the restriction of ¢ on K x K is lower bounded in its second variable;
(6) the restriction of ¢ on K x K is weakly sequentially upper semicontinuous in its first variable.

Then, the equilibrium problem (EP) has a solution.
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