Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 957-966

Research Article

(LaEyy Journal of Nonlinear Science and Applications
=) o

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Monotone projection algorithms for various
nonlinear problems in Hilbert spaces

B. A. Bin Dehaish®*, H. O. Bakodah?, A. Latif®, X. Qin®P

?Department of mathematics, Faculty of Science-AL Faisaliah Campus, King Abdulaziz University, Jeddah, Saudi Arabia.
bDepartment of Mathematics, King Abdulaziz University, Jeddah, Saudi Arabia.
“Department of Mathematics, Wuhan University of Technology, Wuhan, China.

Communicated by R. Saadati

Abstract

In this paper, a monotone projection algorithm is investigated for solving common solutions of a fixed
point problem of an asymptotically strict pseudocontraction, an equilibrium problem and a zero problem of
the sum of two monotone mappings. Strong convergence theorems are established in the framework of real
Hilbert spaces. (©2016 All rights reserved.

Keywords: Hilbert space, equilibrium problem, variational inequality, nonexpansive mapping, fixed point.
2010 MSC: 65J15, 90C30.

1. Introduction and Preliminaries

In this paper, we always assume that H is a real Hilbert space with inner product (-,-) and norm || - ||.
Let C' be a nonempty closed convex subset of H. Pg denotes the metric projection from H onto C.
Let T be a mapping on C. F(T) stands for the fixed point set of 7. Recall that T is said to be

nonexpansive iff
[Tz =Tyl < ||z —yll, Va,yeC.

T is said to be asymptotically nonexpansive iff there exists a sequence {k,} C [1,00) with lim, .k, = 1
such that
[Tz = T"y|| < kpllz —yll, Vz,yeCin>1

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [I1]. They proved
that if C' is also bounded, then F'(T) is not empty; see [I1] for more details.
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T is said to be k-strictly pseudocontractive iff there exists a constant x € [0, 1) such that
1Tz —Ty|* < |z —yll* + [l (z = Tz) = (y = Ty)|?,  Vz,y€C.

The class of strict pseudocontractions was introduced by Browder and Petryshyn [5]. It is clear that every
nonexpansive mapping is a 0-strict pseudocontraction.

T is said to be an asymptotically k-strict pseudocontraction iff there exist a sequence {k,} C [1, 00) with
lim,,_,o0 kr, = 1 and a constant x € [0,1) such that

1T = T"y|* < knllz = yl* + 6| (1 = T)a = (I = T")y|?, Ya,yeC n>1.

The class of asymptotically strict pseudocontractions is introduced by Qihou [20]. It is clear that every
asymptotically nonexpansive mapping is an asymptotically 0-strict pseudocontraction.
Let A: C — H be a mapping. Recall that A is said to be monotone iff

(Ax — Ay, x —y) >0, Vz,y e C.
A is said to be strongly monotone iff there exists a constant « > 0 such that
<A.T—Ay,.1‘—y> ZOJH:L‘—y”Q, vx??JeC'

For such a case, we also say that A is an a-strongly monotone mapping. A is said to be inverse-strongly
monotone iff there exists a constant a > 0 such that

<AJZ—Ay,$—y> ZOCHA:U_AZ/H2> VCU,ZIGC-

For such a case, we also say that A is an a-inverse-strongly monotone mapping. It is clear that A is
inverse-strongly monotone if and only if A~! is strongly monotone.
Recall that the classical variational inequality problem is to find x € C' such that

(Az,y —z) >0, VyeC. (1.1)

It is known that x € C is a solution to problem ({1.1)) if and only if x is a fixed point of mapping Po (I —rA),
where r > 0 is a constant and [ is the identity mapping. Recently, iterative methods have been intensively
investigated for solving solutions of variational inequality by many authors in the framework of Hilbert
spaces; see [8], [17], [18], [21], [22], [28], [30], and the references therein.

Let B be a set-valued mapping. In this paper, we use D(B) to denote the domain of B. Recall that
B is said to be monotone on H if for all z,y € H, f € Br and g € By imply (x —y,f —g) > 0. A
monotone mapping B is maximal on H if the graph G(B) of B is not properly contained in the graph of
any other monotone mapping. It is known that a monotone mapping B is maximal if and only if, for any
(¢, f)e Hx H, (x—y, f—g) >0 for all (y,9) € G(B) implies f € Bx. Let r > 0 be a real number. We can
define the single-valued resolvent .J, = (I +rA)~!. It is known that J, : H — D(B) is firmly nonexpansive
and B~1(0) = F(J,). Let A be a monotone mapping of C into H and N¢v the normal cone to C at v € C,
ie.,

Nev={we H: (v—uw) >0, YueC}

and define a mapping 1" on C' by
Av+ Nev, vel
Tv =
0, vé¢C.

Then T is maximal monotone and 0 € Tw if and only if (Av,u —v) > 0 for all u € C; see [24] and the
references therein.
Let F' be a bifunction of C' x C' into R, where R denotes the set of real numbers. Consider the following

equilibrium problem.
Find z € C such that F(z,y) >0, YyeC. (1.2)
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In this paper, the set of such an = € C' is denoted by EP(F), i.e., EP(F) ={z € C: F(z,y) > 0,Vy €
C}.
To study problem ([1.2]), we may assume that F' satisfies the following conditions:

(Al) F(xz,z) =0 for all x € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;

(A3) for each z,y,z € C,
limsup F(tz + (1 — t)z,y) < F(z,y);
tl0
(A4) for each x € C, y — F(x,y) is convex and lower semi-continuous.

Recently, problem was studied based on iterative methods by many authors; see [6], [13], [15],
[23], [31] and the references therein. The advantage of projection methods is that strong convergence is
guaranteed without any compact assumptions. And when C' is a line variety, a closed ball, a closed cone
or a closed polytope, the computation of Po is easy to implement. Problem is well known to be
very useful and efficient tools in mathematics. It provides a unified framework for studying many problems
arising in engineering sciences, structural analysis, and other fields; see, e.g., [1], [12], [26], [18], [19], [27].
A closely related subject of current interest is the problem of finding a common solution of nonlinear
operator-equations, variational inequality and equilibrium problem . The motivation for this
subject is mainly due to its possible applications to mathematical modeling of concrete complex problems.
Indeed, a classical strategy to construct such mathematical models consists in introducing constraints which
can be expressed as subproblems of a more general problem. In some cases, these constraints can be
given by variational inequalities, by fixed point problems, or by problems of different types [2, B], [6]-[10],
[14], 16, (17, 18], 29].

Motivated by the research going on this direction, we study a regularization projection algorithm for
solving common solutions of variational inequality , equilibrium problem and fixed points of
an asymptotically strict pseudocontraction. Possible computation errors are taken into account. Strong
convergence theorems are established in the framework of real Hilbert spaces.

In order to prove our main results, we also need the following lemmas.

Lemma 1.1 ([4]). Let C be a nonempty closed convexr subset of H and let F': C' x C' — R be a bifunction
satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C' such that

1
F(z,y)—i—;(y—z,z—w) >0, Vyed.

Further, define
TT:L“:{ZGC:F(z,y)+%<y—z,z—x> >0, YyeC}
for allr >0 and x € H. Then, the following hold:
(a) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

HTT$ - TryHQ < <Tr$ - Ty, x — y>;

(C) F(Tr) = EP(F)}
(d) EP(F) is closed and convex.

Lemma 1.2 ([25]). Let C be a nonempty closed convex subset of H and let T : C'— C an asymptotically
strict pseudocontraction. Then I — T is demi-closed, this is, if {x,} is a sequence in C' with x, — z and
Tp — Tan — 0, then x € F(T).
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2. Main results

Theorem 2.1. Let C' be a nonempty closed convex subset of H and let F' be a bifunction from C x C to R
which satisfies (A1)-(A4). Let A: C — H be an a-inverse-strongly monotone mapping and let B : H = H
be a mazimal monotone mapping such that D(B) C C. Let T : C — C be an asymptotically r-strict
pseudocontraction. Assume that Q = F(T) N (A + B)~1(0) N EP(F) is not empty and bounded. Let {r,}
and {sn} be two positive real number sequences. Let {a,} and {B,} be real number sequences in (0,1). Let
{zn} be a sequence generated in the following process:

(xl eC,
C,=C,
F(zn,2) + i(z — Zn, 2n — JIp, (T — TR AT, +€,)) >0, VzeC,
Yn = QnZpn + (1 — ap)Bnzn + (1 — Bn) (1 — an)T" 2y,
Cra1={N € Cpt |lyn = All < lln = Al + (VEn — 1)On + Vanllenll},

Tp4+1 = PCn+1$17 n Z 13

where J,, = (I+r,A)~1, {e,} is a sequence in H such that > o | |len]| < 0o and ©,, = sup{||zn,—ql| : ¢ € 2}
Assume that the control sequences satisfy the following restrictions: 0 < a, < a < 1, K < B, < b < 1,
liminf, o0 8 > 0 and 0 < r < r, < v’ < 2a, where a,b,r,7’ are real constants. Then {x,} converges
strongly to Pox.

Proof. From the construction of C,,, we see that C), is convex and closed so that the metric projection onto
C,, is well defined. For any =,y € C, we see that
I(I = raA)z — (I = raA)y|?
= |z =yl = 2r(z — y, Az — Ay) + 7} || Az — Ay||?
< o = yl? = ru(2a — 1) [ Az — Ay]*.
Using the restrictions imposed on {ry,}, we see that ||(I —r,A)x — (I —r,A)y|| < ||z — y||. This proves that
I — r, A is nonexpansive.
Next, we show that Q C C),. It is clear that Q2 C C; = C. Suppose that 2 C C}, for some h > 1. Next,

we show that Q C Cj4q for the same h. Let p € Q be fixed arbitrarily. By use of Lemma we find that
zp, = Ty, wp, where wy, = J,, (Ih —rpAzp, + ep). It follows from the firm nonexpansivity of the resolvent that

llzn = pll < [[wn — pll
< |[(xn — rnAzp +en) — (p — rnAp)|| (2.1)
< llzn —pll + llenll.

Since T is an asymptotically x-strict pseudocontraction, we have
1Brzn + (1= Br)T"zn — pl|®
< Bullyn — pII* + (1 = Bn) (knllyn — plI* + &)l (2 — p) = (T" 20 — T"p)||*)
— Bu(L = Bl (yn — ) — (T2 — T"p)|?
< Enllzn = o> = (1 = Br)(Br = w20 = p) = (T"2, = T"p) 1>,

Using the restrictions imposed on sequence {/3,}, we find that
1Brzn + (1= Bp)T"2n — pll < V/knllzn — pll. (2:2)

It follows from (2.1 and (2.2) that
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lyn = pll < enllen —pll + ( —ap)[|Brzn + (1= Br) T2, — p|
< apllzn = pll + (1= an) v knllzn = p|

< llzn = pll + (Vkn Hwh—p\l + VEnlenll

This proves that 2 C C,.
Now, we are in a position to show that {z,} is bounded. Note that x,, = P¢, z1. For any p € Q C C),
we have ||z1 — x| < ||z1 — p||. In particular, we have

21 = 2n|| < 21 = Poxa-

This implies that {z,} is bounded. Since {z,} is bounded, we see that there exists a subsequence {zy,} of

{xn} which converges weakly to x. Since z,, = Pc, 21 and 2,11 = Pc,,,21 € Cpy1 C Cp, we have that

0 < (71— T, Tn — Tpt1)

= (] — T, Ty, — T1 + T1 — Tpy1)

IN

—llz1 = @l + llo1 = zalllz1 — 24

Hence, we have
|1 = znll < llz1 — Znga ]|

It follows that lim, o ||, — z1|| exists. Since
|zn — $n+1H2
= Hxn - 1‘1”2 =+ 2<$n —X1,T1 — Tp + Tn — $n+1> + H331 - xn+1||2
= ||lzp — x1||2 — 2|z — leQ +2(xp — 21, T — Tpy1) + |71 — xn+1||2

<|lz1 - an+1H2 — |lzp — x1H2,

we find that
ILm |zn — Zpt1]l = 0. (2.3)

11 € Cry1, we see that [y, — g1 || < |20 — 2o || + (VEn —1)O, + VEy|len]|. It follows

lyn — ol < 2|21 — 20l + (VEn — 1)On + VEn|len]|-

Since (Vkn, — 1)0,, + Vkn|len]| = 0 as n — oo, we obtain from ([2.3)) that

Since xp11 = Po
that

Jim{|az;, — yn| = 0.
On the other hand, we have

lzn = ynll = (1 = an)llzn — (Bnzn + (1 = Bn)T"2n) |-

Using the restriction imposed on {a;,}, we find that

lim ||z, — (@lzn +(1- Bn)T"Zn) | = 0. (2.4)

n—o0

Since Ty, is firmly nonexpansive, we find that

lzn —p)1? <

—~

wn_pvzn_p>

(lwn = pI* + llzn = pI* = llzn — wall?)-

N | =
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That is,
120 = pII* < [lwn = plI* = [lwn — 2a®
< e = plI* + lleall(lenll + 20z = ) = [lwn — 2]l
It follows that
lyn = p1? < anllzn = pl + (1 — an)kall 20 — plI?
< knllzn — sz + knllenl|(lenll + 2l — pl) — (1 — an)knllwn — ZnHZ-
Hence, we have
(1 = an)knllwn — 2za]|* < (kn — Dz — plI* + Eallenl[(lenl] + 2[|zn — pl])
+ |z = pl* = lznt1 — pl>.
It follows from the restriction imposed on {«,,} that
nh_)rrgo |wn — zn|| = 0. (2.5)
Since A is inverse-strongly monotone, we find that
|y, — pH2 <| (xn —rn ATy +ep) — (p - rnAp)H2
< |[(zn = radAzn) = (p = raAD) PP + lleall(lleall + 2llzn — pl))
< lwn = pl” = rn(2a — ) [ Azy = Al + lleal|(llenll + 2]|zn — pl)).
It follows that ) ) )
lyn = plI” < anllzn —p|I* + (1 — an)knl|zn — pl|
< an|lzn _pH2 + (1 — an)knllwy, — pHQ
< kpllzn — sz — (2o — 1) (1 — ) ke || Ay, — APH2
+ llenllkn(llenll + 2[lzn — pl)).
This implies that
(20— 1) (1 — ) ke || Az, — Ap||?
< (kn = Dllzn = pl* + 20 = pI? = llznts — 212 + lleallkallenll + 2[|zn — pl)-
Using the restrictions imposed on {a,} and {r,}, we find that
lim ||Az, — Ap| = 0. (2.6)
n—0o0

Since J,,, is firmly nonexpansive, we find that

lwn = plI* < (20 — rnAzn + €4) = (p — 70 AP), wn — )
= 21— oAz +e0) = (o~ ra AR + [l — I
— |l (wn —rnAxy, +ep) — (p — rpAp) — (wy —p)||2}
< %{Ilwn —plI* + llenll(llenll + 2[lzn — pll) + [wn — p]?
— ll#n — wn — (ra(Azn, — Ap) =€) [1*}
< %{van =l + llenll(lenll + 2llzn — pll) + lwn — plI* = |0 — wall®
+ 2[|zn, — wal|||rn(Az, — Ap) — enl| = [T (Azn — Ap) — enH2}-
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It follows that ) ) )
lwn = pII” < llzn = plI” + llenll(llenll + 2[lzn — pll) — llzn — wnll
+ 27|20 — wall| Az — Apl| + 2|20 — wall[lenl.
This implies that
2 2 2
lyn —plI” < anllan = plI” + (1 — an)knllzn — p
< anllzn _pH2 + (1 — an)kn|wn — p”2
< kpll2n —p”2 + knllenl|(llenll + 2|z — pll) — (1 — an)kpll2n — wn”2
+ 2rnkn||@n — wall[[Azn — Ap|| + 2kn||zn — wall[[enll.
Hence, we have
(1 — an)knllzn — wnH2
< (ko = Dllzn = pI? + kallenll(lenll + 20z = pl) + 20 = plI* = |21 — p]?
+ 2rnkpl|zn — wall[|Azn — Apl| + 2kpl|2n — wal|llexn]]-
By use of ([2.6]), we find from the restriction imposed on {a,,} that
h_}nolo |z, — wy|| = 0. (2.7)
Since ||z — zn|| < ||xn — wpl| + |Jwn, — 25|, we find from (2.5) and (2.7) that
nh_)rgo |z — 20| = 0. (2.8)
Next, we show x € F'(T'). Note that
H (6n$n + (1 - Bn)Tnxn) - xn”
+ | (5nzn +(1— /Bn)Tnzn) — |
< Bullwn — 2|l + (L = Bo) | Tz — T 2 || + || (&LG + (1 - 5n)TnZn) — |
< Ballzn — znll + (1 = Bn) Ll|zn — 20| + ”(ﬁnzn +(1— an)TnZn) — |,
where L stands for the Lipschitz constant of 7. By use of (2.4) and (2.8)), we find that
lim ||(Bpan + (1= Bn)T"2y) — @y|| = 0. (2.9)
n—oo

Note that
[T" 20 — @pl| < || T"@n — (ﬁnJUn +(1— ﬁn)Tn$n) |

+ || (/ann + (1 - ﬁn)Tnmn) — Tn||
< BullT"zy — || + || (ann + (1 - ﬂn)Tnxn) — T,
which yields that
(1 =Bl T"zn — zn| < || (/ann +(1— ﬁn)Tnxn) — Zn|.

Using the restriction imposed on {3, }, we find from (2.9)) that lim,_,~ || 7" 2, — || = 0. Since T is uniformly
L-Lipschitz continuous, we can obtain that lim, . ||T2, — 2| = 0. By use of Lemma we find that

x € F(T).
Next, we prove z € (A + B)~1(0). Since wy, = J,., (xn — TnAxy, + €,), we find that

Ty — Wy + €
Tn

— Az, € Bw,.
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Let p € Bv. Since B is monotone, we find that

Wz_mn_wn_y>zo_

n

It follows that (—Axz — pu,x — v/) > 0. This implies that —Ax € Bz, that is, = € (A + B)~1(0).
Finally, we show that x € EP(F'). Note that

1
F(zp,2)+ —(2— zn,2n —wy) >0, VzeCl.

Sn
Since F' is monotone, we see that
1
— (2 — Zn;, 2n; — W) > F(2,2,,), VzeC.
Sn;

By use of (2.5) and ([2.8)), we find that
F(z,z) <0, VzeC.

For each t with 0 < ¢ <1, let 2z =tz + (1 —t)x, where z € C. It follows that z; € C' and hence F(z,z) < 0.
It follows that
0= F(z,2) <tF(ze,2) + (1 =) F (2, x) < tF (2, 2),

which yields that F'(z;,2) > 0, Vz € C. Letting ¢ | 0, we obtain that F'(z,z) > 0, Vz € C. This implies that
x € EP(F). Since z € 2, we find that

[21 = Poxa || < [log — af] < liminf [[z) — ]|
1—00

< limsup [|z1 — 25, || < [J21 = Paa: ],
1— 00

which yields that
lim [lzy — 25, || = 21 = z[| = [lz1 = Poza|].
1— 00

Since H is a Hilbert space, we get that {z,,} converges strongly to Poxi. Therefore, we can conclude that
{z,} converges strongly to Poz;. The proof is completed. O

If T' is an identity, we have the following result.

Corollary 2.2. Let C' be a nonempty closed convex subset of H and let F' be a bifunction from C x C to R
which satisfies (A1)-(A4). Let A: C — H be an a-inverse-strongly monotone mapping and let B : H = H
be a mazimal monotone mapping such that Dom(B) C C. Assume that Q = (A + B)~*(0) N EP(F) is not
empty. Let {rn,} and {s,} be two positive real number sequences. Let {a,} be a real number sequence in
(0,1). Let {x,} be a sequence generated in the following process:

r1 € C,

¢ =0,

F(zn, z) + é(z — Zn, 2n — Ir (X — TR Az, +€)) >0, VzeC,
Yn = Ty + (1 — ay)zn,

Crtr ={A € O : flyn = All < llzn = All + [lenll},

[ Tnt1 :PConla n>1,

where {en} is a sequence in H such that Y 7, |len| < co. Assume that the control sequences satisfy the
following restrictions: 0 < o, < a < 1, liminf,, soo 8, > 0 and 0 <r < r, <71’ < 2a, where a,r,r" are real
constants. Then {x,} converges strongly to Pox.
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Corollary 2.3. Let C be a nonempty closed convexr subset of H. Let A : C — H be an a-inverse-strongly
monotone mapping and let B : H = H be a maximal monotone mapping such that D(B) C C. Let
T : C — C be an asymptotically k-strict pseudocontraction. Assume that Q = F(T) N (A + B)71(0) is
not empty and bounded. Let {r,} be a positive real number sequence. Let {ay} and {B,} be real number
sequences in (0,1). Let {x,} be a sequence generated in the following process:

x1 € C,

C,=0C,

2n = Jp, (X — Tn Az, + €),

Yn = n®n + (1 — an)Bnzn + (1 = Bn)(1 — apn) T zp,

Cny1 ={AE€Ch: lyn — Al < |lzn — Al + (\/E -1)0, + \/Hllenﬂ},
Tpy1 = Pe, w1, n>1,

where {en} is a sequence in H such thaty " | |len| < 0o and ©, = sup{||z, —q¢|| : ¢ € Q}. Assume that the
control sequences satisfy the following restrictions: 0 < ap <a <1, k< B, <b<1,0<r<r, <r <2aq,
where a,b,r,r" are real constants. Then {x,} converges strongly to Pox.

Proof. Set F(x,y) =0, for any z,y € C and s,, = 1. Since Dom(B) C C, we see that z, = J,., (xn —rp Az, +
en). This completes the proof. O

If A and B are zero mappings, we find from Theorem the following result immediately.

Corollary 2.4. Let C be a nonempty closed convex subset of H and let F be a bifunction from C x C to
R which satisfies (A1)-(A4). Let T : C' — C be an asymptotically k-strict pseudocontraction. Assume that
Q= F(T)N EP(F) is not empty and bounded. Let {s,} be a positive real number sequence. Let {ay,} and
{Bn} be real number sequences in (0,1). Let {x,} be a sequence generated in the following process:

¢

x1 € C,

C1=0C,

F(zn,z)Jri(zfzn,znfxnfem >0, Vze(l,

Yn = anTp + (1 — an)Bnzn + (1 = Bn)(1 — an)T" 2y,

Cra1={N € Cpt [lyn = All < lln = Al + (VEn = 1)On + Vanllenll},

Tpntl = PC,L+1$1> n>1,

where {e,} is a sequence in H such that > .| |len]] < 0o and ©, = sup{|jz, —q|| : ¢ € Q}. Assume that
the control sequences satisfy the following restrictions: 0 < ap <a <1, Kk < B, <b< 1, liminf, ;o s, > 0,
where a and b are real constants. Then {x,} converges strongly to Pox;.
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