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Abstract

We investigate the expressions of solutions and the periodicity nature of the following system of rational
difference equations of order four

T Zn—3 y Tn—3

7L+1 - ) n+1 - bl
a1 + b12nYn—1Tn—22n—3 as + boTpzn_ 1Yn—2Tn_3
. Yn—3

Zn4+1 =

)
a3 + b3ynTn—12n—2Yn—3

where the initial conditions x_3, T_9, x_1, xo, Y—3, Y—2, Y—1, Yo, 2—3, 2—2, 2—1 and zy are arbitrary real
numbers and aq, by, as, ba, as, bs are integers. (©2016 All rights reserved.
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1. Introduction

Our goal is to obtain a form of the solutions and the periodicity character of the systems of rational
difference equations

Zn—3 y Tn—3
= s Yn+1 — 5
a1 + b12nYn—1Tn—22n—3 as + baTnzpn—1Yn—2Tn—3

Tn+1

Email address: dessokym@mans.edu.eg (M. M. El-Dessoky)
Received 2015-09-04



M. M. El-Dessoky, J. Nonlinear Sci. Appl. 9 (2016), 2190-2207 2191

Yn—3
)
a3 + b3ynTn—12n—2Yn—3

Zn+1 =

where the initial conditions are arbitrary real numbers. Also, the constants a;, b;, 1 = 1, 2, 3 are integer num-
bers. Throughout this paper, we assume that A = x_3y_oz 120, B = 2_3x_92y_129 and C = y_32z_2x_1%0-.

In recent years, with the wide application of computers, difference system has become one of the impor-
tant theoretical bases for computer, information system, ecological balance, engineering control, biological
system, economical systems, and so forth. As typical nonlinear difference equations, rational difference
equations have become a research hot spot in mathematical modelling. The behavior of solutions of systems
of rational difference equations has received extensive attention. Recently a great effort has been made in
studying the qualitative analysis of rational difference equations and their systems; see [I]-[39].

Din et al. [9] studied the equilibrium points, local asymptotic stability of an equilibrium point, instability
of equilibrium points, periodicity behavior of positive solutions, and global character of an equilibrium point
of the system of rational difference equations

Oln—3 Yl = 1Yn—3
) +1 — .
ﬂ + YYnYn—1Yn—2Yn—3 " ﬁl + NTpTn—1Tn—2Tp—3

Tpt+1 =

Qianhong Zhang et al. [37] obtained the boundedness, persistence, and global asymptotic stability of
positive solution of the system of third-order rational difference equations
In

Tnpr = At — g =B
Yn—1Yn—2 Lp—1Tn—2
El-Dessoky et al. [I4] got the form of the solution of the following system of rational difference equations

Tn—1 y Yn—1 5 Zn—m
P n+l1 — 7, n+1 — .
1+ YnTn—1 ’ 1+ TnYn—1 7 TnYn

Tp4+1 =

In [29], Papaschinopoulos et al. studied the existence of a unique positive equilibrium, the boundedness,
persistence and global attractivity of the positive solutions of the system of the following two difference
equations

Tpi1l = ATy +byn—1€""", Yngp1 = CYp + dxy_1e” Y.

Hui-li Ma et al [26] investigated the behavior of positive solutions for the following systems of rational

difference equations
A By,
Ip41 = 2 Yn+1 = .
TnlYn Tn—1Yn—1

Ozban [28] investigated the periodicity of solutions of the system of difference equations

1 Yn
In+l = —H Ynt1 = — -
Yn—k Tn—mYn—m—k
Touafek et al. [33] investigated the periodic nature and got the form of the solutions of the following
systems of rational difference equations

Tn—-3 y _ Yn—-3
£z gyt O T ElEypsrat

Tn41 =
Banyat Sroysang [30] studied the solutions, stability character, and asymptotic behavior of the system
of a rational m-th order difference equation

Ln—m+1 _ Yn—m+1
A y Yn4+1 = B .
+ YnYn—1- - Yn—m+1 + TpTp—1-... . Tn—m+1

Tp+1 =
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The behavior of positive solutions of the following system

Tn—1 Yn—1

T = P E—— = —
n+1 1+ zp_1Yn Yntt I+ yn—12n

was studied by Kurbanli et al. [24].
In the same year, Kurbanli [22] studied the behavior of the solutions of the system of rational difference

equations
Tn—1 Yn—1 Zn—1

Tn+1 = 71> Yn+1 = 1 Zn4+1 = 71
Tn—1Yn — Yn—1Tn — Zn—1Yn —

Liu et al. [25] studied the behavior of the solutions of the system of rational difference equations
In—1 Yn—1 1

Tn+l = 75 Yn+l = y Zn+l = .
Tp-1Yn — 1 Yn—1Tp — 1 Zn—1Tn

In [5] Cinar obtained the periodicity of the positive solutions of the system of rational difference equations

- 1 y Yn
ntl = —, Yntl = ————.
yn7 Tn—1Yn—1

Moreover, the system of rational difference equations

In

Cppl = — gy = =T
ntl Cyn +a’ ntl dz, +b’

was studied by Clark et al. [6, [7].

2. The First Case a; = b; =1, 1 =1, 2, 3
We investigate, in this section, the solutions of the following system of three difference equations

Zn—3 Yngl = Ln—3 Znal = Yn—3 (2 1)
) +1 — ) - ’ .
1+ ZnYn—1Tn—22n—3 " 1+ Tnin—1Yn—2Tn—3 s 1+ YnTn—12n—2Yn—3

ITpn+1 =

where n € Ng and the initial conditions are arbitrary real numbers.

Theorem 2.1. Assume that {xn,yn, 2} are solutions of system (2.1). Then for n = 0,1,2,..., all the
solutions of system (2.1)) are given by the following formulae

14(120) A) (14 (12i4+4) A) (1+(12i+8) A
L12n—3 =T— 3H 1(+ 12i+1)A 1—(&—(12z+)5)34()(1—5-(12i+9)21)’

H (1+( 121+1)B)(1+(12z+5)B)(1+(12i+9)B)
L12n—2 =T-2 (1+(12i+2) B) (1+(12i+6) B) (1-+(12i+10) B) *

H 121+2)c +(12i+6)C) (14(12i+10)C)
L12n—1 =2-1 +(12i+3)C) (1+(12i+7)C) (1+(12i+11)C) *

n—1
- (14+(12i43) A) 1+ (12i+7) A) (1+(12i+11) A)
Z12n =20 (T+(12i+4)A) (1+(12i+8) A) (1+(12i+12)A) *
i=0
+(12i+4) B) (14(12i+8) B) (1+(12i+12) B)
T12n4+1 = H +(12i+5)B)(1+(12:+9)B) (1+(12i+13)B) ’
n—1
_2.5(14C) (14+(12i45)C) (1+(12i4+9)C) (1+(12i+13)0)
T12n+2 = (1120) (1+(12i46)C) (1+(12i+10)C) (1+(12i+14)C)

1=0
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n—1
_z-1(1424) (14(12i46) A) (1+(12i4+10) A) (1+(12i+14) A)
L12n+3 = (1+34) (I+(12i+7) A)(I+(12i+11) A) (1+(12i+15)A)>
i=0
n—1
_ 20(1+3B) (1+(12i+7) B) (1+(12i+11) B) (1+(12i+15) B)
L12n+4 ="(174B) (1+(12i+8)B) (1+(12i+12) B)(1+(12i+16)B)’
i=0
n—1
3(14+4C) (14+(12i+8)C) (1+(12i+12)C) (1+(12i+16)C)
T12n+5 =11 +o)(1+50) H (1+(12i19)0) (1+(12i+13)C) (1+(12i+17)C) ’
i=0
n—1
_ y_2(14+A)(1+5A) (1+(12i49) A) (14(12i+13) A) (14(12i+17) A)
L12n+6 = (142A)(1+6A) (I (12i+10)A) (1 +(12i+14)A) (1+(12i+18) A) *
i=0
n—1
_y-1(142B)(146B) (1+(12i+10) B) (1+(12i+14) B) (1+(12i+18) B)
L12n+7 = "(143B)(1+7B) (1+(12i4+11)B)(1+(12i+15) B) (1+(12i+19) B)’
=0
 yo(143C)(147C) T (1+(12i4+11)C)(1+(12i+15)C) (14 (12i+19)C)
Z12n+8 = (144C)(1+80) +(12i+12)C) (1+(12i+16)C) (1+(12i+20)C)°

(1+(126)C) (14(12i+4)C) (14(12i48)C
Y12n-3 =Y-3 H (1+(12z+)1 (1J(r(12z+)5)2j()(14(r(121+)9)2))

(14+(12i4+1) A) (1+(12i+5) A) (1+(12i+9) A)
Y12n-2 =Y-2 H (1+( 121+2 Y(I+(12i+6)A) (1+(12i+10)A)’

(1+(12i42) B) (1+(12i+6) B) (1+(12i+10) B)
Yi2n-1 =Y-1 H (1+(12i+3)B)(1+(12i+7)B)(1+(12i+11)B)’

+(12i+3)C) (1+(12i+7)C) (1+(12i+11)C)
Y12n yOH T(12i+4)0) (1+(12i+8)C) (1+(12i+12)C) ’

n—l
z_3 +(12i44) A) (14(12i+8) A) (1+(12i+12) A)
Yion+1 =134 F(12i45)A) (1+(12i+9) A) (1+(12i+13)A)°
z:O
n—1
z_2(14B) (14+(12i45)B)(1+(12i4+9) B) (1+(12i+13) B)
Y12n+2 =71128) (1 (12i+6) B) (1+(12i+10) B) (1+(12i+14) B) *
=0
n—1
z_1(1420) (14(12i+6)C) (1+(12i+10)C) (14(12i414)C)
Y12n+3 = (130) (I+(12i+7)C) (1+(12i+11)C) (1+(12i+15)C)°
i=0
n—1
_ z0(1+34) (1 (12i+7) A) (14+(12i+11) A) (1+(12i+15) A)
Yi2n+a =(0744) (1 (12i+8) A) (1+(12i+12) A) (1+(12i+16)A)
n—1
_ z_3(144B) (1+(12i+8) B) (1+(12i+12) B) (1+(12i+16) B)
Y12n+5 =¥ B)(115B) (1+(12i49)B)(1+(12i+13) B) (1+(12i+17)B) *
i=0
n—1
_ z—2(14+C)(1+50) (1+(12i+9)C) (1+(12i+13)C) (1+(12i+17)C)
Y12n+6 = (1120)(1160) (1+(12i+10)C) (1+(12i+14)0) (1+(12i+18)C)
i=0
n—1
_ 2_1(142A)(1+6A4) (14(12i4+10)A) (14 (12i414) A) (14+(12i+18) A)
Y12n+7 =1 34) (117 A) H (AF (1211 A) (1 (12i+15) A) (1+(12i+19) A) *
i=0
n—1
_ 20(14+3B)(1+7B) (1+(12i+11) B)(1+(12i+15) B) (1+(12i+19) B)
Y12n+8 ="(1F4BY(1+8B) 1 1 (T+(12i+12) B)(1+(12i+16) B) (1+(12i+20) B)

=0
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H (1+(12/)B 1+ (12i+4) B)(1+(12i+8) B)
F12n—3 =%-3 (I+(12i+1)B)(1+(12i45)B)(1+(12i+9)B)’

(1+ 121+1)C’ Y(1+(12i+5)C) (1+(12i+9)C)
#12n—2 =Z-2 H (1+(12i+2)C) (1+(12i+6)C) (1+(12i+10)C)?

n—1
1+(12i+2) A) (14 (12i+6) A) (1+(12i+10) A
Fl2n—1 =Z-1 H El+§12i+3§A;El—&-ElQH—?gA;El+§12i+11§Ag’
i=0

219 =20 H (1+(12i+3) B)(1+(12i+7) B)(1 i(l?z‘-i—ll)B)

(1+(12i+4)B)(1+(12i+8) B)(1+(12i+12) B) *
n—1
Yz (1+(12i+4)C) (1+(12i48)C) (1+(12i412)C)
Flantl =150 (1+(12i+5)C) (1+(12i+9)C) (1+(12i+13)C) *
=0
n—1
_y_2(14A) (14(12i+5) A) (14(12i+9) A) (1+(12i+13) A)
F12n+2 = T1124) (IF(12i46) A) (1 (12i+10) A) (1+(12i+14)A)>
i=0
n—1
_y_1(142B) (1+(12i4+6) B) (1+(12i+10) B) (1+(12i+14) B)
F12n4+3 = "(113B) (1+(12i+7)B)(1+(12i+11) B)(1+(12i+15)B) *
i=0
n—1
_ y0(1430) (1+(12i+7)C) (1+(12i411)C) (1+(12i+15)C)
F12n+4 =" (17140 (1F(12i48)C) (1+(12i+12)C) (1+(12i+16)C)’
i=0
n—1
_ z_3(1+44) (1+(12i4+8) A) (14+(12i+12) A) (1+(12i+16) A)
Z12n+5 = (11 A)(1+5A) (I+(12i+9) A) I+ (12i+13)A) (1+(12i+17)A) ?
i=0
z_2(14+B)(1+5B) 1 (1+(12i49) B)(14(12i4+13) B)(1+(12i+17) B)
F12n+6 = (112B)(1+6B) 1+ 122+10)B)(1+(121+14) Y(1+(12i+18)B)°
i=0
o 1 (1420)(1460) T (14 (12i410)C) (14 (1201 14)C) (14 (12i418)C)
12047 =T (1+30)(1+70) ( F(12i+11)C)(1+(12i+15)C)(1+(12:+19)C)
n—1
_20(14+3A)(1474) (1+(12i4+11) A) (1+(12i4+15) A) (14 (12i419) A)
F12n+8 = T(174A)(118A) (1+(12i+12)A)(1+(12i+16) A) (1+(12i+20) A) *
i=0

where Hi_:lotizl and A, B, C ¢ {—%, n=1, 2, }

Proof. For n = 0, the assertion holds. Now suppose that n > 0 and that our assertion holds for n — 1 that
is,

n—2

_ y_3(1440) (1+(12i4+8)C) (1+(12i412)C) (1+(12i416)0)
L12n—7 =[4C)(1450) (1+(12i49)C) (1+(12i+13)C) (1+(12i+17)C) ?
i=0
n—2
_y—2(1+A)(1454) (14+(12i4+9)A) (1+(12i4+13) A) A+ (12i+17) A)
L12n—6 = (142A)(1+6A) (I (12i+10)A) (1 +(12i+14)A) (1+(12i+18) A) *
i=0
n—2
_ y-1(14+2B)(1+6B) (1+(12i+10) B) (1+(12i+14) B) (1+(12i+18) B)
L12n—5 = "(1+3B)(1+7B) (1+(12i4+11)B)(1+(12i+15) B) (1+(12i+19) B)’
i=0
n—2

_ yo(143C)(1+7C) H (1+(12i+11)C) (1+(12i+15)C) (14(12i+19)C)
L12n—4 = 1740)(1+80) (1+(12i+12)C) (14 (12i+16)C) (1+(12i+20)C) ’
i=0
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n—2
_ z_3(144B) (1+(12i+8) B) (1+(12i+12) B) (1+(12i+16) B)
Y2n—7 =@ B)a1+5B) (1+(12i+9)B)(1+(12:+13) B)(1+(12i+17)B) *
i=0
n—2
_ z_2(14C)(145C) (14+(12i49)C) (14(12i+13)C) (14(12i+17)C)
Y12n-6 =(1120)(1160) (14-(12i+10)C) (1+(12i+14)0) (1+(12i+18)C)
i=0
n—2
21 (1424) (146 A) (14+(12i410)A) (14+(12i414) A) (1+(12i+18) A)
Y12n-5 = (1+3A)(1+7A) H (1+(12i+11)A)(1+(12i+15)A) (1+(12i+19)A) *
i=0
-2
zg(1+3B)(1+7B) (1+4(12i+11) B)(14(12i+15) B) (1+(12i+19) B)
Y12n—4 ="Q174B)(1+8B) (1+(12i4+12)B)(1+(12i+16) B)(1+(12i+20) B)’
i=0
n—2
—3(1+4A) (1+(12i48) A) (14+(12i+12) A) (14(12i+16) A)
A12n-7 —( A)(1+54) (I (1249) A) (1 (12i+13) A) (1 (12i+17)A) >
i=0
n—2
_z_o(14+B)(1+5B) (1+(12i4+9) B) (1+(12i+13) B) (1+(12i+17) B)
F12n—6 = (132B)(116B) (1+(12i+10)B)(1+(12i+14) B)(1+(12i+18) B)’
i=0
_z_1(142C)(1+6C) 1 (1+(12i+10)0) (1+(12i+14)C) (1+(12i+18)C)
F12n—5 = (1+30)(1+7C) H (1+(12z+11)C) +(12i+15)C)(1+(12i+19)C)
n72
_ z20(143A)(1+7A) +(12i4+11) A) (14(12i+15) A) (14(12i+19) A)
F12n—4 =" (174A4)(118A) +(12i+12) A)(1+(12i+16) A) (1+(12i+20)A) -
z:O
From (2.1)), we see that
Z12n—17
T12n—3 =

1+ 219n—4Y120n—5T12n—6212n—7

x_3(14+44) "2 (14(12i48) A) (1+(12i+12) A) (14+(12i+16) A)
(1+A)(1+54) = (1+(123+9)A)(1+(125+13) A) (1+(12i+17) A)

1 1 20(H3A)(1474) "7 (14 (120 1) A) (14 (12i4+15) A)(1+(12+19) A)
+ T (1+8A) H( (

i (O 12i+12) A) (1+(12i+16) A) (1+(12i+20) A)
z_1(1424)(146A) ”1:[2 (14+(12i+10) A) (1+(12i+14) A) (1+(12i+18) A)
(143A4)(1+7A4) (14+(12:+11)A)(14+(12i+15) A) (1+(12:+19) A)

y_2(14+A)(1454) "1:[ (14+(12i49) A) (14(12i+13) A) (1+(12i+17) A)
(1+2A)(1+6A4) (T (12i+10) A) (1+(12i+14) A) (1+(12i+18) A)

NO

o

a(1+44) H2 (1+(120+8) A) (1+(12i+12) A) (1+(12i+16) A)
) (

( 1+5A T+ (12i+9)A) (1+(12i+13) A) (1+(12i+17)A)

z_3(14+4A) +(12i+8) A) (1+(12i+12) A) (1+(12i+16) A)
(I+A)( 1+5A) H +(12i49) A) (1+(12i+13) A) (1+(12i+17) A)

1+ 12i+8) A
(1 + (1+8A H 1+ 121+20))A))>
_ x_s(1+4A) — 1+(12i+8)A)(1+(122’+12)A)(1+(12i+16)A)
T A (14 iy ) L (FO2A0) A (LHI2AT3) A) (1 (125417 4)

n—2
_ x_3(144A)(1+(12n—4)A) (14(124+8) A) (14+(12i+12) A) (1+(12:+16) A)
T (1+A)(1+5A)(1+(12n—3)A) (1+(12:+9)A)(1+(12:+13) A) (1+(12i+17) A)
=0

n—1
— H (1+(126) A)(1+(12i+4) A) (1+(12i+8) A)
—t-3 (1+(12:+1)A)(1+(12:45)A)(1+(12:+9)A)
=0

T12n—5
1+z12n—2212n—3Y12n—4T12n—5

Y12n—1 =
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y—1(14+2B)(1+6B) "=2 (1+(12i+10)B)(1+(12i+14) B) (1+(12i+18) B)
(1+3B)(14+7B) i o (1+(12:+11)B)(1+(12i+15) B)(1+(12i+19) B)

(1+(12i+1) B)(1+(12i+5) B) (1+4(12i+9) B
l+z H (1+(12z+2)) ))((1+((12i+6))B))((1+((12i+10))B))

(1+(12i) B) (1+(12i+4) B) (1+(12i+8) B)
<=3 H 1+(121+1 BY(1+(12i+5)B)(1+(12i+9) B)

20(1+3B) (1+7B (14(12i4+11) B) (14+(12i+15) B) (1+(12i+19) B)
(1+4B)(1+8B) H (1+(12z+12)B)(1+(122+16) Y(1+(12i+20)B)

y_1(142B)(1+6B) H (1+(12i+10)B)(1+(12i+14) B) (1+(12i+18) B)
(1+3B)(1+7B) (1+(12i+11) B) (1+(12i+15) B) (1+(12i+19) B)

y—1(142B)(146B) ™ 1—[ (14(12i410) B) (14+(12i414) B) (1+(12i4+18) B)
(1+3B)(1+7B) (1+(121+11)B)(1+(121+1.))B)(1+(121+19)B)

1+ z3z-220y-1(1 + 23)(1 +6B) ;5 (1+(12i+2)B)(1+(12i1+6)B)(1+(12i+10)B)
Hﬂ—2(1 + (120 +10)B)(1 + (12i + 14)B)(1 + (12i + 18)B)

y_1(1+2B)(1+6B) (14(12i410) B) (14(12i+14) B)(1+(12i+18) B)
(1+3B)(1+7B) H (1+(12i+11) B) (1+(12i+15) B) (1+(12i+19) B)

[1 + (21+3(112721202y)31)}
n—2
 y_1(142B)(146B) (1+(12n—2)B) H (14(12i410) B) (14-(12i+14) B) (1+(12i+18) B)
= 13B)(17B) (+1zn—15) 11 Gr210B) (1+(12i+15)B) (1 (12i+19)B)
1=0

(1+(12i+2) B) (1+(12i+6) B) (1+(12i+10) B)
=Y-1 H (T+(12i+3) B) (1+(12i+7) B) (1+(12i+11)B) *

Also, we see from (2.1)) that

Y12n—4
14+ y1on—1T12n—2212n—3Y12n—4

<z0(1+33)(1+73) "1:[2 (1+(12i+11) B)(1
(1+4B)(1+8B) (1+(12i+12)B)(1

Z12n =

+(12i+15) B) (1+(12i+19) B)
+ +

L] (12i+16)B)(1+(12i+20)B)

n—1
14(12642) B) (14 (12i4+6)B) (1 (12i4+ 10) B
L+ 1y Ho El-ﬁ—ElQi-ﬁ-B; 3E1+512i+7333§1+E12i+11§3§)
i
(z

(14(12i+1)B )(1+(12i+5)B)(1+(12i+9)B))
<zo(l+3B)(1+7

f”':l\ -

) (14(12§) B)(14(12i4+4) B)(1+(12i48) B) >
L (FQ2 D B)(1+(12045) B)(1+(12i+9) B)

) 2(1+(12i+11)B)(1+(12i+15)B)(1+(12i+19)B)>
AL (T (1212) B) (1+(12i+16) B) (1+(121+20) B)

o)

(1+(12i+2) B) (1+(12i+6) B) (1+(12i+10) B)
(1+4B)(1+3B

~

20(143B)(1+7B) (1+(12i+11) B) (1+(12i+15) B) (1+(12i+19) B)
(1+4B)(1+8B) Ho (1+(12i+12)B)(1+(12i+16)B)(1+(12i+20)B)

n—1 n—2
[1 + 20Y-17-22-3 2 m IT(+ (12 + 11)B)]

+
(1+4B)( 1+SB (1+(12i+12) B) (1+(12i+16) B) (1+(12i+20) B)

20(1+3B)(1+7B) ﬁ (1+(12i+11)B)(1 (12i+15)B)(1+(12i+19)B))
+

[+ s

n—2
_ 20(14+3B)(14+7B)(1+(12n—1)B) (14(12¢+11)B)(14(12¢+15) B) (1+(12¢+19) B)
“12n = (14+4B)(1+8B)(1+(12n)B) ‘ (1+(12:+12) B)(1+(12i+16) B) (1+(12i+20) B)

=0
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. H (14+(12i+3) B)(1+(12i+7) B) (1+(12i+11) B)
= (1+(12i+4)B)(1+(12i+8)B)(1+(12i+12)B) *

Also, we can prove the other relations. This completes the proof. O

Lemma 2.2. Let {xy,yn, 2n} be a positive solution of system (2.1)); then {x,}, {yn}, and {z,} are bounded
and converge to zero.

Proof. 1t follows from ([2.1]) that

Tl = “n=3 <z Ynil = Tn—3 <z
1= -3 1= -3
mr 1+ 2pYn-1%n—22n—3 T It 1+ zp2n1Yn—2Tn-3 e
Yn—3
Zn+1 = - < Yp—3.
1+ YnTn—-12n—2Yn—3
Thus
Tn+5 <Zn+1; Ynt+5 < Tn+l, 2n+d5 < Yntl = Tn+5 < Yn—3; Yn+ts5 < Zn—3, Zn+5 < Tn—3
=ZTnt9 < Yntl < Tn-3, Ynt9 < Znt1 < Yn-3, 2nt9 < Tpil < Zp-3.
Then the subsequences {z12,+i}0> g, ¢ = —3,—2,—1,0,1,2,...,8, are decreasing and bounded from above
by M = max{z_3,x_2,2_1,%0,...,28}. Also, the subsequences
{yl%—i—i}%o:o and {Z12n+i}zoz()7i - _37 _27 _17 07 17 27 R 78
are decreasing and bounded from above by L = max{y_3,y_2,...,ys}, N = max{z_3,z_9,...,28} respec-
tively. This completes the proof. O
Lemma 2.3. If x;, yi, z, @ = —3,-2,—1,0, are arbitrary real numbers and {xn,Yn,2zn} a solution of

system (2.1), then the following statements are true:

(1) If x_3 = 0, then we have Ti2p—3 = Y12n+1 = 212n+5 = 0 and 12, = Y12n+4 = Z12n+8 = L0, T12n+6 =
Y12n—2 = Z12n42 = Y—2, T12n43 = Y12n+7 = Z12n—1 = Z—1.

(ii) If x_o = 0, then we have Ti2n—2 = Y12n+2 = Z12n+6 = 0, and Tiap+1 = Yi2n+5 = Z12n—3 = 2-3,
T12n+4 = Y12n48 = Z12n = 20, T12n+7 = Y12n—1 = 212043 = Y—1-

(iii) If x_y = 0, then we have T12,—1 = Y12n4+3 = Z12n47 = 0, and Ti2n42 = Yi2n+6 = Z12n—2 = Z-2,
T12n45 = Y12n-3 = Z12n+1 = Y—3, T12n+8 = Y12n = Z12n+4 = Y-

(iv) If xg = 0, then we have T12, = Yi2n4+4 = Z12n4+8 = 0 and T12,—3 = Y12n4+1 = 212045 = T3, Ti2n43 =
Y1207 = Z12n—1 = 2—1, T12n46 = Y12n—2 = 212042 = Y—2.

(v) If y_3 = 0, then we have Tiznts = Yi2n—3 = Zi2n+1 = 0 and Tiap—1 = Yi2n43 = Zi2n+7 = T—1,
T12n42 = Y12n46 = Z12n—2 = Z—2, T12n48 = Y12n = Z12n+4 = Y0-

(vi) If y—o = 0, then we have Tizpnt6 = Yi2n—2 = Z12n+2 = 0 and Tizn—3 = Yizn+1 = 212045 = T-3,
T12n = Y12n+4 = 212048 = L0, T12n+3 = Y12n+7 = Z12n—1 = Z—1.

(vii) If y—1 = 0, then we have Tiant7 = Yizn—1 = Zi2n43 = 0, and Ti2p—2 = Yi2n+2 = Z12n46 = T—2,
T12n41 = Y12n+5 = Z12n—3 = 2-3, T12n44 = Y12n+8 = Z12n = 20-

(viii) If yo = 0, then we have T12n48 = Yi2n = Z12n44 = 0 and T12p—1 = Y12n43 = 212047 = T—1, Ti2n42 =
Y12n4+6 = Z12n—2 = Z—2, T12n+5 = Y12n—3 = Z12n+1 = Y—3.

(ix) If z_3 = 0, then we have Ti2p+1 = Yi2nts = Z12n—3 = 0 and Tign—2 = Yi2n+2 = Z12n+6 = T—2,
T12n+4 = Y12n+8 = R12n = 20, L12n+7 — Y12n—1 — 212n+3 — Y—1-
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(z) If z—o = 0, then we have Tiznt2 = Yiznt6 = zi2n—2 = 0 and Tion—1 = Y12n43 = 212047 = T—1,
T12n4+5 = Y12n—3 = R12n+1 = Y-3, T12n+8 = Y12n = R12n+4 = YO-

(zi) If z—1 = 0, then we have T12,43 = Y12n47 = Z12n-1 = 0 and Ti2,-3 = Y12n41 = 212045 = T_3,

T12n = Y12n+4 = 212n+8 = L0, T12n+6 — Y12n—2 = Z12n+2 = Y-2-

(zii) If zo = 0, then we have Ti2n4+4 = Yi2n+8 = Z12n = 0 and Ti2p—2 = Y12n4+2 = 212046 = T—2, T12pt1 =
Y12n+5 = 212n—3 = 2-3, L12n+7 = Y12n—1 = %12n+3 = Y—1-

Proof. The proof follows from the form of the solutions of system ([2.1]). O

Example 2.4. For confirming the results of this section, we consider a numerical example for the difference

system (2.1)) with the initial conditions x_3 = 0.6, x_o = —0.3, 21 = 0.8, xg = —1.3, y_3 = 0.2, y_o =
—4, y_1 =02,y =0.7, 2.3 =08, z_9=1.1, 2-1 =0.02 and 2y = 0.4. (See Fig. [1).

Figure 1: Plot of system (2.1)).

Example 2.5. We consider interesting numerical example for the difference system (2.1)) with the initial
conditions x_3 = 0.6, x_o = —0.3, x—1 =0, 20 = —1.3, y—3 =2, y_o = —4, y_1 = 0.2, yo = 0.7, 2_3 =
0.8, z_o = 1.1, z_1 =0, and zp = 0.4 (See Fig. [2)).

Figure 2: Plot of periodicity of system ([2.1]).
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3. The Second Case a; = —1, b; =1, 1 =1, 2, 3
In this section, we obtain the form of the solutions of the system of three difference equations
Tpg1 = “n=3 Ynt+1 = n3 Zptl = L (3.1)
n+ -1+ Znyn—lxn—QZn—37 n+ -1+ xnzn—lyn—an—?;’ n+ -1+ yn$n—lzn—2yn—37
where n € Ny and the initial conditions are arbitrary real numbers with A, B,C # 1.

The following theorem is devoted to the expression of the form of the solutions of system (3.1]).
Theorem 3.1. Let {n, Yn, 2n}, = 5 be a solution of system (B.1). Then {z,},2° 5, {yn} 20 5 and {2, },2° 4
are given by the formulae, forn=10,1,2,...,

_ L-3 _ 3 _ T—1
Z12n—3 T(C1t AP Tign—2 = T—2(—1+ B)™, T12p—1 = 11Oy

Z-3

X120 :xo(—l + A)gn, T12n+1 = W7 T12n+2 = 2—2(—1 + C)3n+17
- =1 _ 3n+1 _ Y-3

T12n+3 —W, Tignta = 20(—1+ B)”"", @19n45 = Wa

Y-1
T1on46 =Y—o(—1+ A>3 219,47 = 1+ Bp?’ T1an+s = yo(—1 4 C)*"+2,
Y-3 3n Y-1

g = o=y o(—-1+A4 ="
Y12n-3 (110 Yion—2 = y—2(—=1+ A)™", yion1 (—1+ By

T3
Yizn =Yo(—1 + C)°", yi2n41 1+ 4)

Ty

Z—1
Y12n+6 =2—2(—1+ C)3n+27 Yi2n+7 = W; Y12n+8

3n+1’ Y12n+2 = 3]'_2(—1 + B)

I _ - 3n+1 — 2;3
Y12n+3 —(_1 INGERER Yi2nt+a = To(—1+ A) » Yl2n+5 = (=1 + B)3n+2’

In+1
)

= 20(_1 + B)3n+27

_ Z-3 _ 3n _ Z—1
-3 = pyan A2 = zoo(=1+C)"", z12n-1 = (SIS
z =z0(—1 + B)3" - Y3 — _1 4 A)3ntl
12n —ZO( + ) y R12n+1 = (_1 T 0)3""'17 219042 = y_g( + ) R

z = Y1
12n+3 (_1 n B

-1

Z12n+6 =T—2(—1+ B)3n+2, Z12n+7 = W

T_3

— 3n+1 —
gt Azt = Y=L O 2iones = e

3n+2
312’ 212n+8 :.%'0(—1+A) n+ .

Proof. For n = 0 the assertion holds. Now suppose that n > 0 and that our assertion holds for n — 1, that

is,

Yy-3 _
L12n-7 :Wa Ti2n—6 = Y—2(—1+ A)gn 17
-1 _
T12n—5 :Pli/W’ Tion—a = yo(—1+ C)*" 1,
Z_3 _
Y12n—7 :Wa Yran—6 = z—a(—=14+C)*" 1,
Z_1 _
Y12n—5 Sl AP Y1on-4 = 20(—1 + B)*" 71,
r_3 _
Z12n—7 :W7 Z19n-6 = T2(—1+ B)Sn 17
Tr—_q _
S5 =Ty gy Azt = To(=1+ AL
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Now it follows from (3.1)) that

Tlon_3 = 212n—17
T 1+ 29n-aY19n—5T120— 621207
T_3
B (—14+A4)3=T
-1+ <($0(—1 + A)3n—t) (@%) (y—2(=1+ A)3n=1) ((_1&%»
T_3
A\ (—1Ape-t ) T_3
14+ A (=14 AR
Yi2n-2 = T12n=6
T 1+ m19n-32190-4Y120—5T120—6
_ (y—2(-1+4)°1)
—1+ () (@o(-14+ ) (it ) (ya(—1+ A ))
_o(—1+4+A)3n—1
:(y 2( +A) ) :y_g(—1+A)3n.
1+ (=)
Y12n—4
Z12n =
—1 4+ Y120-1%12n—2212n—-3Y12n—4
_ (20(=1+ B)*1)
1+ () (e-al-1+ By (= ) Go(—1+ B )
=2CBITL L (—1 4 B
BN ey )]
wherefrom
Llamil = 212n—3
T 2190120 1T 190221203
z_3
B i
1+ ((o(—1+ B)™) (yon ) (0-2(=1+ BY*) (= ))
z_3
_ <<71+B)3"> _ z—3
- —1+B ~ (-14B)3ntl-
Y12n43 = Tion-l
S S T121n+2212n+1Y12nT12n—1
T—1
B Cirop
14 (=2 (1 4+ 0P (=t ) (=1 + € (=5 ))
T_g
_ (<71+C>3n) _ x4
=T itC T Ciro)serre
Zomid = Y12n
Ty Y12n+3T12n+2212n+1Y12n
_ (o(-1+C)"")
1+ (i 2-a(—1 + Ot ety (<1 + C)n)
_ yo(—=140C)3" 3n+1
=2~ =y(-1+ )"
_1+(<flc+c))
Also, we can prove the other relations. This completes the proof. O

Lemma 3.2. The solutions of system (3.1) are unbounded except in the cases from the following two theo-
rems.
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Theorem 3.3. System (3.1) has a periodic solution of period twelve iff A = B = C = 2 and it can be

written in the following form

{ﬂfn} = {$_3, L-2,T—-1,L0,2—-3,2—2,2—1,20,Y-3,Y-2,Y-1,Y0,L—-3,T-2,T—1,T0,-- - } ’
{yn} = {y—37 Y-2,Y-1,Y%0,L-3,L-2,L—-1,L0, 2—3,2—2,2—1, 20, Y-3,Y-2,Y—-1,Y0, - - - } )
{Zn} = {2—37 2-2,2-1,20,Y-3,Y-2,Y-1,Y0,L-3,L-2,L—1,L0y Z—3, Z—2, Z—15 205 - - - } .

Proof. First suppose that there exists a periodic solution of period twelve
{ﬂfn} = {13_3, L—2,L-1,L0y2—-3,2—2,2—1,20,Y-3,Y-2,Y-1,Y0,L—-3,T-2,T—1,T0,-- - } )

{yn} = {y—37 Y-2,Y-1,Y0, -3, -2, L -1, L0, -3, 2—2,2—1, <0, Y-3,Y-2,Y—-1,Y0, - - - } )
{on} ={2-3,2-2,2-1,20,Y-3,Y=2,Y~1, Y0, T—3, T2, T—1, T0, 23, Z—2, Z—1, 20, - - - |

of system (3.1). From its form, we see that

=iy T2 = Ta(—1+ B)gn, T-1= (_]ﬁ_;cl')‘dn7 zo = zo(—1+ A)3n7
g -2 = 2-2(=1+ O)"" 2y = w20 = 20(—1+ B,
= o Y-2 = y-2(—1+ APy = e, o = wo(—1+ )2,

Yy-3 :Ply_k;é)am Y—2 =y-2(-1+ A)Sna Y-1= (_f{i_;é)any Yo =yo(—1+ C)Snv
3

—lw —fw —

w3 =y T2 = coa(=14 B)" vy = e, w0 = xo(—1+ A),
= 22 = 2214+ O, 2 = ik, 20 = 20(-14 B,

Z-3 Zﬁ, zg=z29(—1+C)", 2 = (_ﬁ;j‘)sm 20 = zo(—1+ B)*",

)
%, Y2 =y-2(—1+ A)Snﬂa Y-1= (—14%/3%7 Yo = yo(—1+ C)Snﬂ,
=ty -2 = a1+ B)"2 ay = g, @0 = wo(—1+ A",

where from we get
A=B=C=2.

Second, assume now that A = B = C' = 2. Then we see from the form of the solution of system (3.1))

that

T12n—3 =T -3, T12n—2 = T—-2, T12n—1 = T—1, T12n = L0, T12n+1 = Z-3, T12n+2 = Z-2,
T12n+3 =2-1, L12n+4 = 20, T12n+5 = Y-3, T12n+6 = Y—2, T12n+7 = Y—-1, T12n+8 = Y0,
Y12n—-3 =Y-3, Y12n—2 = Y-2, Y12n—1 = Y-1, Y12n = Y0, Y12n+1 = T3, Y12n+2 = T-2,
Y12n43 =T -1, Y12n+4 = T0, Y12n+5 = Z2-3, Y12n+6 = 2-2, Y12n+7 = Z—-1, Y12n+8 = 20,
Z12n—3 =Z-3, Z12n—2 = Z-2, 212n—1 = Z—1, %12n = 20, 212n+1 = Y-3, Z12n42 = Y-2,

212n+3 =Y-1, Z12n+4 = Y0, 212n+5 — -3, 212n+6 — L-2, 212n+7 — L—-1, 212n+8 — L0-

Thus we have a periodic solution of period twelve. This completes the proof.

O

Theorem 3.4. System (3.1)) has a periodic solution of period four iff v_; = y—; = z—;, 1 =0,1,2,3, A=2

which has the form
{zn} ={un} ={z} ={z-3,2-2,7-1,20,7-3,2-2,... }.

Proof. The proof follows from the formulae of solutions of system (3.1)).

Example 3.5. We consider an interesting numerical example for (3.1) with the initial conditions z_3
06, r_9g = —03, z_1 =08, g = —1.3, y—3 =02, y_o = —4, y_1 = 0.2, yo = 0.7, z_3 = 0.8, z_o
1.1, z—1 = 0.02, and 29 = 0.4. See Figure 3
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Figure 3: Plot of system (3.1).

Example 3.6. See Figure 4] when we take system (3.1)) with the initial conditions z_3 = 6, x_o =
1/14, r—1 = —1/6, o = —2, Yy—3 = 0.3, Yy—o = —3, Yy—1 = 8, Yo = —2, Z_3 = —7, Z_2 = 20, Z-1 = 1/18,

and zy = —0.5.

25

S35

201 ﬁ‘

Figure 4: Plot of periodicity of system (3.1]).

Example 3.7. Figure [5| shows the behavior of the solution of system (3.1)) with the initial conditions

T 3=y 3=23=06,r o=y o=z29=-3, x_1=y_1=2_1=1/18and xg = yo = 20 = —2.

The following cases can be treated similarly.

4. The Third Case a; = b; =bg =1,t1=1,2, azg = —1

Here we obtain a form of the solutions of the system of the difference equations
Zn—3 o Tn—3

1+ Znyn—lxn—an—S7 Yni1 = 1+ xnzn—lyrb—2xn—37
Yn—3

-1+ ynxnflznfﬂ/nf?»’

In+1 =

Zn+1 =

(4.1)

where n = 0,1,2,... and the initial conditions are arbitrary real numbers with A # +1,+# %, B # 41,

#_%andci‘él:#%a#%'



M. M. El-Dessoky, J. Nonlinear Sci. Appl. 9 (2016), 2190-2207 2203

X(n),y(n),Z(n)

Figure 5: Plot of system (3.1) when z_; = y_;, = 2—;,i=10,1,2,3, A = 2.

Theorem 4.1. Let {x,, yn, zn}:io_g be a solution of system (4.1). Then for n =10,1,2,..., we have

- z_3(—1+24)" A z_o(—1+ B)"(1+ B)*
" (—1+ A)2n(1+ A"’ " (1+2B)" ’
R r_1(1—20)*" ot — zo(—1+ A" (1 + A)”’
(=1 + C)2(—1+3C)" (—1+424)n
2z 3(1+2B)" 2z 9(=1+ C)*" (-1 +30)"
L12n+1 :(—1 T B)(1 + B2+l T12n42 = (—1 + 20)2n+1 ’
 za(=1424) _ z(=14 B)"(1+ B)**!
T12n+3 = (_1 T A)2n+1(1 T A)"’ T12n+4 = (1 T QB)n >
T12n+5 = y_g(—l il 20)2n+1 T12n+6 = y_2(_1 il A)2n+1(1 * A)n+1
" (=14 C)2n+2(—1 4 30)"’ " (—1+424)" ’
N  ya(+2B)nt! ~ p(-14 O (=1430)"]
P T (L1 By (L + BEE e = (=1 +20)2n+2 ’
y_3(—1+2C)*" y_o(—1+ A2 (14 A)"
Y12n-3 :(_1 T O)(—1+30)" Y12n—2 = (—1+ 24)" )
y_1(1+2B)" yo(—1+ C)*" (=1 +30)"
Y12n—1 :(—1 + B)"(1+ B2 Y12n = (—1+20)2 )
r_3(—1+24)" r_o(—1+ B)*(1+ B)*+!
Y12n+1 :(—1 T ARA(1f AL Y12n42 = (11 2B)"+ )
r_1(—1+20)*+! zo(—1+ A2 (1 + A)"
L (S R P i Y e R e G ;7 L S
z_3(14+2B)" z_o(—1+ C)F2(—1 4 30)"
Yints =7 (T L Bynti(1 4 Byt YT (—1 + 202+ ’
zo1(=1+24)" 20(=1+ B)"(1 + B)*"*2
Yion+7 = — (—1+ A2+ (1 4 Ayl Y12n+8 = 1+ 2B)"+1 )
_ z3(1+2B)" _ zoa(—14O)*(—-1+30)"
A= = Byl + B)2 A2 = (—1+ 2C)2n ’
z_1(—=1+42A)" 20(—=1+4 B)"(1 + B)*"
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B y_3(—1+20)*  y—o(—1+ A2 (14 A)ntt
Z12n+1 _(_1 + C)2n+1(—1 + 30)77,’ leTL-‘rQ - (_1 + 214)” )

_ ya(t+2BpH (101430
212n+3 = — (_1 n B)n(l n B)2n+17 212n+4 = — (_1 4 2C)Qn+1 ’

.1‘73(—1 + 2A)n+1 $72(_1 +B)n+l(1 +B)2n+1

Z12n+5 = — (_1 n A)2n+1(1 n A)n+17 212n+6 = (1 + 2B)n+1 y

oz (=1420) ! _ xp(=1+ A1+ A
Z12n+7 —(_1 I C)2n+1(_1 + 3c)n+1’ f12n+8 = — (_1 + 2A>n+1

Example 4.2. In the following example for system (4.1]), we put the initial conditions x_3 = 0.6, x_o =

—0.3, r—1 = 0.7, o = —1.3, Yy—3 = 0.2, Y—o = —0.4, Yy—1 = 0.2, Yo = 0.7, zZ_3 = 0.8, Z_92 = 0.24, Z—1 = 0.5,
and zp = 0.4. See Figure [6]

x(n),y(n).Z(n)

L L L L L L L
0 5 10 15 20 25 30 35 40 45 50

Figure 6: Plot of system (4.1)).

5. Other Cases

In this section, we get a form of the solutions of the following systems of the difference equations

. Zn—3 y Tn—3
n+1 — ) n+1 — )
1+ 2nYn-1Tn—22n—3 -1 - Tp2n—1Yn—2Tn—3
1 = Yn=5 . (5.1)
1- YnTn—-12n—2Yn—3
" Zn—3 y Tn—3
n+l1 — ) n+l1 — )
—1 = 2y Yn—1Tn—22n-3 -1 —zpzn1Yn—2Tn-3
gl = Yn=s . (5.2)
—1 — YnTpn—12n—2Yn—3

Theorem 5.1. Let {xy, Yn, 2n} be a solution of system (5.1). Then forn=0,1,2,..., we have

.  zog(1424)" . _zo(-1)"(1+ B)*(1+ 3B)"
z_1(1420C)" zo(1+ A)? (=1 + A)"

T12n =

T12n—1 = (

1+0)2(-1+C)™’ (1+24)" ’
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B 2_3(_1)n(1 4 2B)2n . B _2_2(_1 + C)TH—I(l 4 C)Qn
T12n+1 —(1 + B)2n+1(1 i 33)"’ 12n+2 = (1 4 20)" ’
. o za(l+ 24)" . _ 2=+ 3B)"*1(1+ B)*"
B y73(1+20)n+1 B y72(1+A)2n+1(_1+A)n+1
Ti2n+5 = — (1 + C)2n+1(_1 + C)n+17 T12n+6 = — (1 + 2A)n+1 )
B yfl(—l)"(l + 23)2n+1 B yo(—l + C)"'H(l 4 C)2n+1
T12n47 (11 3B)"I(1 1 B2l L12n+8 = — (1 + 20)n+1 ’
oy ==+ 200" oy — Y21 F AP (=14 A)"
P T o (-1t O " (1+24) ’
_ya(-1)"(1+2B)* w4+ O (140"
Y12n—1 (1 T 3B)n(1 T+ B)Qn’ Y12n (1 + QC)” 5
_ r_3(1 +2A4)" _zo(—1)"TH (1 +3B)"(1 + B)*" !
Yi2n+1 = — (14 A)2nti(—1 +A)n7 Yi2n+2 = (1+ 2B)2n+1 )
-~ r_1(1420)" w1+ APMI(-14 A"
Y12n+3 = (1 T C)2n+1(_1 + C)n’ Y1on+4 = (1 + 2A)n 5
_273(71)71—1—1(1 + 2B)2n+1 _ 272(1 + C)Qn'H(—l + C)n+1
Y12n+5 = (1 +3B)n(1 _|_B)2n+2 ’ Y12n+6 (1 _|_20)n s
B 2_1(1 +2A)n+1 B ZO(_l)n—H(l +3B)"+1(1 +B)2n+1
Y1on+7 = — (1 + A)2n+2(_1 4 A)n’ Yion+8 = (1 + 23)2n+2 ’
B _z-3(=1)"(1+2B)* Z _ 221+ O (-1+0)"
S T (3B (11 B)P e (120
. (14 24)" I 20(=1)"(1+3B)*(1+ B)*"
12n—1 _(1—|—A)2”(—1+A)n7 12n — (1 +2B)2n ;
o ys(+20)” gy = Y2 L A4 AT
12n+1 (_1 + C)n+1(1 + C)2n’ 12n+ (1 + 2A)n+1 s
o yaEDMeBP (14 P (14 O)"
12n+3 (1 + B)Qn(l + 3B)n+1 ) 12n+4 (1 + 20)n+1 5
w24y L wa(-)"(1L 4 3B) (14 B
B _ z_1(1+420C)" B w1+ AP (=14 A)"
12n+7 = (1 + C)2n+1(_1 + C)n""l’ 12n+8 — (1 4 2A)n+1 )

1 1 1
where A,C # £1,+# —3 and By # —1,# —5,7é -3

Theorem 5.2. Let {xn,yn,zn}:{f’f?’ be a solution of system (5.2) and A,B,C # —1. Then for n =
0,1,2,..., we have

__ %3 _ 3 _ T_1
L12n—3 —m; Tign—2 = T—2(—1— B)™, 12901 = ma
Z-3
T1on =z0(—1 — A)*", Trgn11 = =, Tionga = 22(—1— C)*",
(-1 — B)3n+1
| Yy-3
Prents =7 gygernr T12ntd = 20(=1= B, 219045 = (—1-c)pm?
Y-1
T12n46 =Y—2(—1 — A)3"+2, T12n+7 = m> T1ont+s = Yo(—1 — C)3n+2,
Y-3 3n Y-1
3= o =y_o(-1—-A 1=
Yin—s =7 —gya Y2 =Y 2( )™, Y12n—1 i B
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T_3

y1an =yo(—1 = C)°", y1ont1 = (C1 = A)sn+1 Yind2 = z_o(—1— B>,
T_q ]

Yo =72yt Yizeta = To(=1 = AP yiongs = (—1= B)ys

Zq

Yiont6 =2—o(—1 — C)3" 2 yiopi7 = (C1—Ap? Yi2nts = 20(—1 — B)*"*?,

Z_3 Z—1
212n—3 T (-1-B)™’ Zion—2 = 2-2(=1 = C)*", 21201 = (=1 — A3’
Y-3
Z12n =20(—1 — B)?m’, Z12n+1 = Wa Zi2nt2 = Y—2(—1 — A)3n+17

Y-1 -3
Z2nts =Ty gt Azt = o(—1— CP" L, 2ianis = (C1= Ay
T-1
Z1on+6 =T—2(—1 — B)3n+2, 12047 = W, Z12n+8 = To(—1 — A)3n+2.

Lemma 5.3. The solutions of system (5.2)) are unbounded except in the cases given in the following two
theorems.

Theorem 5.4. System (5.2) has a periodic solution of period twelve iff A = B = C = —2 and it has the
form

{ﬂfn} = {CU—3,3?—2,96—1,$072—372—272—1,»207,”9—3,y—2,y—1,y0,$—3,$—2,x—1,3€o, e },
{yn} ={y—3,9-2,Y—1, Y0, T—3, T2, T_1, 0, Z—3, Z—2, 21, 20, Y=3, Y=2, Y=1,Y0» - - - } »
{zn} ={2-3,2-2, 221,20, Y=3,Y=2, Y=1, Y0, T3, T2, L1, T, Z—3, Z—2, Z—1, 205 - - - } -

Theorem 5.5. System (5.2)) has a periodic solution of period four iff v_; =y—; = z—;, 1 =0,1,2,3, A= -2
and it is of the form
{zn} ={yn} ={zn} ={r_3, 290,21, 20, 2_3,2_9,... }.
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