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Abstract
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1. Introduction

The following inequality, named Hermite-Hadamard inequality, is one of the most famous inequalities
for convex functions.

Theorem 1.1. Let f : I C R — R be a convexr function defined on the interval I of real numbers and
a,bel, witha <b. Then:

f<a;b> = bia/abf(“)d“W' -
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In [4], Dragomir and Agarwal established the following result connected with the right part of (1.1

Theorem 1.2. Let f : I° CR — R be a differentiable mapping on 1°,a,b € I with a < b. If |f'| is convex
on [a,b], then the following inequality holds:

fla)+f0) 1 (b~ a)(1'(@)] + 15/ G))
e

2 8
In [30] (see also [27, 29]), Tunc and Yidirim defined the following so-called MT-convex function:

Definition 1.3. A function: I C R — R is said to belong to the class of MT(]), if it is nonnegative and for
all z,y € I and t € (0,1) satisfies the following inequality:

Vit V1—t
fltz+ (1= 0y) < s fla) + 5

Theorem 1.4. Let f € MT(I),a,b € I witha <b and f € Li[a,b]. Then:

() < it [ rwas (13)

b a
5 E - /a 7(z) f(z)dzr < f();f(b), (1.4)

f(). (1.2)

and

where T(x) = W,x € [a,b].

For other recent results concerning Hermite-Hadamard type inequalities through various classes of convex
functions, see [1I, 3, 5], [7, [8, @, 12l 10, 17, 20} 221 24], 25, 28] and the references cited therein.

Fractional calculus [6, I8, 21] was introduced at the end of the nineteenth century by Liouville and
Riemann, the subject of which has become a rapidly growing area and has found applications in diverse
fields ranging from physical sciences and engineering to biological sciences and economics. We recall some
definitions and preliminary facts of fractional calculus theory which will be used in this paper.

Definition 1.5. Let f € Li[a,b]. The Riemann-Liouville integrals J% (f) and J* (f) of order o > 0 with
a > 0 are defined by

J4 f(x) = F(la)/x(af — )l (t)dt,z > a

and
b
T f(a) = F(la)/z (t— 2)°Lf()dt, b > z,

where I'(a) = [ e “u* tdu. Here J% f(z) = J f(x) = f(z). In the case of a = 1, the fractional integral
reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to study fractional Hermite-
Hadamard, Griiss, or Ostrowski type inequalities for functions of different classes, see [2, 11}, 13|, 14} 15, [16,
23, [26] where further references are listed.

The main aim of this paper is to establish some Hermite-Hadamard type inequalities for MT-convex
functions via classical integrals and Riemann-Liouville fractional integrals, respectively. An interesting
feature of our results is that they provide new estimates on these types of Hermite-Hadamard inequalities
for MT-convex functions. Some applications for special means and for the error estimates of trapezoidal
formula are also obtained.
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2. Hermite-Hadamard type inequalities via classical integrals
In order to prove our main results, we need the following Lemma that has been obtained in [9]:

Lemma 2.1. Let f: I C R — R be a differentiable mapping on I°, where a,b € I witha < b. If f' € L]a,b],
then the following inequality holds:

—r r—a)f x—a2 !
(b )f(b?:fl _a/ flu a) /O(t—l)f’(tx+(1—t)a)dt (2.1)

(b—»’v)2
b—a

1
n /0 (1— ) f (tx + (1 — t)b)dt,

for each = € |a,b].
We shall start with the following refinement of the Hermite-Hadamard type inequality.

Theorem 2.2. Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € Li[a,b] where
a,be I. If |f'| is MT-convex function on [a,b] and |f'(x)] < M,z € [a,b], then we have:

(b—=x)f(b) + (x —a)f(a) . Mrl(z —a)*+ (b—2)%
‘ b—a / J(u)du 4(b—a) ’ (22)
for each x € [a,b)].
Proof. Using Lemma and MT-convexity of |f’|, it follows that
b—=x)f(b x—a)f(a b
[ERHIETSTTON Ry
r—a)?2 [l 2 1
g(b_a) /0(1—t)\f’(tx+(1—t) a)[dt + bb z) /0 (L= O)|f (tz + (1 — 6)b)|dt
(x —a)? 1 Vit ﬁ
< OG22 [a-n ;e 2 @] a
(b—x)* [t Vit
+O20 Lamn [ re+ ] a
M[(z—a)?+ (b—12x)?] [!
< [( 2(?) _+a() )]/0 (t1/2(1_t)1/2+t71/2(1_t)3/2) dt.
With Euler Beta function defined by
1
Blx,y) = / t* 1 — )y tdt, z,y > 0,
0
the proof is completed. O

Remark 2.3. In Theorem if we choose x = (a + b)/2, then we get

‘f )+ I _a/f ‘ a; ) (2.3)

The corresponding version for power of the absolute value of the first derivative is incorporated in the
following results.

Theorem 2.4. Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € Li[a,b] where
a,b €I with a <b. If |f'|7 is MT-convex function on [a,b],q > 1,p~t + ¢t =1 and |f'(x)| < M,z € [a, ],
then we have:
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b—a b—a

(b—2)f(b)+ (xr —a)f(a) 1 b M ™ (x—a)?+ (b—2)?
| [ o] < 5 () 0 z4
for each x € |a,b].

Proof. Suppose that p > 1. From Lemma and using the Holder inequality, we have

‘(b o) f (b?)—i—ia:—a _a/ Fudu
a2 _ )2l
<E= [a- Vm%ﬂ—ﬂﬂﬁ+ﬁ E[a-oirtas - opia

| /\

b )2 </01 Pdt) (/ |f (tz + (1 = t)a )|th>1
+(Z ? <A% Pm) (/‘U m+—1—w)w@>l

Since | f’|? is MT-convex function and |f/(z)| < M, then we have

1 , 1 \/> 1—¢ ,
[t v a-naar< [ oEip@p s L2 @] -

1@+ f (@] < ZM?

Ma

and similarly,

ay q vt q 1*t/q
J Ly R P e P O P

(£ @)+ £ ()] < SM°.

Mﬁ

Therefore, we have

(b—2)fO) +(z—a)f(a) 1 [°
‘ b—a b_@/gf(u)du

r—a)? ™ % —xz)? T rq
< (b—a) 1 _f_lp)l/p ( Mq) + (bb—a) (1 +1p)1/p (7M )
Mmoo a0

(1+p)t/p (b—a) ’

Q=

where p~! 4 ¢! = 1, which is required. O

Remark 2.5. In Theorem [2.4] if we choose x = (a + b)/2, then we get

‘f(a) —a/f Jdu ]__i_p)l/p(l)1+;(b_a)' (2.5)

Theorem 2.6. Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € Li[a,b] where
a,b € I with a < b. If |f'|7 is MT-convex function on [a,b],q > 1 and |f'(x)] < M,z € [a,b], then the
following inequality holds:

(b—2)f(b) +(x—a)f(a) 1 [
’ b—a _b—a/f(u)du

1+ L ( — a)2 )2
§A4<;> il beii ) (2.6)

for each x € [a,b].

Proof. From Lemma [2.1] and using the Holder inequality, we have
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— T r—a a b
Vb LOEICEL)C By o

b—a

r—a)? [! o)

< (‘2__?2 </01(1 —t)dt>1; </01(1—t)\f’(tx+ (1—t)a)|th>

+ (bb__?z </01(1 —t)dt) 1 (/01(1 ~8f (ke + (1 —t)b)th>}1.

Since | f’|? is MT-convex function and |f/(x)| < M, then we have

! / ! (1 )\[ (1_t) 11—t /
[a-oir+a-oopas [ S0 e+ SO0 o] a

1 1 !
=gl [ A= i [ - 7
1M37r us

IN

/1(1 —0)|f (b + (1 — t)b)|dt
0

Q

and

! / q ! (1_t)ﬁ / q (1_t) 11—t , q T 2 rq
[a-orera-onpas [ G2 @ SIS o] s T

Therefore, we have
1

-3 ™ (x—a)? —x)?
<u(z) Oy

— T r—a a b
’(b )f(b;:i ZION. /f(u)du

which is required. O
Remark 2.7. In Theorem [2.6 if we choose x = (a + b)/2, then we get

‘f )+ f(b —a/f Ju

Theorem 2.8. Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € Li[a,b] where
a,b € T with a < b. If |f'|7 is MT-convex function on [a,b],q > 1 and |f'(z)| < M,z € [a,b], then the
following inequality holds:

< Mt (;)H; (b—a). (2.7)

b—a b—a

’@—xﬁw»+@—aﬁm> 1L/V@mu5A4<P6M1q+b>q®_ay+w_xy (2.8)

(g + 1) (b—a)

for each = € |a,b].

Proof. From Lemma and using the Holder inequality, we have
(b—2)f(b) +(x—a)fa) 1 [°
' b—a b—a flu)du

z—a)® [! —x)* [
(b a) /0 1-(1—t>\f’(tx+(1—t)a)|dt+(bb_a) /0 L (=) f (tz + (1 = t)b)|dt

(”;__‘;)2 </01 1dt>1; </01(1 — )| (tx + (1 — t)a)|th>lll

IN

IN



W. J. Liu, W. S. Wen, J. K. Park, J. Nonlinear Sci. Appl. 9 (2016), 766-777 771

4 (bb__g;)2 (/01 1dt> (/01(1 ) (b + (1 — t)b)]th>;

Since | f’|? is MT-convex function and |f’(x)| < M, then we have

1—1
q

' q| ¢ _ q 1w/qw/aq
[a-orr+a-oopas [ S0 e A0 ] a

1

I ) 1 1
=slf@I [ a-oia i@ [rha-nria

1 3 1 1 1 3
< -MiB < Q+> +§Mqﬁ <27(J+>

2 PAD 2
_I(3r(e+3), .,
B 22F(q+1)2M
and
! / ! (1_t)q\/i ! q (1_t)q 1-t / q
[ra-omrasa-anpas [ 520 pap CEZ ] a
P(3)T(@+3), 4
< orgrny. M

— X r—a a b
'w SO e af@ L[ g,

b b <M<F(§)F(q+;)>;(a;—a)2+(b_x)2

2I'(g +1)

which is required. O

Remark 2.9. In Theorem [2.8] if we choose z = (a + b)/2, then we get

‘ﬂ@+fw>_bia/*ﬂmegA4<FGﬂWq+9>3<1y*ﬂb_@. (2.9)

2 T(q+1) 2

3. Hermite-Hadamard type inequalities via fractional integrals

In this section, we apply the following fractional integral identity from Ozdemir et al. [19] to derive some
new Hermite-Hadamard type inequalities for MT-convex functions.

Lemma 3.1. Let f : I C R — R be a differentiable mapping on I1°, the interior of I, where a,b € I with
a<b. If f' € Li]a,b], then for all x € [a,b] and o > 0 we have:

(x — a) f(ab) + ;b —2)"f(b) _ F(ba_+a1) T2 f(a) + J% f(b)]
(x —a)**! Und it
oo

1
:b_a/o (t% = V) f'(tz + (1 — t)a)dt +

/1(1 — ) f'(tx + (1 — t)b)dt, (3.1)
0

where T'(a) = [ e “u*"1du is the Euler Gamma function.
By using Lemma [3.1] one can extend to the following results.

Theorem 3.2. Let f : I C [0,00) = R be a differentiable function on I° such that f' € Li[a,b] where
a,b € I with a < b. If |f'| is MT-convez function on [a,b] and |f'(z)| < M,z € [a,b], then we have the
following inequality for fractional integrals with o > 0:
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(z — a)af(ab) :L(Eb —2)*f(b) F(ba_+a1) [T f(a) + J;if(b)]’

AMx—@M*+w—xw“1[ rm+;wg1

<

- 2(b—a) (3.2)

L V)
where I' is the Euler Gamma function.

Proof. From Lemma property of the modulus and using the MT-convexity of |f’|, we have

(—a)*fla) + (b—=x)*f(b) T(a+1)
b—a b—a

[ﬁﬂ@ﬁ%ﬂw

s@;fWH/WW—uumm+a—w@w

a 1
+(+/ 11— || /(b + (1 — £)b)dt

—r a+1 1 —
+waLA<1t%[qu<n ﬁ;;v%ﬂdt
M($ _ a)a+1

1
< 2(1)—@)/0 (1—1t%) <t1/2(1 — t)*1/2 + t71/2(1 _ t)1/2> di

M(b_l.)a-i-l 1 . ) )

_ M{(z — )oz(+1 + ()b )+ /1(1 _ (t1/2(1 )2 2 t)1/2) dt
a 0
M(z — a)**' + (b - >a+l1[ F(a—%5>P<§)]
2(b—a) ’

where we have used the Beta function of Euler type, which is defined as

I'(2)T (y)

, Yax,y>0.
I'(z+vy) Y

1
B(z,y) = / 1=ty tdt =
0
The proof is completed. O
Remark 3.3. In Theorem if we choose x = (a + b)/2, we get

'(ba)"‘_1 fla)+f(b)  T(a+1)

[Joess) fla)+ wwﬁﬂﬂ]

2a—1 2 b—a
M(b— a) _rm+;W@1
- 2a+1 MNa+1) ’

Remark 3.4. In Theorem [3.2] if we choose o = 1, we get the inequality in Theorem [2.2]

Theorem 3.5. Let f : I C [0,00) — R be a differentiable function on I° such that f' € Lila,b], where

a,b €I with a <b. If |f'|7 is MT-convex function on [a,b],q > 1,p~t+q =1 and |f'(x)| < M,z € [a, ],

then we have the following inequality for fractional integrals with o > 0:

(x—a)fla)+ (b —z)*f(b) Ila+1)
b—a b—a

[Tz f(a) + T+ £(b)]
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M((z — a)™*! + (b — 2)°*] (r)i (F(HMH)
)

= b—a 2 ol(1+p+1 (3.3)
where I' is the Fuler Gamma function.
Proof. From Lemma property of the modulus and using the Holder inequality, we have
(z—a)*fla)+ (b—x)?f(b) T(at+1) a
) Bt Dy s+ s
< <b‘_+/ 17+ (1~ )
(b_ a+1 aj| ¢!
(x —a)*t! 1 7
Sb—a(/o (1-— pdt> (/ \f'(tz + (1 —t)a )|th>
bh— a+1 1 2
+(bf)a (/0 (1— %) pdt) (/ 1 (tx+ (1 — )b )yth>
Since |f’|? is MT-convex function and |f’(z)| < M, then we have
! ! ! \/i / 1—-t !
[ a-oopa< [ i@ Y ] a
= [ @1 + £ @] < S,
oy UVE e VIS
[ e a-onrars [ @ o] a
= 2@+ £l < SMe
and
! 1 1 L(1+p)T(3)
NPt = = —sVWsaldg = /"ol
/0(1 t)Pdt a/o(l s)Psa ds AT +ptd)
Hence we have
(z —a)*fla) + (b—x)?f(b) T(at+1) a
ot (Ta4prR) (quf Lo (T4 ’ (ﬂMq>;
-~ b-a al(1+p+12) 2 b—a al(1+p+1) 2 ’
which completes the proof. O

Remark 3.6. In Theorem (3.5 if we choose x = (a + b)/2, we get

'(b—a)a_l fla)+ f(b) T(a+1) {
201 2 b—a

< MO—a)? (my: (r(l I )
2¢ 2 aF(l +p+ a)

Ty @)+ Ty 0]
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Remark 3.7. In Theorem B.5] if we choose av = 1, we get the inequality in Theorem [2.4]

Theorem 3.8. Let f : I C [0,00) — R be a differentiable function on I° such that f' € Li[a,b] where
a,b € I with a <b. If |f'|? is MT-convex function on [a,b],q > 1 and |f'(x)| < M,z € [a,b], then we have
the following inequality for fractional integrals with o > 0:

(r —a)*f(a) + (b—2)*f(b) _T(a+ 1)

) 2Dz s+ 2 0)
Mz — )" + (b - 2+ M+ Hri)]’
= b—a <a+1> [2_ 20 (a + 1) ’ (34)
where 1" is the Euler Gamma function.
Proof. From Lemma property of the modulus and using the Holder inequality, we have
e e N (DR AO)] 5.5)
_ a+1 bh— a+1 1
= (xb_a / [t — 1| f'(te + (1 — t)a)|dt + oo™ bi /0 [T — || f'(tz + (1 — t)b)|dt
PRV | 1 -1 1 L
< (”Tb_a)a </0 (1- t"‘)dt) (/0 (1—t)|f (tr + (1 — t)a)\th>
O (0 ea) (e :
+b_a</0 (1—t )dt> (/0 (1—1 )f(tm+(1—t)b)|‘1dt)
Since | f’|? is MT-convex function and |f’(z)| < M, then we have
! o / ! « \[
[a-eiree+a-napas [a-e|oEair@ps L2 r@r] e o)
M [?
il o /21 _ Y -1/2(1 _ pV/
<5 /0(1 t )<t12(1 )72 7121 — )t 2)chf
M I(a+3HI(3)
"2 " T+
and
! a ! ! (o \/7E ! 1—t
[a-erwesa-onpas [a-e | 2w o) (.1
M1 (o +5)T(3)
=2 \"" " Tla+1)
If we use and in we obtain the desired result. O

Remark 3.9. In Theorem if we choose x = (a + b)/2, we get

(b—a)* ! fla)+ f(b) T(a+1)
' 201 2 b—a { ()~ T (@) + T SO )H
M(b—a)™ a i [x I'(a+ Hr(d) a
ST o <a + 1> 2 2F(a2—|— 1)2

Remark 3.10. In Theorem if we choose o = 1, we get the inequality in Theorem
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4. Applications to special means

Recall the following means which could be considered as extensions of arithmetic, logarithmic and gen-

eralized logarithmic from positive to real numbers.
(1) The arithmetic mean:

b
A= Aa,b) = %; a,beR;
(2) The logarithmic mean:
b—a
L(ab) = — =% Ja| £|b], ab #£0, a,b € R:

~ In|b| —In|al
(3) The generalized logarithmic mean:

1
bn—i—l _ an—i—l :|n

L) = |5

; n€Z\{-1,0}, a,b € R, a #b.

Now using the results of Section [2] we give some applications to special means of real numbers.

Proposition 4.1. Let a,b € R,0 <a <b andn € Z,|n| > 2. Then, for all ¢ > 1

1 1
|A(a",b") — Ly (a, b)| S(l—i‘p)l/”<2> (b—a),

1 /1 2+%
|A(a®,b") — L"(a,b)| < M <2> (b—a)

and

o DT+ 1)) 1)
\Maﬁ)—%wwM§M<?@+U2> (Q (b a).

Proof. The assertion follows from Remark and for f(z) =2, x e Ryn € Z,|n| > 2.

Proposition 4.2. Let a,b € R,0 < a <b. Then, for all g > 1

1
M 1\ e
1 -1 —1 e nT - o
|A(CL 7b )_L ((I,b)| < (1 _|_p)1/p (2> (b (1),

L1\ 2
|A(at,b71) — L7 (a,b)| < Mra (;) (b—a)

and

- NOINCETIAE
\M&b>dﬂww<M<thn2>

=]
N
N =
~_—
—_
JF
Q=
—
&)
|
)
SN—

Proof. The assertion follows from Remark and for f(z) = 2.

5. Some error estimates for the Trapezoidal formula

Let d be a division a = g < 1 < ... < op—1 < &, = b of the interval [a, b] and consider the quadrature

formula b
L/ﬂ@M:TM®+E@®,

where

(5.1)
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for the trapezoidal version and E(f,d) denotes the associated approximation error.

Proposition 5.1. Let f : I C R — R be a differentiable mapping on I° such that f' € Li[a,b], where
a,b € I with a < b and |f'|9 is MT-convex on [a,b], where p > 1,p~' 4+ ¢~ ' = 1. Then in (5.1)), for every
division d of [a,b] and |f'(x)] < M,z € [a,b], the trapezoidal error estimate satisfies

(B(f,d) < M (;) e <1ip) L (5.2)

=0

Proof. On applying Remark on the subinterval [z;,x;11](: = 0,1,2,...,n — 1) of the division, we have

f@i) + f(zit1) 1 Titt 1\t 1 \» 1
T — /zl fa)dz) < (2) (1 +p) M (zisy — i),

2
Hence in (5.1)), we have

/f )z — T(f.d ‘:

n—1

i {/ml de @) +2f(l’i+1) (501 — xz)}‘

=0

n—1 xz+l . .
<> / z)dw = = +2f(xz+1) (Tig1 — i)

=0

1 1
Nt/ 1 \r 1
<M|= —— 1 —xi)?
= <2> <1 +p> ma Z-Z;(xz—H xz) )
which completes the proof. O

Proposition 5.2. Let f : I C R — R be a differentiable mapping on I° such that f' € Li[a,b], where
a,b €I witha < b and |f'|? is MT-convez on |a,b], where ¢ > 1. Then in (5.1), for every division d of [a,b]
and |f'(z)| < M,z € [a,b], the trapezoidal error estimate satisfies

< (D) () S (5.9

=0
Proof. The proof is similar to that of Proposition [5.I] and using Remark [2.7] O

Proposition 5.3. Let f : I C R — R be a differentiable mapping on I° such that f' € Ly[a,b], where
a,b €I with a < b and |f'|? is MT-convex on |a,b], where ¢ > 1. Then in (5.1), for every division d of [a,b]
and |f'(z)| < M,z € [a,b], the trapezoidal error estimate satisfies

1 1V\ @/ 1+En-1
E(f,d)| < M (F(?F)F(q“)) <;> S (i1 — 2% (5.4)

(¢+1) P
Proof. The proof is similar to that of Proposition [5.1] and using Remark [2.9] O

Acknowledgements

The authors wish to thank the anonymous referees and the editor for their valuable suggestions to
improve this paper. This work was supported by the National Natural Science Foundation of China (Grant
No. 11301277), the Natural Science Foundation of Jiangsu Province (Grant No. BK20151523), the Six
Talent Peaks Project in Jiangsu Province (Grant No. 2015-XCL-020), and the Qing Lan Project of Jiangsu
Province.



W. J. Liu, W. S. Wen, J. K. Park, J. Nonlinear Sci. Appl. 9 (2016), 766-777 77

References
[1] M. Alomari, M. Darus, S. S. Dragomir, Inequalities of Hermite-Hadamard’s type for functions whose derivatives absolute
values are quasi-conver, RGMIA Res. Rep. Coll., 12 (2009), 11 pages.
[2] Z.Dahmani, L. Tabharit, S. Taf, New generalisations of Gruss inequality using Riemann-Liouville fractional integrals, Bull.
Math. Anal. Appl., 2 (2010), 93-99.[T]
[3] S.S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-conver functions, Tamkang J. Math., 33 (2002),
55—65.01
[4] S. S. Dragomir, R. P. Agarwal, Two inequalities for differentiable mappings and applications to special means of real
numbers and to trapezoidal formula, Appl. Math. Lett., 11 (1998), 91—95.
[5] S.S. Dragomir, C. E. M. Pearce, Quasi-convez functions and Hadamard’s inequality, Bull. Austral. Math. Soc., 57 (1998),
377-385.M
[6] R. Gorenflo, F. Mainardi, Fractional calculus: integral and differential equations of fractional order, in Fractals and frac-
tional calculus in continuum mechanics, Springer, Vienna, (1997).
[7] V. N. Huy, N. T. Chung, Some generalizations of the Fejér and Hermite-Hadamard inequalities in Holder spaces, J. Appl.
Math. Inform., 29 (2011), 859-868.[]]
[8] D. A. Ion, Some estimates on the Hermite-Hadamard inequality through quasi-convex functions, An. Univ. Craiova Ser.
Mat. Inform., 34 (2007), 83-88.[]]
[9] H. Kavurmaci, M. Avci, M. E. Ozdemir, New inequalities of Hermite-Hadamard type for convex functions with applications,
J. Inequal. Appl., 2011 (2011), 11 pages.
[10] W. J. Liu, New integral inequalities via (o, m)-convexity and quasi-convexity, Hacet. J. Math. Stat., 42 (2013), 289-297[T]
[11] W. J. Liu, Some Ostrowski type inequalities via Riemann-Liouville fractional integrals for h-convex functions, J. Comput.
Anal. Appl., 16 (2014), 998-1004.[T]
[12] W. J. Liu, Some Simpson type inequalities for h-convex and (a, m)-convex functions, J. Comput. Anal. Appl., 16 (2014),
1005-1102.01
[13] W. J. Liu, Ostrowski type fractional integral inequalities for MT-convex functions, Miskolc Mathematical Notes, 16 (2015),
249-256.[
[14] W. J. Liu, X. Y. Gao, Approzimating the finite Hilbert transform via a companion of Ostrowski’s inequality for function of
bounded variation and applications, Appl. Math. Comput., 247 (2014), 3737385.
[15] W. J. Liu, Q. A. Ngo, W. B. Chen, On new Ostrowski type inequalities for double integrals on time scales, Dynam. Systems
Appl., 19 (2010), 189-198.[]
[16] W. J. Liu, W. S. Wen, Some generalizations of different type of integral inequalities for MT-convez functions, FILOMAT,
In press. |I|
[17] W. J. Liu, W. S. Wen, J. Park, A refinement of the difference between two integral means in terms of the cumulative
variation and applications, J. Math. Inequal., 10 (2016), In press.
[18] K. S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential equations, John Wiley & Sons,
Inc., New York, (1993).[T]
[19] M. E. Ozdemir, M. Avci, Havva Kavurmaci, Hermite-Hadamard type inequalities for s-convexr and s-concave functions via
fractional integrals, arXiv, 2012 (2012), 9 pages.
[20] M. E. Ozdemir, E. Set, M. Alomari, Integral inequalities via several kinds of convezity, Creat. Math. Inform., 20 (2011),
62-73.0
[21] I. Podlubny, Fractional differential equations, Academic Press, Inc., San Diego, CA, (1999).
[22] F. Qi, B.-Y. Xi, Some integral inequalities of Simpson type for GA-e-convexr functions, Georgian Math. J., 20 (2013),
775-788.01
[23] M. Z. Sarikaya, On the Hermite-Hadamard-type inequalities for co-ordinated convez function via fractional integrals, Integral
Transforms Spec. Funct., 25 (2014), 1347147.
[24] M. Z. Sarikaya, A. Saglam, H. Yildirim, On some Hadamard-type inequalities for h-convez functions, J. Math. Inequal., 2
(2008), 335-341.[1]
[25] M. Z. Sarikaya, E. Set, M. E. Ozdemir, On some new inequalities of Hadamard type involving h-convez functions, Acta
Math. Univ. Comenian. (N.S.), 79 (2010), 2657272.
[26] M. Z. Sarikaya, E. Set, H. Yaldiz, N. Basak, Hermite-Hadamards inequalities for fractional integrals and related fractional
inequalities, Math. Comput. Modelling, 57 (2013), 240372407,
[27] M. Tunc, On some integral inequalities via h-convezity, Miskolc Math. Notes, 14 (2013), 1041710574
[28] M. Tunc, Ostrowski type inequalities for functions whose derivatives are MT-convex, J. Comput. Anal. Appl., 17 (2014),
691-696.01
[29] M. Tunc, Y. Subas, 1. Karabayir, On some Hadamard type inequalities for MT-convez functions, Int. J. Open Probl.
Comput. Sci. Math., 6 (2013), 102-113.[T]
[30] M. Tunc, H. Yildirim, On MT-convexity, arXiv, 2012 (2012), 6 pages.



	1 Introduction
	2 Hermite-Hadamard type inequalities via classical integrals
	3 Hermite-Hadamard type inequalities via fractional integrals
	4 Applications to special means
	5 Some error estimates for the Trapezoidal formula

