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Abstract

In this work, we investigate the existence of solutions of p-Laplacian fractional differential equations with
integral boundary value conditions. Using the five functionals fixed point theorem, the existence of multiple
positive solutions is obtained for the boundary value problems. An example is also given to illustrate the
effectiveness of our main result. (©2016 All rights reserved.
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1. Introduction

The equation with p-Laplacian operator arises in the modeling of different physical and natural phenom-
ena, non-Newtonian mechanics, nonlinear flow laws and many other branches of engineering. The study of
differential equations with p-Laplacian operator was initiated by many authors, one may see [1]-[8], [11],
[12]-[14] and references therein.

In [6], Guo et al. discussed the existences of solution for the following boundary value problems for the
p-Laplacian equation:

(6p(u' (1)) + a(t)f(t, u(t)) =0, t € (0,1),

subject to one of the following boundary conditions:
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m—2 m—2
dp(u'(0)) = Z aidp(u' (&), u(l) = Z bu(&),

or

Zaz (&), ¢p(u Zb%

Using the five functionals fixed point theorem, they obtained the existence of multiple (at least three)
positive solutions for above boundary value problems.

Chen et al. [3] showed the existence solutions by coincidence degree for the Caputo fractional p-Laplacian
equations:

Dy, ép(Dg (1)) = f(t,2(t), Dgra(t)), 0 <t <1,
Dy x(0) = Dgyx(1) = 0,

where 0 < a, < land 1 < a+ <2, ¢p(s) = [s[P72s, p > 1, f [0,1] x R? — R is continuous, Déj+ and
D, are the Caputo fractional derivatives. They used Lu = 0+ ¢p(Dgyz(t)) with Dg x(0) = Dgz(1) =0
and obtained dim kerL = 1.

Zhang et al. [14] discussed the eigenvalue problem for a class of singular p-Laplacian fractional differential
equations involving the Riemann-Stieltjes integral boundary conditions

— DY (6p(DF) ) (1) = Af(t (1), t € (0,1),
1
z(0) =0, Dfz(0)=0, x(1) :/0 z(s)dA(s),

where D and Djf* are the standard Riemann-Liouville fractional derivatives with 1 < a <2, 0 < g8 < 1,
A is a function of bounded variation and fo s) dA(s) denotes the Riemann-Stieltjes integral of z with
respect to A, f(t,x) : (0,1) x (0,00) — [0, 00) is contlnuous and may be singular at ¢ = 0,1 and x = 0. their
results are derived based on the method of upper and lower solutions and the Schauder fixed point theorem.

Motivated by the aforementioned works, this paper is concerned with the existence of positive solutions
for the coupled system of p-Laplacian fractional differential equations with integral boundary value conditions

Dy, (¢p(Dgu(®)) + f(t,u(t) = 0, t € (0,1), (L.1)

¢p(DSu(0)D =0, i =1,2,...,1—1, (1.2)
1

on(Df-u(1)) = [ (Do, (DF.ut)at, (1.3)
0

u90)=0, j=1,2,....,n—1, (1.4)

1
w(0) = /0 k(t)u(t)dt, (1.5)

where ¢p,(u) = [u[P~2u, p > 1. D€+ and D, are the Caputo fractional derivatives, | -1 <3 <[, n—-1<
a<n l>1, n>1landl4+n—1< a+ B <[+ n. Using the five functionals fixed point theorem, the
existence of multiple positive solutions is obtained for the aforementioned boundary value problems.

We will suppose the following conditions are satisfied:

(Hy) k(t), h(t) € L'[0,1], k(t) >0, h(t) >0, 0 < fo t)dt <1 and 0 < fo t)dt < 1;

(Hs) f(t,u):1]0,1] x [0,00) — [0, 00) is continuous.

2. Background and definitions

For the convenience, we present some necessary basic knowledge and definitions about fractional calculus
theory, which can be found in [9] [10].
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Definition 2.1. The fractional integral of order o > 0 of a function y : (0,00) — R is given by

12, y(t) = F(la) /0 (t— )2 y(s)ds,

provided that the right side is pointwise defined on (0, c0).

Definition 2.2. For a continuous function y : (0,00) — R, the Caputo derivative of fractional order v > 0
is defined as

D5 (1) = oy [ (=9 s)as,

where n = [a] 4+ 1, provided that the right side is pointwise defined on (0, c0).

Lemma 2.3. Let a > 0 and u € ACN710,1]. Then the fractional differential equation D§, u(t) =0 has

u(t)=co+et+et’ +.. . +eyat" Tl G €ER,i=1,2,...,N

as the unique solution, where N is the smallest integer greater than or equal to .

Let K be a cone in real Banach space F and v, ¢, # be nonnegative continuous convex functional on K
and let w, 1 be nonnegative continuous concave functional on K. Then for nonnegative numbers h,a, b, d
and ¢, we define the following convex sets

P(y,¢) ={x € K|y(x) <c},
P(y,w,a,¢) = {r € Kla <w(x),7(z) <},
Qs ¢, d,c) = {z € Klp(x) < d,y(x) < }
(’y,Gwabc)—{xEK]a<w(x),9(x)§
QY ¢, ¥, hyd; c) = {x € K|h < ¢(x), p(x)

| /\
;\

Theorem 2.4. Let K be a cone in real Banach space E. Suppose there exist nonnegative continuous concave
functionals w and ¥ on K, and nonnegative continuous convex functionals -y, @, and 8 on K such that for
some positive numbers ¢ and m,

w(x) < @(x), and ||z|]| < my(x) for allz € P(v,c).

Suppose further that T : P(v,c) — P(v,c¢) is completely continuous and there exist h,d,a,b > 0 with
0 < d < a such that each of the following is satisfied:

(Ch) {z € P(v,0,w,a,b,c)|lw(x) > a} # 0 and w(Tx) > a for x € P(v,0,w,a,b,c),

(C2) {z € Q(v, 9,9, h,d,c)|p(z) < d} # 0 and p(Tz) < d for x € Q(v, ¢, h,d,c),

(C3) w(T'z) > a provided x € P(vy,w,a,c) with §(T'z) > b,

(Cy) o(Tx) < d provided x € Q(~, ¢, d,c) with Y(Tx) < h.
Then T has at least three fized points x1,x2,x3 € P(7v,c) such that

o) <d, a <w(z2) and d < p(rs3) with w(zz) < a.

3. Preliminary lemmas

Lemma 3.1. The boundary value problems (1.1)—(1.5) has a solution u(t) if and only if u(t) solves the
equation

u(t) = F(la) /0 (t — 5)* Lr(s)ds + bo, (3.1)
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where
1 S
r(s)=¢ a—/ S—T’Blfd7'>, 3.2
()= 0n(a0 - 55 | 57 (32
Sy U=7)8=tpdr — [T n(e) [ [y (e = m) L pdr] ae s
apg = y .
ﬂ) [1 - fol h(t)dt}
I k() [ S —1r(s)ds} dt
by = n . (3.4)
a) [1 — k(t)dt}
Bq(s) is the inverse function of ¢p(s), a.e., ¢q(s) = |s|772s, % + % =1.
Proof. From , we get
Dy, (ép(Dgu(t))) = —f (¢, u(t)).
For t € [0,1], integrate from 0 to ¢, in view of Lemma 2.3 we have
1 t
dp(Diru(t)) = T / (t — 1)~ f(r, u(r))dT + ap + art + - - + ap_1t L
0
By , we obtain a; =--- =a;—1 = 0. i.e.,
1 t
ou(Df-u(®) = s [ (= 1P (rum)dr + (35)
I'(8) Jo
From (|1.3), we get
Jy =78~ par — [ h(e) [ fy e = )Pt far| at
ag =
r(8) |1 Jy h(yat]
In view of (3.5]), we have
1 t
DY u(t) = a—/ t—Tﬂ_lfd7'>.
gru(0) = én (a0~ i [ €=
For t € [0,1], integrate from 0 to ¢, in view of Lemma we get
1 ‘ —1 -1
= — —5)® ds+by+bit+-+-+by_1t" .
u(t) F(oz)/o(t ) r(s)ds + by + bit + -+ by
By (1.4), we get by =--- =b,_1 = 0. i.e.,
u(t) = 1 /t(t —5)* r(s)ds +b
- T(e) Jy "
From ([1.5), we get
b I k() [ Jhe - s)a71r<s>ds] dt
0= .
I'(a) [1 — k(t)dt}
So we have
0= gy [ (1= 9 (o) b
u(t) = —5)*r(s)ds + by.
I'(a) Jo
The proof is complete. O
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Lemma 3.2. FEvery solution satisfied in Lemma is mon-negative and non-decreasing function for all

te0,1].
Proof. For f(t,u(t)) >0, h(t) >0 and 0 < fo t)dt < 1, in view of (3.2)), we get

(
( r(8) [1- Jy h(tyat] L(p)
(
(

Jy =787t par — [y () [ Jye = m)PLpdr] ar e - T)ﬁ—lde)

Jy (1 =7)7 fdr — [ h() [ Jy (1 = )7 fdr] dt fol(l—r)ﬁ_lde)
r(8) [1 - Jy h(yat] L(8)

fol(l — T)B_lde B fol(l — T)B_lfd7'> _ 0
L'(B) I'(B) ’

thus,

u(t):F(la) /0 (1 — $)*Lr(s)ds + by

is nondecreasing. «(0) is minimum of w(t) for ¢ € [0, 1]. In view of k(t) > 0, 0 < fo t)dt < 1, and
IR0 [ i - s)a—lr(s)ds} dt
a) [1 . k(t)dt} ’

so u(0) > 0. Thus, we obtain u(¢t) > 0 for ¢ € [0, 1]. The proof is complete.

4. Main results

Let E be the real Banach space C|0, 1] with the maximum norm and define the cone K C E by

K = {u |u € E and u(t) are non-negative, nondecreasing function on [0, 1]}.
Define the operator T on K by

Tu(t) = I‘(la) /0 (t — 5)* " 1r(s)ds + by,

(4.1)

where r(s), by, is defined by (3.2)) and (3.4). Obviously, u is a solution of equation (|1.1)—(1.5) if and only if
u is a fixed point of operator T'. In order to obtain the result, we define the nonnegative continuous concave

functionals w, 1 and the nonnegative continuous convex functionals 6, ¢,y on K by

w(u) = min u(t) = u(ty),
tG[ 1, 2]

1
P(u) = té?f,ll] u(t) =u (A> ,

0 = t) = u(t
(u) téﬁ?z]um u(tz),

o(u) = max u(t) = u(l),
te[A,l]

Y(u) = max u(t) = u(l),

where 0 < t; <ta <1, 0< % < 1. It is easy to see that, for each u € K,

(4.2)

(4.3)
(4.4)
(4.5)

(4.6)
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w(u) = u(ty) < u(l) = ¢(u) and [lul| =~ (u).

Now, for the convenience, we introduce the following notations. Let

_ 1 . 1
T Tt ) [1 - Jo k()] 2T ) L f o]
o5 = e N Olk(t t*dt o — 1_(1_;)5

P+ ra+1)[1- f kwat| MG+ 1) [1- o]
e :ﬁ?h()((l_t)ﬂ—(l—h)ﬁ)dt o (1—1)8
4 Tg+1) [1_f0 } | ST+ [1—f0 ]

(&) “
er = | — 5 eg = A%,
t2

The following theorem is main result in this paper.

Theorem 4.1. Suppose that the conditions (Hy) and (Hg) hold. In addition, assume there exist nonnegative
numbers d,a and c such that 0 < h < esh < d < a < % <b<c, and f(t,u) satisfies the following growth
conditions:

(H3) f(t,u) < éqﬁp (é), fort €[0,1] and u € [0, ],

(Hy) f(t,u) > éd)p (%), fort € [t1,t2] and u € [a,b],

(Hs) f(t,u) < %(%) 65%( ) forte [%,1] and u € [h,d].

€6

Then the boundary value problems (1.1 . have at least three positive solutions ui, us and us such that

|lwi|| < e, fori=1,2,3,
luil| < d, a <w(uz), and ||us] >d, w(us) <a

Proof. First, we show that T : P(vy,c) — P(v,c¢) is a completely continuous operator.

Let v € K, in view of , we have T'u(t) are nonnegative and nondecreasing, consequently, 7' : K — K.
Applying the Arzela-Ascoli Theorem and standard arguments, we conclude that T is a completely continuous
operator. If u € P(v,c), in view of , we have

Tu(t) = I’(loz) /0 (t — 5)*1r(s)ds + by,

so || Tu ||= Tu(1), where r(s) and by are defined in (3.2)) and (3.4). By (3.2]) and condition (Hj), we have

s (1=r)P L fdr
o(5) = 60 (ao B 1“(16)/0 (s — T)B—lfd7-> < ¢q (F(f;)(l[l _ )fjl ;j({t()idt} )

: %(;% <ecl> F(g([ll_—th;;t}) ) %(612% < C> r(B+1) [11—f0 ]> o

By (4.1)), we have
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_ Jo (1= )" 1r(s)ds . Jo k() [f(f(t - S)O‘_lr(s)ds} dt
He P(a) 1= fy k()]

c 1 Ji k(t)dt
: el (F(a +1) " I(a+1) [1 — k‘(t)dt} )

_c 1
- I k(t)dt}

= C.

€1 (F(oz-i— 1) [1 -

Thus, ||Tu|| < ¢. Consequently, we show T': P(v,c) — P(v,c).
Next, we show that conditions (C7) — (Cy) in Theorem are satisfied for T'. It is easy to see that

{u € P(v,0,w,a,b,c)|w(u) > a} # 10,

{u € Q(v, 0,0, h,d, c)|p(u) < d} # 0.
To prove that the second part of condition (C7) holds, let uw € P(v,0,w,a,b,c), in view of (4.2)) and

[E3), we get

w(u) =u(ty) >a, O(u)=u(ts) <b.
It implies that a < u(t) < b for t € [t1,5]. From (3.2) and condition (Hy), we get

r(s) = ¢ <a0 — F(lm /05(5 - 7-)5—1de> > ¢ <a0 - F(lﬁ)/o

1

(1- 7')'8_1de>

= ¢, f t)dt - fo )t fdr — fo fo )8~ 1ded)ﬁ)
(3) [1- Jy et
f (t) [ (1 —7)P~ fdrdt S h(t) [2(1— )8t fdrdt
> ¢q [1_f0 } >2¢q< 5 [1—folh(t)dt} )

bp (f) 2 h(t) [2(1—7)Pldrdt
0| T r(8) [1 e h(t)dt]

& (&) [ h(t)((1 - 1) - (1~ ta) >dt)
€4 ﬂ+1 [1_f0 }

a
> &g > %.
By (4.1)), we have

1 ! — $)¥ r(s)ds
s+

- fotl(tl — s)eLp(s)ds . fol k(t) [fot(t — s)aflr(s)ds} dt
N I(a) F(a) 1= fy k()]

a (;51 (t; — ) lds N fol [fo ) 1ds} dt
I'(a) (o [1_f0 dt}

Tu(tl) =
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_a 1 N fo t)t>dt
es \T(a+1) " p(a41) [1—[0 (t)at]

= a.

Thus, in view of (4.2)), we get w(Tu) = Tu(t1) > a
To show that the second part of condition (C2) holds, let u € Q(v, ¢, ¥, h,d,c), in view of (4.3) and
[3), we get

1
V() =u() 2 h plu) =u(l) <d.
It implies that h < u(t) < d for t € [},1], and 0 < u < ¢ for ¢ € [0,1]. In view of conditions (Hj), (Hs) and
B3, we get
1 S
) / (s — 7')51de> < ¢q4(ao)
0

r(s) = &g (ao -t

(=P = [y R [ [yt = )P par] at
o (8) [1 = Jo n(t)at]
T(8) [1 — h(t)dt} 8) [1 — h(t)dt] (8 [1 — h(t)dt}
cou Loy (£) dummyue o) Ee() H0on e )
2 \e/ r(s) [1— [y e >dt] o 0(s) [1 - Ji ht)a]
<o, (Lo (£)—Loimb Lo(@)-sa(s) oy
S\ T\ ) [1- ) ke ¢ L(B+1) [1— fy hit)t]
d
T e
By , we have
Tu(l) = F(la) /01(1 — 5)* I (s)ds + bo
-9 s Sy K [fo b (s)ds] e
e [1 - fo 0]
d fol(l - s)o‘*lds fo [fo ) 1ds} dt
< ;1 F(Oé) |:1 _ f() j|

_d 1 f01 k(t)dt } )

er \ T(a+1) [(a+1) [1 - f01 k(t)dt
el [(a+1) [1 — fol k(t)dt} '

So, we have ¢(Tu) = Tu(1l) < d. To see that (C3) is satisfied, let u € P(v,w,a,c) with 6(Tw) > b, that is,
Tu(t2) > b. By (4.1), we have
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fotl (t1 — 5)* 1r(s)ds

Tu(t) = Ta) + bo.
For
51 (t; — 5)* 1r(s)ds _ ¢ fol(l — )2 Ip(tyv)do S 1 .
fotz (ta — )2 Ir(s)ds  t§ fol(l —v)olp(tyr)de ~ 13 "
so, we get

2ty — s)*1r(s)d
['(a)

Tu(tl)

s
+ bo} = €7Tu(t2).
Thus, we have
w(Tu) = Tu(ty) > erTu(te) > e7b > a.
Finally, to show (Cy), we take u € Q(v,¢,d, ¢) with 1(Tu) < h, that is Tu (5) < h. By (1)), we have

fol(l —5)* lr(s)ds

Tu(l) = T(a)

+ bo.

For

J0 =92 trs)ds _ Jil-s r(eds
T /1h\a pl —1o( ¥ = = e€sg,
Jo (5 = s)>~1r(s)ds ()" Jo (T =v)e=1r(¥)dv

thus, we have

e %l—so‘_lrs S %l—so‘_lrs S
Tu(l) < s Jo Q F((i) (s)d —|—bo<es{f0 G I‘()a) (s)d +bo}<€8TU <i>

Therefore, the hypotheses of Theorem are satisfied. So the boundary value problems ({1.1)—(1.5) have at
least three positive solutions u1, us and ug such that

|ui|| < cfori=1,2,3,
lui|| < d, a < w(ug) and ||us|| > d, w(usz) < a.

The proof is complete. O

5. Example

In this section, we present a simple example to explain our result.
Consider the following boundary value problems

Dy (¢p(Dgu(t))) + f(t,u(t)) =0, ¢ € (0,1),

p(DYTu(1)) = [y (1= 1)*1 6, (DG u(t))dt,
w(0) = [ % u(t)dt,

where
0.2, te€[0,1], 0<wu<105,
Flt) = 3(u—105)+0.2, te€[0,1], 105 < u < 106,
) 3.240.1vu — 106, t€0,1], 106 < u < 870,
3.2+ 0.11/764, t€0,1], 870 < u.
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And we notice that o = 0.7, 8 = 0.82. If we take t; = 0.05, t5 = 0.99, A =10, then 0 < t; < 9 < 1.
It follows from a direct calculation that
e1 = 12.106009, ex = 10.771129, e3 = 6.860732, ey = 4.845449,
es = 0.891513, eg = 9.879617, e; = 0.123690, eg = 5.001872.

In addition, if we take p =2, h =1, d = 105, a = 106, b = 870, and ¢ = 920, if f(¢, u) satisfies the following
growth conditions:

1
f(tu) < —dy <:> = 7.055464, teo,1], u € [0,920],
2 1
1
fltu) > —d, <:> = 3.188610, t € [0.05,0.99], u € [106,870),
4 3

o (2)-20(2)
fltou) < —2L 2 A" 0241238, te[0.1,1],  weE [1,105],
€6

then all conditions of Theorem are satisfied. Therefore, by Theorem we know that the boundary
value problems have at least three positive solutions uj, us and ug such that

lus|| < 920 for i = 1,2, 3,
|lui]] < 105, w(ug) > 106, and |lus|| > 105, w(us) < 106.
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