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Abstract

In this paper, we give the definitions of compatibility and weakly reciprocally continuity for sequence of
random mappings 7T; and a random self-mapping g. Further, using these definitions we establish quadruple
random coincidence and quadruple random fixed point results by applying the concept of an a-series for
sequence of mappings, introduced by Sihag et al. [V. Sihag, R. K. Vats, C. Vetro, Quaest. Math., 37 (2014),
1-6], in the setting of partially ordered metric spaces. Our results are some random versions and extensions
of results relating to triple fixed points theorems by R. K. Vats et al. [R. K. Vats, K. Tas, V. Sihag, A.
Kumar, J. Inequal. Appl., 2014 (2014), 12 pages|, we also give some examples to illustrate our results.
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1. Introduction and preliminaries

Random nonlinear analysis is an important mathematical discipline which is mainly concerned with the
study of random nonlinear operators and their properties and is needed for the study of various classes
of random equations. Random fixed point theorems are stochastic generalizations of classical fixed point
theorems. Random fixed point theorems for contraction mappings on separable complete metric spaces have
been proved by several authors (see Refs. [6], [7], [8], [9], [11], [13], [14], [15], [20], [24], [25], [26]).
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Bhaskar and Lakshmikantham [3] introduced the notion of a coupled fixed point and proved some coupled
fixed point theorems for mappings satisfying a mixed monotone property. They discussed the problem of
uniqueness of coupled fixed point and applied their theorems to problems of existence and uniqueness of
solution for a periodic boundary value problem. Lakshmikantham and Ciri¢[I2] introduced the concept of
mixed g—monotone mapping and proved coupled coincidence and coupled common fixed point theorems
for commuting mappings, extending the theorems due to Bhaskar and Lakshmikantham [3]. Recently, Ciri¢
and Lakshmikantham [4] studied coupled random coincidence and coupled random fixed point theorems for
a pair of random mappings F': 2 x X x X — X and g: Q2 x X — X, where X is a complete separable
metric space and (€2, X)) is a measurable space, under some contractive conditions. Very recently, V. Berinde,
M. Borcut [2] introduced the concept of tripled fixed point and proved some related theorems. In a natural
fashion, some scholars have got triple and higher dimensional coincidence and fixed point results [1], [2],
[10], [17), [18], [21], [22].

Motivated and inspired by the above results, we prove quadruple random coincidence and quadruple
random fixed point theorems in partially ordered metric spaces for a random self-mapping g and a random
sequence {7;}nen that have some useful properties.

For simplicity, we denote X x X x X x ... x X by X* where k € N. Let us recall some basic definitions.

k  times

Let (€2,3) be a measurable space with ¥ being a o—algebra of subsets of 2, and let (X,d) be a met-
ric space. A mapping T :  — X is called Y-measurable, if for any open subset U of X, T-1(U) =
{w:Tw e U} € ¥. In what follows, when we speak of measurability, we will mean Y-measurability. A
mapping 7' : @ x X — X is called a random operator if for any z € X, T'(-,z) is measurable. A mea-
surable mapping ¢ : © — X is called a random fixed point of a random function T" : Q x X — X if
((w) = T(w,((w)) for every w € Q. A measurable mapping ¢ : 2 x X — X is called a random coincidence
point of T: Q2 x X - X and g: Qx X — X if g(w, ((w)) = T(w,((w)) for every w € Q.

Definition 1.1 ([6]). Let (X, <,d) be a complete separable partially ordered metric space and (€2, %) be
a measurable space. Then F': Q x (X x X) — X and g : Q x X — X are said to be compatible random
operators, if

lim. d(g(w, F(w, (20, 9u)))s F (@, (@, (s ) = 0

n—oo
and
nh—>nolo d(g(wv F(w, (yn,xn))),F(w,g(w, (yn>$n))) = 07
whenever {z,} and {y,} are sequences in X such that ILm g(w,zy,) = ILm F(w, (zn,yn)) = = and

le g(w,yn) = ILm F(w, (Yn,zpn)) =y for all w € Q and for all z,y € X being satisfied.

Definition 1.2 ([I8]). Let (X, <,d) be a complete partially ordered metric space. We say that X is regular
if the following conditions hold:

(i) if a non-decreasing sequence {z,,} — =z, then z,, < z for all n > 0;

(ii) if a non-increasing sequence {y,} — v, then y,, >y for all n > 0.

Definition 1.3 ([21]). Let {a,} be a sequence of non-negative real numbers. We say that a series >..'> a,,

is an a—series, if there exist 0 < @ < 1 and n, € N such that Zle a; < ak for each k > n,,.

Remark 1.4 ([21]). Each convergent series of non-negative real terms is an a—series. However, there are

also divergent series that are a—series. For example, :Lrg % is an a—series.

2. Main results

Let (X,d,<) be a separable partially ordered space, (2.X) be a measurable space, g be a random
self-mapping on X and {T;} € N be a sequence of random mappings from Q x X* into X such that
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Ti(2 x X*) C g(Q x X) and

Ti(%%ya Z’t) < CTZ'_A,_l(W,U,U,T, S)) E(wvyv 2, tvx) > ﬂ+1(W,U,T, S’u))

(2.1)

E(wv'zatvway) SE_A,_l(UJ,T,S,U,’U) and Ti(w,t,x,y,z) ZE+1(W787U7U7T)

for all z,y, z,t,u,v,r,s € X, w € Qi € N with g(w,z) < g(w,u), g(w,y) > g(w,v),g(w, 2) < g(w,r) and
g(w,t) = g(w, s).
In view of the above considerations, we obtain Definition [2.1

Definition 2.1. Let (X, <, d) be a complete separable partially ordered metric space, (€2, X) be a measurable
space, {T;}ien and g are said to be random compatible operators if

hm d(g(w,Tn(w,xn,yn,zn,tn)),Tn(w,g(w,xn),g(w,yn),g(w,zn),g(w,tn))) - 07

n—-+o0o

lim  d(g(w, T (W, Yns Zns tns Tn)), Tn(w, 9(wW, Yn), 9(w, 2n), g(w, tn), g(w, z5))) = 0,

n—-+o0o

hm d<g(w7Tn(w7zn7tn7$nayn>)7Tn(w7g(w7Zn)vg(watn)vg(wvxn)?Q(wayn))) = 0

n—-+4o0o
and
hm d(g(w’ Tﬂ(w7 tn? Q?n, yna Zn))’ Tn(wa g(w’ tn)a g(w’ :E?’L)7 g(wa yn)’ g(w7 Zn))) = O

n—-+00

Whenever {z,}, {yn}, {zn} and {t,} are sequences in X, such that

lim T, (w,zx Zn,tn) = lim W, T =z
n—s-too ’rL( s Ty Yny Zns n) n_>+oog( ) n+1) )

lim Tn(wa Yn, Znatna l‘n) = lim Q(Wayn—&-l) =Y,

n—-+oo n—-+oo
lim T, (w, zn, tn, Tn, Tyn) = lm w, 2 =z
n—s-Fo0 n( sy “ny bny dn,y n) n_>+oog( ) n+1)

and
lim T (w,tn, Tn, Yn,tn) = lim g(w,tpi1) =1

n—-+o0o n—-+o0o

for some x,y,2z,t € X,w € .

Definition 2.2. {T;};cn and g are called random weakly reciprocally continuous if

hm g(van(waxnaynwznatn)) = g(w>$)7

n—-+o0o

hm g(w7Tn(W;ynaznatnaxn)) = Q(W7Z/)7

n—-+0o00

hm g(w,Tn(w,zn,tn,wn,yn)) = g((d,Z)

n—-+4oo
and
lim g(waTn(watna$nvyn7 Zn)) = g(w,t),

n—-+o0o

whenever {z,}, {yn}, {2z} and {t,} are sequences in X, such that

lim T,(w,z Zn,tn) = lim g(w,x =z
n—s-too n( s Ty Yny By n) n—>+oog( ) n+1) )

lim Tn(wa Yn, Z’Ilatna xn) = lim Q(Wayn—&-l) =Y,

n—-+o0o n—-+00
lim T, (w,zn, th, Tn,Tn) = lim g(w,z =z
oo n( sy #ny bny bn,y n) n—>+oog( ) n+1)

and
lim Tn(w,tn,mn,yn,tn): lim g(wathrl):t

n—-+o0o n—-+oo

for some x,y,2z,t € X,w € Q.
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Theorem 2.3. Let (X, <,d) be a separable partially ordered metric space, (2,%) be a measurable space. Let
g be a random self-mapping on X and {T,}icn be a sequence of random mappings from Q x X* into X such
that T;(Q x X*) C g(2 x X), g(Q x X) is a complete subset of X, {T;}ien and g are compatible random
operators, random weakly reciprocally continuous, g is monotonic non-decreasing, continuous, satisfying

condition (2.1) and the following condition:

d(Ti(W,ﬂf:% Z,t),Tj(W,U, v, T, S) < Bi,j[d(g(wvx)vﬂ(wa x,Y, th)) + d(g(wvu)’r—rj(wa u,v,r, S))]

(2.2)
+ 'Yi,jd(g(w7 u)) g(w, x))

for x,y,z,t,u,v,m,5€ X with g(w,z) < g(w,u),g(w,v) < g(w,y),9(w,2) < glw,r),g9(w,s) < glw,t);
0<Bij,v, <1 fori,j€ N andlimsup§;, <1.

n—o0

Suppose also that there exist measurable mappings o, Mo, Co, po : @ = X such that

g(wa 60) S TO(wa 507 Mo, COv P0)7

g(w77]0) Z TO(W7U07C07PO7§0)7
g(wvc()) < TO(OJvCOapOagOvnO)

and
9(w, po) > To(w, po, &0, M0, Co)

for all w € Q. If Z;Of(%%) is an a—series and g(Q x X) is reqular, then {T;};cn and g have a
quadruple random coincidence point.
Proof. Let © = {¢ : Q — X} be a family of measurable mappings. Define a function i : @ x X — R* as
follows:

hw, ) = d(z, g(w, ).

Since z — g(w, x) is continuous for all w € €2, we conclude that h(w,-) is continuous for all w € . Also,
since * — g(w, ) is measurable for all z € X, we conclude that A(-,z) is measurable for all w € Q ([23],
p.868). Thus, h(w,z) is the Caratheodory function. Therefore, if ( : @ — X is a measurable mapping,
then w — h(w,({(w)) is also measurable [19]. Also, for each { € O, the function n : Q@ — X defined by
N(w) = g(w, ((w)) is measurable, that is, n € O.

Now, we shall construct four sequences of measurable mappings {&,(w)}, {nn(w)}, {¢.(w)} and {pn(w)}

in ©, and four sequences {g(w, &, (w))}, {g(w, M (w))}, {g(w, (x(w))} and {g(w, pn(w))} in X as follows. Let
£0,M0, Co, po € O be such that

g(w, éo(w)) < To(w, &o(w), mo(w), Co(w), po(w)),

g(w,mo(w)) = To(w, no(w), Co(w), po(w), &o(w)),
9(w, Go(w)) < To(w, Co(w), po(w), Eo(w), mo(w))

and

9(w, po(w)) = To(w; po(w), &o(w), M0 (W), Co(w))

for all w € . Since T;(Q2 x X*) C g(Q x X) by an appropriate Filippov measurable implicit function theorem
([5], [8], [16]), we can choose &y, no, (o and py € © such that

9w, &1 (w)) = To(w, So(w), no(w), Co(w), po(w)),
g(w,m(w)) = To(w,no(w), Co(w), po(w), {o(w)), (2.3)
g(w, C1(w)) = To(w, Co(w), po(w), &o(w), no(w)),
g(w, p1(w)) = To(w, po(w), o (w), no(w), Co(w)),
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and for all w € Q. Again taking into account that 7;(2 x X) C ¢g(€2 x X) and continuing this process, we
can construct sequence {&,(w)}, {nn(w)}, {¢(w)} and {pnp(w)} in X such that

w)) = Tn(w, &n(w), mn(w)
= Tn(wvnn w)aCn(w)vpn(w 7§n w
— Ty, Gale) 24

forallwe Q,n > 0.
Now, by using mathematical induction, we prove that

g(w, &n(w

g(w, 7n(

g(w, Gn(w
(

g(w, pn(w

\/\_/E/\_/
~— — ~— ~—~

IV IA IV OIA

for all n > 0. Since

and

g(w, PO(W)) > T()(w, pg(w), 50(("))7 770(("'))7 CO(w»?
in view of and , we have

g(wv fo(w)) < g(wa fl(w)),
g(w,mo(w)) > g(w, m(w)),
g(w, Go(w)) < g(w, C1(w))

and
9w, po(w)) = g(w, p1(w)),
that is, hold for n = 0. We presume that holds for some n > 0. Now, by and , one
deduces that
9(W, &nt1(w)) = T (w, &n (W), M (W), Cn(w), pn(w))
< T (W, &nt1 (W), Mt 1 (W), Gut1 (W), prt1(w)) = g(w, Eny2(w)),

(W, M1 (W) = T (W, M (W), Gr (W), pr(w), En(w))
> T 1 (W g1 (W), Gug1 (W) s g1 (W), Engr(w)) = g(w, Mg2(w)),
( ),

9(w, 1 (W) = T (w, Gn(w), pn(w), &nlw )
< Tn+1(w CnJrl(w)’anrl(w) fnJrl(w)vnnJrl (w)) = g(w, CnJrQ(w))

n(w

and

g(w, pn+1(w)) = Tn(wa p’VL(w)? gn(w)7 nn(w)v Cn(w))
> To1(w, Pt 1 (@), Ent1 (W), N1 (W), Gt (W) = g(w, pnta(w)).
Thus by mathematical induction, we conclude that (2.5 holds for all n > 0. Therefore, we have

9w, & (W) < g(w, &1(w)) < g(w, &(w)) < ... < g(w, Enpr(w)) < ..

g(w,mo(w)) > g(w, & (w)) = g(w, me(w)) > ... > g(w, Mny1(w))

Y



X. Yan, C. Zhu, Z. Wu, J. Nonlinear Sci. Appl. 9 (2016), 977-988 982

9w, W) < g(w, (1(w)) < g(w, (W) < ... < g(w, (W) < ...
9(w, po(w)) = g(w, pr(w)) = g(w, p2(w)) = ... < g(w, pny1(w)) =
We denote

On = d(g(w, € (W), 9(w; Ent1(w))) + d(g(w, (@), 9(w, 41 (w)))
+d(9(w, (W), 9(w, Gr1(w))) + d(g(w; pn(w)), 9w, prs1(w)))-

Then by (2.2)), we get

d(g(w, &1(w)), 9(w, E2(w))) = d(To(w; Lo(w), M0(w), Co(w), po(w)), T1(w, &1 (w), m (W), C1(w), p1r(w)))
< Boald(g(w, &o(w)), To(w, &0, m0(w), Co(w), po(w)))
+ d(g(w, &1 (W), Th(w, &1 (w), m(w), G (w), p1(w)))]
+70.1d(9(w, So(w)), g(w, &1 (w)))

= Boald(g(w, &o(w)), 9(w, &1 (w))) + d(g(w, &1 (w)), g(w, L2(w)))]
+70,1d(9(w; S0 (W), 9(w, E1(w)))-

It follows that

(1= Bo1)d(g(w,&1(w)), g(w, E2(w))) < (Boa +70,1)d(g(w, éo(w)), 9(w, 1(w))),

or, equivalently,

g6, @), 90, €2)) < (B 20y, €0 (). 00,1 ():

Also, one obtains

d(g(wa €2(w))7 g(wv fg(&)))) = d(Tl(wa {1(&)), 771(“’)7 Cl(w)u pl(UJ)), TQ(W7 52(0-))7 772(‘*’)7 <2<w)7 IOQ(W)))

< (P22 4000, (w)), g, &)
1—p12

< (L0 (2T 45 60 (0). g, 61()

Repeating the above procedure, we have

0, 0() 9 1 H Pt DL g, 9() g 61 4) 20)

Using similar arguments as above, one can also show that

d(g(w, nn()), g(w, 41 ())) < H(W>d<g<w,no<w>>,g<w,m<w>>>, (2.7)
i=0 b
n—1 ﬁ . +

A9 Go(@))s 90, o @) < TT T dg(w, Glw)), (. G () (28)
i=0 Lt

and .

T, Biit1 + Vit

d(g(e, pu@)), 9w, pra @) < TT(FFZZ=25d(g(w, po(@), g, () (2.9)

1=0
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From (2.6)-(2.9)), we have

b =d(g(,€0/()), 9w, Eu41(@))) + A9, 71(@)), 9w, Da1()))
A9 6u) 0 G (1) e pa ) e s ()
Bzz—&—l +’Yzz+1
—H S (g, 60(), 9, E1()) + (gl o) g () 210)
g o). ) + g o). 9 ()
_ ﬁ(ﬁi,i+1 + Vijiv1 0.

o 1= Biin

Moreover, for p > 0 and by repeated use of the triangle inequality, one obtains

d(g (w €n(W)), 9(w, &ntp(W))) + d(g(w, nn (W), 9(W, Mnrp(w))) + d(g(w, (W), 9(w, Cnrp(w)))

(@, pn(w)), 9(W; prtp(w)))

( W, &n (W), 9(w, Ent1(w))) + d(g(w, M (W), 9w, Mat1(W))) + d(g(w, Cn(w)), 9(w, Cat1(w)))

9w, pn(w)), 9(w, pry1(w)))

9w, §n11(W)), 9(w, Enr2(w))) + d(9(w, N1 (W), 9w, Mr2(w))) + d(g(w, Cnt1(w)), 9(W, Cuta(w)))
9w, prt1(w)), g(w, prt2(w))) + ...

(
(

9(w, &np-1( (w)))
9(w, Cnp—1( (W) + d(g(w, prtp-1(w)), 9(@, pnip(w)))
n—+p—2

Bz Piyi+1 T Yiit+1 + Vii+1 Bz Pii+1 T Yii+1 + Vii+1 /81 i+l Vii+l
< )do + Y00 + ... + S
H 1_621—4-1 0 H 1_6124-1 H 1_[311—{-1 )0

w)), 9(w, Enp (9(w; Mntp—1(w)), g(w, Mryp(w)))

w)), 9(ws Catp

+d(yg
(
+d(
+ d(
+ d( )
+d( w)))+d
( w)))+d

p—1ntk—1 n+p—1k—-1

- B@ i+1t+ Vii+1 ﬁz Pii+1l T Yiji+l + Vii+1
_Z H 1= Bii+1 oo = Z H 1—Biit1 Jo.

k=0 1i=0 k=n =0

Since ZJFOO(%) is an a—series and using the fact that the geometric mean of non-negative numbers
is less than or equal to the arithmetic mean, it follows that

d(g(w; &n(w)), 9(w; Entp(w))) + d(g(w, 10 (W), 9(W; Mntp(W))) + d(g(w; Cn (W), 9(w; Crtp(w)))

+ d(g(w, pn(w)), 9(w, pr1p(w)))
n+p—1 k—1
1 Biit1 + Viit1

< — ——— )|
- ];L [k;( 1 —Biiv1 )70

n—p+1 o
< 5.

—

k=n
Now, taking the limit as n — 400, one deduces that
Jim [(g(w, &n (@), 9(w; Entp(w))) + d(g(w, 110 (@), 9(ws Mt p(w)))
+ d(g(w7 Cn(w))a g(wa C?H-p(w))) + d(g(w7 pn(“))? g(w7 pn+p(w)))] =0.
Which further implies that
Jim d(g(w, £ (w)), 9(w, €ntp(w))) = Tim d(g(w, 7 (w)); 9(w; htp(w)))
= lim d(glw, Gu()), 9, Gurp())) = Tim d(g(w, pal)), 9(: puip()))] = 0.
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Thus {g(w,&n(w)}, {9(w, (W)}, {g(w, (n(w))} and {g(w, pn(w))} are Cauchy sequences in X. Since

g(Q2 x X)) is complete, then there exists ({(w), n(w),((w), p(w)) € O, such that
Jm g(w, G (w) = lim Ty(w, &n(w), 10 (W), Cu(w), pn(w)) = €(w),
Jm  g(w, (@) = Hm T (w00 (w)s Ga(w), pr(w), €n(w)) = n(w),
Jim g, Gurr(w) = lim To(w, Go(w), pr(w), &n(w), a(w)) = ((w)
and
g puin () = 1 Tufo, pa), €nl),mn(e), Cule)) = ().

Now, as {T;}icn and g are weakly reciprocally continuous, we have

lim _g(w, T (w, &n (@), 10 (@), Gn(w), pn(w))) = g(w, E(w)),

n—+oo

Jm g(w, To(w, 110 (W), Ga (@), pr(w), €n(w))) = g(w, n(w)),
lim _g(w, Tn(w, (@), pn(w), €n(w), N (W) = g(w, (W)

n—+00

and

Lm  g(w, Tn(w, pn (@), €n (@), (W), Ga(w))) = g(w, p(w)).
On the other hand, the compatibility of {7T;};cn and g yields
Jim  d(g(w, Tn(w, &n (@) 110 (W), Ga (@), pr(w)), Ta(w, 9(w, &n (@), g(w, 110 (W), 9w, Ga(w), 9w, pr(w))) = 0,

lim d(g(w, T (w, nn (@), ¢a (W), pn(w), €n(w)), Tn(w, g(w, (W), 9(w, Cu(w), 9w, pn(w), g(w, En(w))) = 0,
0

n—-+oo
Jim d(g(w, Ta(w, Ga(@), pr(w), €n (@), 1n (W), Ta(w, g(w, Ga (@), 9(w, pr(w), 9(w, &n(w), g(w, () =

and

lim_d(g(w, Tn(w, pr(w), &n (W), M (W), Ca(w)), Tn(w, g(w, pn(w), 9(w, En (W), 9(w, 1 (W), g(w, Ca(w))) = 0.

n—-+0o0o

Then we have

lim T (w, g(w, &n(w), g(w, m (W), g(w, ¢a(w), g(w, pn(w)) = g(w, £(w)),

n—-+00
ngl—}—looT (w g(W, Un(w); g(w7 Cn(w)v g(w, ﬂn(w), g(w, gn(w)) :g(w’ 77(“))’
i T, gl Gul), 900, ), 9 6a(w)s 9o, male)) = gl C()

and
lim 75w, g(w, pr(w), 9(w; € (W), g(w, (@), 9(w; G (w)) = g(w, p(w))-

n—-4

Since {g(w,&n(w))} and {g(w,(n(w)} are non-decreasing and {g(w,nn(w))} and {g(w,pn(w))}
is non-increasing, using the regularity of X, we have g(w,&,(w)) < &(w),n(w) > g(w,nm(w)),

9(w, (p(w)) < ¢(w) and g(w, pn(w)) < p(w) for all n > 0. Then by (2.2), one obtains
d(Ti(w, §(w), n(w), ((w), p(w)), Tn (@, €0 (W) (W), Cu(w), P (w))
<Binld(g(w, §(w)), Ti(w, §(w), n(w), ((w), p(w)))
+d(9(w, & (W), Tn(w, 9(w, &n(w)), 9(w, 1 (W), 9 (W, Cn (W), g(w; pn(w))))]
+%ind(g(w, En(w))), g(w, E()))-

Taking the limit as n — 400, we obtain T;(w, &(w), n(w ) (W), p(w)) = g(w,&(w)) as Bin < 1. Similarly,
q (

)

(W), n(w =
it can be proved that g(w,n(w)) = Ti(n(w),((w), p(w),E(w)), g(w,((w)) = Ti(((w), p(w),{(w),n(w)) and
g(w, p(w)) = Ti(p(w),&{(w), n(w),((w)). Thus, ({(w),n(w),((w),p(w)) is a quadruple coincidence point of

{Ti}ieN and g. O
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If g is the identity mapping, as a consequence of Theorem we state the following corollary.

Corollary 2.4. Let (X, d, <) be a complete separable partially ordered metric space. (2,%) be a measurable
space. Let {T;}ien be a sequence of random mappings from Q x X* into X such that {T;}icn satisfies, for
z,y, 2z, tu, v, 8 € X, withx <u,v>y,z<r andt > s the following conditions:

" Ti(w,x,y,z,t) < Tiy1(w,u,v,1,8), Ti(w,y, 2z, t,x) > Tiy1(w, 0,7, 8,u),
Ti(w, z,t,z,y) < Tipq(w, 7,8, u,v) and Ti(w,t,x,y,2) > Tit1(w, s,u,v,7).
(ii)
d(Ti(w, z,y, z,t), Tj(w,u,v,7,5)) < Bijldw,z), Ti(w,z,y,2,t) + dw,u), Tj(w,u,v,r,s)] (2.11)
+7i5d(w, u), (w, 7)),

and 0 < B;5,v; <1 fori,j € N.
Suppose also that there exists measurable mappings &y, 1o, Co, po : 8 — X such that
o(w) < To(w, §o(w)s mo(w), Co(w) po(w)),
mo(w) = To(w, mo(w), Co(w), po(w), &o(w)),
Co(w) < To(w, Co(w), po(w), &o(w),mo(w))
and
po(w) = To(w, po(w), &o(w), m0(w), Co(w))
for all w € Q. If j:of(’g’ifﬁ%) is an a—series and g(Q x X) is reqular, then {T;};en and g have a
random quadruple fized point.
Now, we give useful conditions for the existence and uniqueness of a quadrupled common fixed point.

Theorem 2.5. In addition to the hypotheses of Theorem suppose that for all measurable mappings
x,y,z,t: Q2 — X and u,v,7,s:Q — X, there exist measurable mappings a,b,c,d : Q — X such that

(Ti(w, a(w), b(w), ¢(w), d(w)), Tiw, b(w), ¢(w), d(w), a(w)),

(2.12)
Ti(w, c(w), d(w), a(w), b(w)), Ti(w, d(w), a(w), b(w), c(w)))
is comparable to
(Ti(w, 2(w), y(w), 2(w), tw)), Ti(w, y (w), 2(w), t(w), 2(w)),
Ti(w, 2(w), t(w), z(w), y(w)), Ti(w, t(w), z(w), y(w), 2(w))), (2.13)
(Ti(w, u(w), v(w), r(w), s(w)), Ti(w, v(w), r(w), s(w), u(w)),
)

)
Ti(w, r(w), s(w), u(w), v(w)), Ti(w, s(w), u(w), v(w),r(w))).
Then {T;}ien and g have a unique random quadruple common fixed point.
Proof. From Theorem the set of quadruple random coincidence points is non-empty. Now, we show
that if (z(w), y(w), 2(w), t(w)) and (u(w),v(w),r(w), s(w)) are quadruple random coincidence points, that is,

if

9w, z(w)) = Ti(w, x(w), y(w), 2(w), t(w)),
9w, y(w)) = Ti(w, y(w), 2(w), t(w), z(w)),
9w, 2(w)) = Ti(w, 2(w), t(w), z(w), y(w)),
9w, t(w)) = Ti(w, t(w), z(w), y(w), 2(w)),
9w, u(w)) = Ti(w, u(w), v(w), r(w), s(w)),
9(w,v(w)) = Ti(w,v(w), r(w), s(w), u(w)),
9w, r(w)) = Ti(w, r(w), s(w), u(w), v(w)),
9w, s(w)) = Ti(w, s(w), r(w), u(w), v(w)).
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We prove that (g(w, z(w)), 9(w,y(w), g(w, 2(w), g(w, t(w)) and (g(w, u(w), g(w, v(w), g(w, (), g(w, s(w)) are
equal. By assumption, there exists (7;(w, a(w),b(w), c(w),d(w))) is comparable to (2.12)) and (2.13]). De-
fine sequences {g(w, a,(w))}, {g(w,bn(w))}, {g(w, cn(w))} and {g(w, d,(w))} such that a(w) = ap(w), b(w) =

bp(w), c(w) = ¢p(w) and d(w) = dp(w) for all n, and
g(w, an(w)) = Tnfl(wv anfl(w)’ bnfl(w)v Cnfl(w% dnfl(w))v
9(w, bn(W)) = Tn—1(w, bp—1(W), Cn—1(w), dn—1(w), an—1(w)),
9(w, en(W)) = Th-1(w, cn-1(W), dp—1(w), an-1(w), bp—1(w)),
g(w,dp(w)) = Th—1(w,dp—1(w), ap—1(w), bp—1(w), cn_1(w)

(
Since is comparable with , we can assume that (g(w,x ,
(9(0, (@), 9w, b(), 9, ¢(), 9w d(w))) = (g(w, ao(w)), 9le, bo(w)), g(w co(w)), 9(w, do(w))), then we
get
d(g(w, x(w), g(w, an41))) = d(Ti(w, z(w), y(w), 2(w), t(w)), Tn(w, an(w), bn(w), cn(w), dn(w)))
<an[ (9(w, z(w)), T ( x(
+ d(g(w, an(w)), an(
+ Yind(g(w, z(w), (w an(w))

Taking the limit as n — oo, we obtain lim d(g(w,z(w), g(w,ant+1))) =0 as 0 < Bin,vin < 1. Similarly, it
n—o0
can be proved that

lim d(g(w, z(w), 9(w, ant1))) =0,  lim d(g(w,y(w), g(w,bp+1))) =0,

nh—golo d<g<w7 Z<w)7 g(w7 C’n-‘rl))) =0, nh_{glo d<g<w7 t(w)a g<w7 dn+1))) =0,
nlgrolo d(g(wv u(w)a g(w> an—‘rl))) =0, HILH;O d(g(w, U(w)v g(w, bn-H))) =0,
nh_{rolo d(g(w, T(w)7 g(w, Cn+1))) =0, nh_{rolo d(g(wv s(w), g(wa dn+1))) =0.

By compatibility of T; and g, we get

lim_g(w, (6, ans1 () = lim_ g, T, n(w), ba(), (), dn()))

= nlglc}o Tn(w, g(w, an(w)’ g(w, bn(w)a g(w, cn(w)7g(w7 dn(w)>)7

lim_g(w, g(w, bp+1(w))) = lim g(w, Tn(w, bn(w), cn(w), dn (W), an(w)))

n—oo n—o0

= nlLHC}OTn(wag(Wv bn(w), g(w, en(w), g(w, dn(w), g(w, an(w))),

lim g(w, g(w, cnr1(w))) = lim g(w, Tn(w, en(w), dn(w), an(w), bu(w)))

n—oo n—oo

= lim T (@, 9(w, (), 9w, dn(©), 9(w, a0 (), 9(w, bu(w)),

lim_g(w, g(w, dn+1(w))) = lim g(w, Tn(w, dn(w), an(w), bn(w), ¢ (W)))

n—oo n—o0

= nl;n;o Th(w, g(w, dyp(w), g(w, an(w), g(w, by (w), g(w, cp(w))).

Set
lim g(w,an(w)) =¢(w), lim g(w,bn(w)) =n(w),

n—oo n—o0
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Then, we have

9w, §(w)) = Ti(w, §(w), n(w), ((w), p(w)),
g(wv U(w)) = E(wa 77(“>a C(w),p(w),f(w)),
9(w,{(w)) = Ti(w,{(w), p(w), §(w), n(w)),

9w, p(w)) = Ti(w, p(w), §(w), n(w), ((w))-

Thus, (¢(w),n(w),((w), p(w)) is a quadruple common random coincidence point of T; and g. Putting

(u(w)7 v(w), T(w)a S(w)) - (f(w), 77(“’): C(w)7 p(w)),

we have

9(w, §(w)) = Ti(w, E(w), n(w), ((w), pw)) = &(w),
9w, n(w)) = Ti(w, n(w), ((w), p(w), §(w)) = n(w),
9w, C(w)) = Ti(w, (W), p(w), §(w), n(w)) = ((w),
9w, p(w)) = Ti(w, p(w), £(w), N(w), ((w)) = p(w).

Thus, (¢(w),n(w),((w), p(w)) is a unique quadruple random fixed point. O]

3. An application
In this section, we give an example to demonstrate Theorem

Example 3.1. Let X = [0,1], define d(z,y) =| x —y | , & = [0,1] and let ¥ be the sigma algebra

of Lebesgue’s measurable subset of [0,1]. Define g : @ x X — X,T; : @ x X* — X and defines as

Ti(w,z,y,z,t) = (a:ﬁ—zqziiz—kt)w’ g(w,x) = wx for all z,y,2,t € X and w € Q.

We check the sequences {z,(w)} = 5, {yn(w)} = 757, {2z (W)} = 35 and {ta(w)} = 753,
observe that {7;};cn and g are random compatible, random weakly reciprocally continuous, g is monotonic
non-decreasing, continuous, as well as satisfying condition ({2.2)).

By taking 0 < £;; < 1 and 0 < 7;; < 1, we will check the inequality is satisfied, thus all the
hypotheses of Theorem are satisfied and (0,0,0,0), (1,1,1,1) are the quadruple random coincident points
of g and T;. Moreover, using the same T; and g in Theorem ﬁ, (0,0,0,0) is the unique quadruple random
fixed point of g and T;.

one can easily
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