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Abstract

In this paper, we give some interesting identities of symmetry for degenerate generalized Bernoulli polyno-
mials attached to y which are derived from the properties of symmetry of certain p-adic invariant integrals
on Zy,. (©2016 All rights reserved.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure of Q,. The p-adic
norm ||, is normalized as [p|, = ]%. Let f (x) be a uniformly differentiable function on Z,. Then, the p-adic
invariant integral on Z, is defined as

V-1

[ s @) = 5 f@). (e BT, (1)
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Thus, by (L.1]), we get

[ e [ rwane —Y 1. men). (12)
1=0
In particular, for n = 1, we have
i f@+1)dpo (x) — i f (@) dpo (x) = f'(0), (see [II]). (1.3)

As is well known, the Bernoulli polynomials are given by the generating function

o0 tn
/Z g () = =3 Bulw) . (1.4)
P n=0 ’

When z =0, B,, = B, (0) are called Bernoulli numbers (see [1]-[19]).
Carlitz introduced degenerate Bernoulli polynomials defined by the generating function

ot
(1+M)> —1
When z =0, 8, (A\) = 8, (0| A) are called degenerate Bernoulli numbers.

Recently, T. Kim introduced degenerate Bernoulli polynomials which are different from Carlitz degen-
erate Bernoulli polynomials as follows:

(1+ M) = Zﬁn z | >\ (see []). (1.5)

>

log (1 + At) z
—1 1+ At)A s 1.6
(1+A0)% Zﬂ 3 (16)

where A, t € Cp, with |[At], < p_ril (see [11).
Let d € N with (d,p) = 1. Then, we set

Z *
X_lgldNZ X = |J (a+dpz,),
O<a<dp

pta
and
a+dp"Z,={z|r=a (moddp™)},

WhereQGZWithogagde—
Let x be a Dirichlet character with conductor d € N. Then the generalized Bernoulli polynomials are
defined by the generating function

t
odt

We define the degenerate generalized Bernoulli polynomials attached to x by the generating function

eat> e => By (2) g (see [1]-19]) . (1.7)
n=0

-1

1
1 AR . ,
og (1+ AZX (L)% ) (1A% = Zﬂm,x (1.8)
(1+/\tx— a0

When ¢ = 0, Boay = Bnry (0) are called degenerate generalized Bernoulli numbers attached to x.
Note that )l\in% Bry () = Bny (z), (n>0).
—
The purpose of this paper is to give some identities of symmetry for degenerate generalized Bernoulli
polynomials attached to x which are derived from certain symmetric identities of p-adic invariant integrals
on Zy.
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2. Symmetric identities of degenerate generalized Bernoulli polynomials
Let us assume that A,t € Cp with A, < p_zﬁ. It is known that
[ i@ = [ @, o m), (21)
where f (x) is uniformly differentiable function on Z,. From (L.2)), we note that
1 4-1
z lo 1 + At A a
[ @) @+ 205 d ) = L0 Zx (1A% = Zﬂmx (22)
X (1 + )\t )‘ - a:O
Thus, by (2.2)), we get
1 —
Tty log (1 + At)>
)30 duo ) = gz (@) (14 20)F Zﬁw (2.3
X ( + )\t)k -1,
where x is a Dirichlet character with conductor d € N. Now, we observe that
L nd—1
/ X (@) (14 M) 5 dup () - / X (@) (14 X)X dpo (w) = log (1 +A)X D~ x(a) (1 +A)x . (24)
X X a=0
By (2.4), we get
+ 1 00 o nd—1 sm
— 3|3 Bmayx (nd) = Bx, (a| ), — (2.5)
<log<1+ms>i>tzo " . mzozo !
where (a | A),, =a(a—A)---(a—X(m—1)) and (a | ), = 1. It is not difficult to show that
L LS B () = )
" m,A, m,\,
log(l—i—)\t)% t e * X ml
—, Nt o Bty (1) = Briiay tF
- (Z blu) (Z o i 26)
=0 k=0
_ i <i <m> Brt1.,y (nd) — Br, Ax )\m_k> m
T
=\ k k+1 m!
From (22.5) and ({2.6]), we have
m nd—1
m\ [ Brsriay (nd) = Bryiay ek
A AX g, = 2.
> (1) (Pt b h™F = 3 x (@) (@] V), (27)
k=0 a=0
where by, is the m-th Bernoulli number of the second kind. Let us define S (n, A | x) as follows:
Zx 1A =5k(n,Ax), (neN). (2.8)
We observe that
1 @
. ([ x@ @205 duo o) = [ )1+ 30% duo ) (2.9

log (1 4+ At)>
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_nd fyx (@) (1420 dpg (1) _ <1+At>x—1<zx 1—|—)\t)§>.

[ (L2 dpg () 1+ — 1\

From (2.9), we have
1
log (1 + )\tﬁ

nd—1 Y oo [/nd—1 +k
= > x(a)(1+xt)r = <Zx(a)(a|>\)k)k!~
a=0

k=0 \ a=0
Thus, by (2.8)) and (2.10), we get

1 nd+
ot (/ X (@) (1+ M)

o0 k
=3 Sed =110

k=0

From ) and (| - we have

3 m\ [ Br+1ax (nd) — Brtiax b b N = S (nd — 1\ | ).
— k k+1

([ x@ @20 duo o)~ [ @)1+ 20% duo )

@)~ [ x@ 40T du ()

where m > 0. Let wy,ws,d € N. Then, we consider the following integral equation:

wiz 1+1U2 2

d [ [xx (@1)x (22 )(1+)\t) dpo (1) dpio (22)
Jx (1 —I-)\t K d,uo(m)

B log (1 + )~ ((1+>\t) g2 —1) d-1 e
- ((1+/\t)wT1d—1> ((1+At)w§dl)< vt )

<ZX ) (14 At) )

By (2.9), we get
d (1+ )% d > t*
LA D0 8) 5 un — 1.0 )
Jx +)\t) " dpo () k=0

Let

w1T]tworotwqwor

d [y [x x(@1)x (z2) (1 +/\t) A dpo (1) dpo (332)'

Ty (wi,ws | A) = I +)\t @)
X Ho (T

From ({2.15]), we note that T\ (w1, ws | A) is symmetric in w; and ws, and
TX (wl, w9 | )\)
dwqw
log (1 + At)* ((1 P TR ) (14 M)

((1 oan R 1) ((1 o E 1)
(ZX )(1+ M)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Thus, by (Z15) and (Z16), we get
1
T, (w1, w2 | A) = </ X (1) (1 + At)
X

w1

wy (1 +wo)

dpo ($1)>

dwy [y x (@2 (1+/\t) = d#o (x2)
Ix 1+)\t) (z)

:<uiiﬁ< )(ZSk(d“’“l A‘ ) Z‘tk>

B; a  (wazx) Si_; (dwl —1,2 o | X) w’iwl{il! "

0
1 — : X
_ Jwy’ v
Cw 2 Z il(l —i)! I

i i - X 2 1—i d 1 17 w X 1 2 T .
On the other hand,

00 l
l A 1 o\t
Ty (wy,wy | X) =) (Z (z)ﬁlng (w12) Si—; (dwz -1, ’w1‘ X) whtw] ) Tk (2.18)

=0 \i=0

(2.17)

=

By comparing the coefficients on both sides of (2.17)) and (2.18)), we obtain the following theorem.

Theorem 2.1. For wi,ws,d € N, let x be a Dirichlet character with conductor d. Then we have
: A
Z ( >/B, A ,X(U)Qx)sl—z‘ <dw1 — 17’X> wi 1 12 %
=0 w1 w2
~ (1 A -
= Z . ﬁ BN (wll‘) Sl—i dw2 — 17 —|x wéflwll—z.
- 1 ) wo X wy
=0
In particular, taking x = 0, we have
l N l l . |
Tk 10—
;B%qjl’xsl—i <dUJ1 - 1, wg‘ X) i Woy Z<Z> = ZBL%Q’XSZ_Z' <d'LU2 — 1, wl’ X) wé wt 2<’L>
From (2.9), (2.15) and (2.17)), we have

wywy
14+ M) * 7
T, (w,wy | \) = (()

/x< D14+ duom))
X

w1

dwy [y x (22 (1+)\t) dﬂo (z2)
Jx (1407 ()

_ (W/ (1) L+ M) > duo(fm))
w1 X

(1+)\t)d —1)(‘“ Y140 )
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:<(1+/\W/ (1) L+ M) > duo(fm))
w1 X

w1 1d1
(E T )

=0 =0
wiwoT dwi—1 wai
_ (unti/X (1) (1+ A5 duo(azl)> (Z (1+At)kx(i)> (2.19)
=0
dwi—1 wy wy
:ui > ><(71)/X><(901>(1+At)AG““””+ ) dpo (1)
=0

S

1 g wy |\ wit”
_— EZO ];_ ﬁk 2 (ng + 12) il
0o w1 k
B wy \ g\t
= . ( E ﬁk >\ X <w2x + wll) w1y ) g

b
Il

On the other hand,

L+ M) 3
w2

Tx(ﬂ)hwzlA)Z(( /X (w2) (14 M) > duo(@))

xCW&Xm(HM) mwm)
[x 1+ Xt) (z)

— (W/X( DA +At) > dm(xz))
w2 X

dwywy d—1 :
y <(1 + At) ; —11> (ZX (i) (1 + )\t)wklz> (2.20)

(L+At)™ i=0
— (W/ X (x2) (1 4+ AM) 3 dpg (m))
X

w2

wo—1d—1
(ZZ (14 at) ™5 (z+ld)>

=0 =0

wiwoT dwo—1 wyi
:<0+A0L:< 2) (1+At)" 52 @mug)(§j<1+M>»an

w
2 1=0

=Y ) [ e a0 T gy o)

I
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2 2o k=0 2
0o dwa—1 k
. w1 . k—1 t
= X (@) By, <w1x + Z) w xR
kg() ( ; k7w2 X w2 i k:!

Therefore, by (2.19) and (2.20]), we obtain the following theorem.
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Theorem 2.2. For wy,ws,d € N, let x be a Dirichlet character with conductor d. Then we have

dwl—

dwz
wy . wy .
E ﬁk A X (ng + w12> = wz E Bk A X (wlx + wl> .

2

Remark 2.3. Let x = 0 in Theorem 2.2l Then we note that

dwlf dwgf
P IRNCE i PIRACL i
A —1 | = w A —1].
k "X wy 2 k sX wWo

7w1

Further, if we take wo = 1, then we get

dwlf 1 d—1
Z (1) By » ( Z) =D X (1) By (wii) .

Twy w1
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