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Abstract

In this paper, the notion of (s, m)—P-convex functions on the co-ordinates is introduced and several inte-
gral inequalities of the Hermite-Hadamard type for co-ordinated (s, m)—P-convex functions are established.
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1. Introduction

Let f: 1 CR — R be a convex function on the interval of I of real numbers and a,b € I with a < b.

Ihe dOuble lnequahty

2 2
is well known in the literature as Hermite-Hadamard’s integral inequality.

Definition 1.1 ([9]). We say that a map f: I C R — R belongs to the class P(I) if it is nonnegative and
satisfies the inequality

FQAz+ (1= Ay) < f(2) + f(y)
for all z,y € I and X € [0, 1].
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Theorem 1.2 ([5, Theorem 3.1]). Let f € P(I), a,b € I with a <b, and f € L(]a,b]). Then

a b
(55052 [ rode < 2@ + s, (1)

Both inequalities are the best possible.
Definition 1.3 ([10]). For f:[0,b] - R and m € (0, 1], if
fltz+m(l—t)y) <tf(z)+m(l—1t)f(y)
is valid for all z,y € [0,b] and ¢ € [0, 1], then we say that f is an m-convex function on [0, b].

Theorem 1.4 ([2]). Let f: Ry — R be an m-convex with m € (0,1] and 0 < a <b. If f € L1([a,b]), then

a-+b 1 [ f) +mf(E) mA+1[fla)+ f(b)  F(2)+ (L)
f< 2 ><b—a/a 2 dos— y ™ 2 '

Definition 1.5 ([7]). For s € (0, 1], a function f : I C R — R is said to be s-convex (in the second sense) if

fOa+ (1= Ny) <X f(a) + (1= N f(y)
holds for all z,y € I and X € [0,1].

Theorem 1.6 ([3]). Suppose that f : R — R is an s-convex function in the second sense for s € (0,1). If
f € Li([a,b]) for a,b € R with a < b, then

b b b

Definition 1.7 ([§]). For (s,m) € (0,1]%, a function f : [0,b] — R is said to be (s, m)-convex if
fOx +m(1 = Ny) <A f(z) +m(l =) f(y)
holds for all z,y € I and A € [0,1].

Definition 1.8 ([5]). A map f: I C R — R is said to belong to the class Q(I) if it is nonnegative and

satisfies
Fz+(1=A)y) < Jt(;)Jrlf(_y)A

for all z,y € I and X € (0,1).

Theorem 1.9 ([5, Theorem 2.1]). Let f € Q(I), a,b € I with a <b, and f € Li([a,b]). Then

a b b a
W5 = [ f@ae a2 [wr@ae < O,

where p(x) = % forz el

Definition 1.10 ([12]). For some s € [—1,1], a function f : I C R — R is said to be extended s-convex if
fOz+ (1 =Ny) <X f(x) + (1= A)f(y)

is valid for all z,y € I and X\ € (0,1).
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Definition 1.11 ([1,4]). A function f : A = [a,b] x [¢,d] C R? — R is said to be convex on the co-ordinates
on A with a < b and ¢ < d if the partial functions

fyla, b = R, fy(u) = f(u,y) and  fo:[e,d] =R, fo(v) = f(z,v)
are convex for all x € [a,b] and y € [c, d].

Definition 1.12 ([6,[11]). A function f : A = [a,b] x [¢,d] € R? — R is said to be convex on the co-ordinates
on A with a < b and ¢ < d if for the partial functions

fllx+ (1 —t)z, y+ (1 = Nw) <t f(x,y) +t(1 = N)f(z,w)+ (1= OAf(z,9) + (1 —=t)(1 = N)f(z,w)
holds for all ¢, A € [0, 1], (z,y), (z,w) € A.

Theorem 1.13 ([I, 4, Theorem 2.2]). Let f : A = [a,b] X [¢,d] be convex on the co-ordinates on
A = [a,b] X [¢,d] with a <b and ¢ < d. Then

a+b c+d 1 1 b c+d 1 d a+b
(550 sl [ (=5 )ae g (557 0) o

g(_ _C//fxydydx
gi[ (/fmcdm—i—/fxddx)—i—(/faydy—l—/fbydy)}
Sf( )+fbc)+f(ad+fbd

4

In this paper, we will introduce the notion of (s, m)-P-convex functions on co-ordinates and establish
several integral inequalities of the Hermite-Hadamard type for co-ordinated (s, m)-P-convex functions.

2. A notion and an example

Motivated by Definitions[L.1] we now introduce the notion of (s, m)-P-convex

functions on co-ordinates as follows.

Definition 2.1. For some m € (0,1] and s € [—1, 1], a function f : A =[0,b] x [¢,d] C Ry x R = Ry is said
to be co-ordinated (s, m)-P-convex on [0,b] x [¢,d] with 0 < b and ¢ < d, if

[tz +m(1=1)z, dy + (1 = Nw) <°[f(z,y) + f(z, w)] + m(1 = 1)*[f(z,9) + f(z,w)]
holds for all ¢ € (0,1), A € [0,1], and (z,y), (z,w) € [0,b] X [¢,d].

Remark 2.2. Let f: A =[0,b] x [c,d] CR? — Rg with 0 < b and ¢ < d and let s € [~1,1] and m € (0, 1].

1. If f: A — Ry be convex on the co-ordinates on A, then f is a co-ordinated (s, 1)-P-convex function
on A.

2. In Definition 2.1 if f(z,y) = f(y) for all (z,y) € A and s = m = 1, then f is a P-convex function on
[c,d], or say, f € P([c,d]).

Example 2.3. Let f(z,y) = 2®*Inz for (z,y) € (0,00) x [1,00), s € [-1,0), and some m € (0,1]. Then f
is a co-ordinated (s, m)-P-convex function on R2.
In Deﬁn1t10n ' letting zg = yo =1, 29 = 1 4, wo = 1.5, and to = Ao = 3 L vields

A7 f (20, y0) + f(zo, wo) + (20, Y0) + f(20,w0)] — F(27 (2o + 20), 27 (yo + wp)) < 0.

This implies that f(x) = 2®Inx is not convex on the co-ordinates on (0, 00) x [1,00).
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3. Integral inequalities of the Hermite-Hadamard type

In this section, we establish integral inequalities of the Hermite-Hadamard type for (s, m)-P-convex
functions on co-ordinates on the plane Ry x R.

Theorem 3.1. Let f : Rg x R = Ry be a co-ordinated (s, m)-P-convez function on [0, %] x [e,d] with

0<a<bandc<d for somem e (0,1] and s € (—1,1]. If f € Ly (][0, m2] [c,d)), then
wap(0th chd 1 0 fy) +mf ()
(505 S maaa | 2 e
< J@o) + fla,d) +m[f(F.c) + (5, d)]
- 2(s+1)
ol G ) G d) A mf G ) + (G, )
2(s+1) '

Proof. Using the co-ordinated (s, m)-P-convexity of f, we obtain

a+b c+d\ (ta+(1—-)b+(1—t)a+th e+ (1 —-N)d+ (1 —Nc+ M\
(5 ) (T : )

< ;s{f(ta + (1=t e+ (1= N)d) + f(ta+ (1 — )b, (1 — A)c + Ad)

(B ) (B e i)

for all (t,\) € [0,1]%. Further integrating with respect to t and X over [0,1] x [0, 1], we have

f(“+b,c+d)_25/ /{ F(ta+ (1= )b A+ (1= N)d) + f(ta+ (1= )b, (1 — A)e + Ad)

+m[f<1)a+tb Aot (1—2) > +f<(1_?:+ﬂ’,(1—x)c+xd>ndtm

- TS //[ .7) +mf< >]dxdy.

By similar argument, we obtain

st [ Loz )
//l[fta+ 1—tbAc+(1—A)d)+mf<t§L+(1—t):1,Ac+(1—A)d>}dtdA
{t“’ 0 +fad)]+m(1—t)s[f<b,c>+f<:17d)]
+mt5[f L e >+f< d)] 2(1—t)s[f<n22,c>+f<n32,d>]}dtd)\ (3.2)
:Sil{f(a,c)+f(a,d)+m[f<§b,c>+f<;,d)]
) (A2 )

From the inequalities (3.1)) and (3.2)), Theorem is proved. O]

(3.1)

3
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Corollary 3.2. Under the assumptions of Theorem (3.1} if m = 1, then

o a+b c+d
2 2f< : 5 )S b—a 0 //fxydxdy 33)

[f(a,¢) + f(a,d) + f(bc) + f(b,d)].

<
_5—1—1

Remark 3.3. Under the assumptions of Corollary [3.2] putting f(z,y) = f(y) for all (z,y) € A and s =1 in
the inequality (3.3|) yields the inequality (1.1]).

Theorem 3.4. Suppose that f : Ro x R — Rq is a co-ordinated (s, m)-P-convez function on [0, %] X [e, d]

with 0 < a <b and ¢ < d for some m € (0,1] and s € [-1,1]. If f € L1([0, 2] x [c,d]), then
o251 a+b c+d
2 2
c+d a+b a+b
< 95~ 3[ / f )+mf( )dZL‘—I- / f )+mf(2m’y)dy:|
b—a 2 d—c 2 (3.4)
b flzy) +2mf(E,y) + m*f(2,y)
< - dzdy.
(b—a —c 4
Proof. Since f is co-ordinated (s, m)-P-convex on [0, 2] x [¢,d], for all ¢t € [0, 1], we have
a+b c+d\  (ta+(1-t)b (1—-tha+tb (c+d)/2 (c+d)/2
f( 2 72 )_f< 2 * 2 Ty T
1 c—l—d (I—-tha+th c+d
< — .
e (8 )
Integrating this inequality on [0, 1] with respect to t arrives at
1 [t 1-—
s a—l—b’c~|—d < L / f ta+(1—t)b,c+d L ( t)a~|—tb7c—|—d dt
2 2 251 2 m 2 55)

b ) (55

For all u € [0, %] and A € [0, 1], by the co-ordinated (s, m)-P-convexity of f, we obtain

P05 < ged flwre (=0 + £l (1= et 2a)

2
+m[f(:1,)\c+ (1—>\)d> +f<:;,(1 —A)cmdﬂ }

Putting v = z and u = .~ in (3.6 and substituting into (3.5 acquire
a+b c+d 1t c+d (1—t)a+tb c+d
< 1—t)b, =

f< 5D )25_1/0 [f(ta+( t)b, 5 >+mf< - , dt

1 b c+d r c+d
_ dx
" P15 ()
// c+d m E +

T s 25-1(b—a)

SQQsl(b_a)/O /a{f(%/\CﬂL(1—)\)d)+f(:c,(1—A)c+/\d)

(3.6)

]d dA
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+m{f<x Ae+ (1= A d>+f<$ c—i—)\d)]
m
—|—m[f< A+ (1= d>+f<:; c—i—)\d)
+m<f( JAc+ (1= A d)+f< )c+)\d>>}}dxd)\
d b .
2252b—a _c/ [fa?y +2mf< >+mf<m2,y>}dxdy.
A similar argument applied for the co-ordinated (s, m)-P-convexity of f leads to
1
f<a+b,cgd> g;/ {f(a;b,)\an(l)\)d) +f<a;—b,(1>\)c+)\d)
0

2
+m{f<2+mb Ae+ (1— ) >+f(“+b (1 A)c+Ad>HdA

zslfda/d[f(a;b )* i ()|
e L) ot
32%2 /(/[ ur%l—ﬂbm+wﬁ<( )a+ww)

N f<ta+5; ) 2f< a+tb )]dtdy

2252b—a —c//[ $y+2mf< ’y> < 2’y>}dxdy'

Adding the above inequalities results in (3.4). Theorem is proved.
Corollary 3.5. Under the assumptions of Theorem

1. if m =1, then
+bc+d o[ 1 b c+d 1 d la+b
2234 a <233 / / d
f( 2)- oo &2 ) Ta=c ) Iy

1 d b
S(b—a)(d—c)/ / f(x,y)da:dy;
2. if m = s =1, then

a+bc+d 17 1 b c+d 1 d fa+b
d(5 ) il [ v ()
S b—a) —c//f y)dzdy;

1 1 b c+d 1 d la+b

Ss[b—a/af(%z)m—c/c f( 2 ’QM
1 d b

S(b_a)(d_c)/c/af(xvy)dxdy;

3. ifm=1,s =0, then

a+b c+d
W (5 5)
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4. if m=1,s = —1, then

1 a+b c+d 1 1 b c+d 1 d la+b
il < il =
64f< 2 2 )‘16[b—a/af<x’ 2 >+d—c . f( 2 ’y>dy]

Sw—@b—c)/cd/abf“’y)d“y'

Theorem 3.6. Suppose that f : Rg x R — R is a co-ordinated (s, m)-P-convex function on [0, %] X [e, d]
with 0 < a < b and ¢ < d for some m € (0,1] and s € (—1,1]. If f € L1([0, %] x [c,d]), then

U)-@l(cl—fi)/cd/abf(x’y)dxdy

L [P f,0) + flad) + mf (5. c) + mf (. d) 1 flay) +mfGry)
Sb—a/a 25+l (1$+c1l—c/C s+1 dy
< 22_s[f(a70) + fla,d) + m[f(&, c) + f(,d)] f(E o)+ f(E,d)+m[f(E o) +f(r,fz7d)}]
= +m .
2(s+1) 2(s+1)
Proof. By the co-ordinated (s, m)-P-convexity of f, we obtain
Fle e+ (1= N)d) < ;[f@c, O + f(a,d) +mf(;,c) +mf(jfl,d>} (3.7)
for all A € [0,1] and = € [a,b]. Setting y = Ac+ (1 — \)d for 0 < XA <1 and using gives
1 d b
b—a[d—0 /C /a flz,y)dady
1 1 b
_ fl@ e+ (1 —Nd)dzdr
b-a /0 /“ (3.8)

< 2(61_@/01 Lb[f(x,c)+f(x,d)+mf<;,c> +mf(:;,d>}dxd)\
b

~ s | [f@dt faatmi( L) mp( L) |as
If (u,v) € [a,b] x [¢,d], choose u =ta+ (1 — )b for all 0 < ¢ < 1, and

Flu) < Z[tsf(a,v) Fm(l— )7 <:;Lv)] (3.9)

Letting (u,v) = (x,¢), (z,d) and (%,v) = (;5,¢), (;=,d) respectively in (3.9) and taking them into the
inequality (3.8 reveal

U)_@l(cz_c)/cd/abf(%y)dmdy
1

< %_Q)/ab[f(x,c) b f(@,d) +mf(;;,c> +mf<:;,d>]d:c
< g [{rr@aem-0s(Loe) +estaa +mi o0 (2.a)

m

+m[t3f<:;,c> +m(1 —t)sf<nl;2,c> +t5f<§1,d> +m(1 —t)sf<n22,d>]}dt
o) o) e ()
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Similarly, we have

s [ [ rewssare 2 [ [ e s (5
:<s+1><d>/c[f<“y>+mf<b o) o

1 a a
< - d a g
< s { @ o + fad tm (L) vmp(£.)
b b b b
et () ot () + 021 (o) ot ()
m m m m
The proof of Theorem [3.6] is completed. O
Corollary 3.7. Under the conditions of Theorem and Corollary

1. if m =1, then
() [ )
1 d b

< Gmaou=al [ fendra
< M/Qbmx,c) + f(z,d))da + Ml(d_c)/cd[ﬂa,y) + f(b,y)] dy

1
P —
T 2572(s+ 1)

[f(a’c)+f(a7d)+f(bvc)+f(bad)];

2. if m =s =1, then
a+b c+d 1 1 b c+d 1 a+b
< = -
(5 z>—4{b /f(w»z)u- (5 )]
//f y)dzdy
b—a)(d—c)

s;[bfa/a .00+ o [ (e + 70,0 0]

< fla,c) + f(a,d) + f(b,c) + f(b,d);
3. if m =1 and s =0, then

a+bc+d [ 1 c+d 1 (% fa+b
w6 (75 )gg[b_a/f(x, S [ ()
b—a //f:zydxdy

< b% [f.0)+ 165 d)]dx+/ (a.y) + F(b.9)] dy

< 4[f(a,c) + fa,d) + f(b,c) + f(b,d)].

Theorem 3.8. Let f : Ry x R — Ry be a co-ordinated (s,m)-P-convex function on [0, 2] x [c,d] for
m € (0,1] and s = —1 with 0 < a <b and c < d. If f € L1 ([0, 2] x [¢,d]), then

= _C// flapaady < 3 | fla.0) + flad) +mf (2.c) +mi (1))

where p(x) = % for z € [a,b].
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Proof. Putting z = ta+(1—t)band y = Ac+(1—A)d for 0 < ¢ < 1 and 0 < A < 1 and using the co-ordinated
(s, m)-P-convexity of f reveal

1

)_C)/Cd/abp(ﬂf)f(w,y)dxdy

(b—a)(d

:/1/1t(1—t)f(ta+(1—t)b,)\c+(1—)\)d)dtd)\
0 0

< /01 /01{(1 — B [f(ase) + f(a,d)] +tm[f<i,c> +f(:l,d)”dtd)\
1

- 2[f(a,c) + f(a,d) +mf<:;7c> +mf<:;’d>]'

Theorem [3.8] is proved. O
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