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Abstract

We have given two general methods of converting with derivative two-step methods to without deriva-
tive two-step methods. It can also be observed that this conversion not only retain the optimal order
of convergence of the two-step methods but the resulting derivative free families of iterative methods are
also extendable to with memory class. The with-memory methods show greater acceleration in the order
of convergence. In this way, order of convergence is accelerated from 4 to 7.53 at the most. An extensive
comparison of our methods is done with the recent methods of respective domain. (©2016 All rights reserved.

Keywords: With and without memory methods, derivative free, self accelerating parameters, accelerated
order of convergence.
2010 MSC: 65D05, 65HO05.

1. Introduction

Let us consider the problem of finding simple root of a nonlinear equation f (x) = 0, where f is a real
valued function defined on an interval I C R. Newton-Raphson method has always remained a widely
applicable method for solving this problem, however, it has a drawback that it requires derivative evaluation
of the function involved. Many higher order with derivative iterative method have been developed in the
recent past [2, [10]. In order to remove this drawback, Steffensen [6] defined a derivative free method by
removing the derivative evaluation with forward difference approximation. Steffensen’s method is given as:

f(n)

Wy, = Ty, + f(xn), Tpyl = Tp — Flom ]
sy n
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It is important to mention here that the order of Steffensen’s method is also quadratic. Traub (see [§],
pp. 185-187) was the first to introduce the parameter based method of Steffensen’s type which he further
extended to the class of with memory methods. Traub’s modification of Steffensen’s method is given as :

_ f(zn)
Tntl = Tp — m7
M (37) =f (zn) + (x - $n) f[l'n, wn]a
1
Tn+1 = —m7

Wntl = Tpt1 T 'Yn—&-lf(xn—i—l)a Tn ?é 07

where wp, vy and xg are suitably chosen. The parameter -, is called self accelerating parameter and the
method has order of convergence 2.41.

In the recent past, many such attempts has been made to define without derivative methods of Stef-
fensen’s like involving parameters through which the order of the iterative methods can further be accelerated
[9]. Recently, A. Cordero and J. R. Torregrosa [I] gave a general method of converting with derivative two
and three step methods to derivative free Steffensen’s like methods by preserving the order of convergence
but their methods were not extendable to with memory methods.

In this paper, we give a general technique of constructing derivative free two-step methods involving
parameters from with derivative two-step methods that are also extendable to with memory class. The
construction and order of convergence is discussed in Section In Section [3] we extend the without
memory iterative methods to with memory methods by approximating the accelerating parameters involved
at each step by use of Newton’s interpolating polynomials. In Section [4] we give some weight functions and
some particular methods. In Section [5] we give numerical comparisons of our new methods with the existing
efficient methods.

2. Two-Step derivative free optimal method with order four

Let us consider the iterative methods by R. F. King [3] and Kung-Traub [4]. We extend it to derivative
free family of methods by using the approximation f () ~ f[wn, Tn] + pf (w,) ;where w, = z, + q¢f ()
at the first step and f (z,) ~ JTwnynl+pf(Wn) ot the second step with

G(un,vn)
_flyw) o flyn)
T )T Fwn)”

Thus, we obtain two-step derivative free method in the following form:

W, = Ty, + ¢f (1)
flwn; zn] +pf (wn)’
f(@n) + (B =2)f(yn) flwn, yn] +pf (wn)

In the similar manner, for the Kung and Traub method [4] given by:

Yn = Tn —

(2.1)

Tn+1 = Yn — G(uny Un)

Yn = Tp —
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using the similar approximation in the method to make it derivative free as follows:

Un = @ f(@n)
" " f[wnaxn] +pf (’U)n)’
B 1 f(yn)
Pt = = Gl ) T Tyl + pF ()’ 2

where, G(un,vy,) is the weight function. It should be found in such a way that the above method gives
optimal order 4.

Moreover, we consider again the two methods and apply the second technique to make them derivative
free as follows:

fl(xn)’
. _ _ f(xN) + /Bf(yn) f(yn)
M T )+ (B—2)f (yn) ()

By using the approximation f’(xn) ~ flwn, za] + pf(wy), where w, = x, + qf(wy,) at the first step and
f/ (xn) ~ f[ﬂhz7yn]+pf(’UJn)+S(yn—’wn)(yn—g;n)

Yn = Tn —

(2.3)

at the second step with

H(un)
I (yn)
Up = )
we get,
Wn = Ty + Qf(xn)7
Yo = T — f(@n)
" f[wm xn] + pf(wn) 7
f(an) + Bf(yn) f(yn)
Tnal = Yn — H(uy, . 2.4
= e = ) e = 2) £ Tyl + P ) + 5 — ) — )
In the similar manner, Kung and Traub method [4] is given as:
f(zn)
n = Tn — 4 )
Y [ (@)
1 f(yn)
Tntl = Yn — . . (2.5)
_ f(yn) 2 n
(1 — fedy2 £ (2n)
Using the similar approximation in this method, we make it derivative free as follows:
Wy = Tp + Qf(xn)a
Yn = T 5 — f(@n)
flwn, 2] + pf(wy)’
1 n
Tn+1l = Yn — H(un) f(y ) (2'6)

(1= 1002 Fs gl + 2F (wn) + (0 — wn) (g — 20)°

|

The weight function H (u,) should be found in such a way that the above methods give optimal order four.
Following theorems shows that the methods (2.2 and (2.4)) have convergence order four.
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Theorem 2.1. Let f : I C R — R be a real valued, differentiable function. Let function has a simple root
a in the open interval denoted by I. Let xy be the initial guess sufficiently close to a. Then method (2.2))
has order of convergence 4 if the weight function G(u,v) satisfies the following conditions:

G(0,0) = 1,G,(0,0) = —1,G,(0,0) =0
and

|Gu2(070)| ) |Gv2(07 0)| ) |GUU(070)‘ < 0.
The error equation of (2.2)) for all values of p and q is given as follows:

entt = —5le2 +p)(1+ af () Azeh + O(ef)

where Ay involves G,2(0,0), G,2(0,0) and Gy, (0,0).

Proof. Let f(z) is a non-linear function and « be its real zero. That is f(a) = 0, and let e,, denote the error
at the n' step as follows:
en = Tp — Q.

Now using Taylor series to expand f(z) about a. we have,

f(@) = £ (@) [en + coel + csel + caen + el + O(el)] (2.7)
whereas, .
()
Cr = W,r =2,3,....
We have the error term of w, = x,, + qf(x,) by using the Taylor’s series,
enw = (L+af (@))en + c2af (@)e, + esaf (a)e), +..0(ep), (2.8)
where,
Thus,
Flwn) = £'(@) ((1+af (@)en + 3 +af (@) + Deae ) +..0(€). (2.9)
Hence,
flenswal + pf (wn) = £ (@) + £ (@)1 + af (@) + c2(2 + af () ]en
+ £ (@)[f (a)g(3 + qf (@) (es + pea) + 3cs
+ ca(p + qAf (@)]e2 4 ... + O(eD). (2.10)
Also,

f[$n, wn] + pf(wn)

=en — (c2 + )1+ af (@))€ + (1 + af (o)

(2c2(c2 +p) + (L4 f'(a))g®) — e3(2+ 3af (@)
+ qci(gea(ca +q) —e3)]e + ...+ O (62) . (2.11)

Now, by using (2.9) and (2.11)) we have the error term of y, as follows:

eny = (2 +p)(L+af (a))ep + ... + O(ep). (2.12)
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Now, with G (0,0) =1
en+1 = —(c2 +p) (1 + af (@))(c19Gu(0,0) + ger + Gu(0,0) + 1+ Gy (0,0))e5, + O(ey).

Substituting,
G4(0,0) = —1,G,(0,0) =0,
we finally get the required result. O

Theorem 2.2. Let f: I CR — R be a real valued, differentiable function. Let function has a simple root
« in the open interval denoted by I. Let xq be the initial guess sufficiently close to a. If the weight function
H(u) satisfies the following conditions,

and
‘H (0)\ < o0,

then the method defined by (2.4) converges to « for all values of p, q, s and B with order four and the error
equation of this method (2.4) is given as follows:

ent1 = (L+qf ())*(c2 +p)Ase;, + O(ep),
where, A involves H' (0).

Proof. Let f(x) be a non-linear function and « be its real zero. That is f(a) = 0, and let e, denote the
error at the n' step as follows:
en = Tpn — Q.

By Taylor series, expanding f(x) about «. we have

fxn) = f,(oz)(en + co€2 + czed 4 ..+ cged) + O(eD), (2.13)
whereas,
_ f(a)
Cr = .
rlf(r)
We have the error term of w, = x,, + qnf(x,), by using the Taylor’s series,
enw = (14 qf (@))en + qf (@)c2e + ¢f (@)czed + ... + O(el), (2.14)
where,
enw = Wy — Q.
Thus,
flwy) = f(a)(en + cae? + cae? + cze3 + ...+ czed) + O(ed). (2.15)
Hence,

Fln, wa] + pf(wa) =f (@) + £ (@)((2+ af (a))(c2 + p))en
+ f(a)(pea(1 + 3qf (@) + c2qf () (c2 + paf (a))
+ 33+ qf ()B4 qf (@)e2 + ...+ O(ed). (2.16)

~—

Now, by using (2:13) and (2.16)

eny = (2 +p)(L+qf ()2 + ... + O(ed). (2.17)
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Also,
flyns wa] + pof(wn) + 8(yn — wi) (Yn — 0)
= en — (2 + )1+ af (@), + ((s(1 + af (@) (1 + af (@) (—2qc2)
+pea(2e2 — apf (@) f (@) + 32+ af (@) B+ af (o))
— 2+ @ (@) + P ger)el, + ... + O(e),
implies

entt = (1= H0))(1+ af (@) (2 +p)e2 + . 4+ O(ED).
Thus, with H (0) = 1,

ent1 = (1+ H (0))(1+¢f (@))*(co + p)2ed + ... + O(e3).

Substituting, /
H (0) =-1,
finally, the error term is,
ent1 = (1+af (@))*(c2 + p)Asep + ... + O(e}), (2.18)
where, Az involves H' (0). O

Remark 2.3. Similarly, we can also prove that (2.1)) and (2.6)) is also fourth order convergent for the same
choices of the values of weight function. It is also apparent from the error analysis of (2.2]) and (2.4]) that
the derivative free iterative methods are extendable to with memory methods.

3. The development of Tri-parametric iterative method with memory

We, now, choose the three parameters ¢, p and s in without memory method (2.4)) to make it with
memory method. The optimal order of without memory method (2.4) can be increased by choosing the
accelerating parameters at each step as:

-1 -1 -1
q q 7 = = ~ = ;
" Ng(xn) f’(a) / (a)
_Nzll(wn) ~
p=Pp 7 = —C3 = —C2,
" N4(wn)
N/// .
§ =8y =2 éyn) = cic3 = cic3, (3.1)

where f’(a) = f/(a). We use, Newton’s Interpolating polynomial passing through the given points at each
step to calculate f (o). Estimation of N3(¢) and Ny(<) is given below:
N3($; T, Y1, Wn—1, Tn—1) =f(2n) + (s — 20) f[Tn, Yn—1]

+ (§ - xn)(§ - yn—l)f[xna Yn—1, wn—l]

+ (§ — xn)(§ - yn—l)(g - wn—l)f[xna Yn—1,Wn—1, xn—l]-
Thus,

Ny(s) =f[2n, yn-1] + (s = 2n) + (s = Yn=1)) F[Zn Yn—1, Wn_1]
+ ((s = 20)(S = Yn-1) + (¢ = Yn—1)(s — wn-1) + (¢ — Tn)(¢ — Wn-1))
f[xna Yn—1, wnfl,xnfl],

and
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N:;,(-Zvn) :f[xna yn—l] + (xn - yn—l)f[mnayn—la wn—l]
+ (xn - yn—l)(xn - wn—l)f[wny Yn—1, wn—l,xn—l]-

Also,

Ny (S5 Wny Tryy Yro—1, Wn—1, Tp—1)
=f(wn) + (s — wp) flwn, n] + (s — 2n) (s — wn) f[Wn, Tn, Yn—1]
+ (6 = wp) (s = 2n)(S = Yn—1) f[Wn, Ty Yn—1, Wn—1]
+ (¢ = wn)(S = Yn-1)(S — ) (S — Wn—1) f[Wn, Ty Y1, Wn—1, Tn—1].

Differentiating the above expression w.r.t. ¢ and evaluating at w,, we have:

Ny(wn) = [wn, @] + (wn = 20) flwn, Tn, yn]
+ (wn - xn)(wn - yn—l)f[wna TnyYn—1, wn—l]

+ (wn - xn)(wn - yn_l)(wn - ’U)n_l)(§ - wn_l)f[wnv ‘TTM yn—h wn—17 xn—l]‘

Also,
Ny (wn) =2f[wn, T, Yn—1] + 2((wy, — @)
+ (W = Yn—1)) [ [Wns Tn, Yn—1] + 2((wn — ) (Wy — Yn—1)
+ (wy — @) (Wy, — Wn—1) + (Wn — Wp—1)(Wn — Yn-1))
FlWn, Tny Yn—1, Wn—1, Tn—1].
Similarly,

N5(S; Yns Wns Ty Yn—15 Wn—1, Tn—1)
=f(yn) + (s = Yn) flYn, wn] + (¢ — wn) (s — yn) f[Yn, wn, zn]
+ (s = 2n)(S — wn)(S — Yn) f[Yns Wy Tny Yn—1]
+ (S = Yn—1)(s — 2n) (S — wn)(S — Yn) f[Yns Wns Tny Yn—1, Wrp—1]
+ (s = wp—1)(S = Yn—1)(S — ) (s — Wi ) (S — Yn) f[Yn, Wn, Tns Yn—1, Wn—1, Tn—1].

Differentiating three times N5(¢) w.r.t. ¢ and evaluating at ¢ = y,, we get:

"

N5 (yn) =6f[yn, Wn, Tn, yn-1] + 6((Yn — Yn—1) + (Yn — wn) + (yn — zn))
X fYns Wny Ty Yn—1, Wn—1] + 6((Yn — Wn—1)(Yn — Yn—-1) + (Yn — Tn)
(Yn — wn—1) + (Yn — Wn—1)(Un — Wn) + (Yn — wn)(Yn — Yn—1)
+ (Yn — wn)(Un — zn) + (Yn — Tn) (Yn — Yn-1))
X f[Yns Wny Tny Yn—1, Wn—1, Tp—1].
Now, we define the two-step with memory extension of as follows:
-1

!

Ny(zn) ,

Wy, =Tp + qn f(Tn), gn =
f[wm xn] + pnf(wn) ’
_M s N5 (yn)

Yn =T n —

Pn

N 2N:1(wn) Tt 6 ’
e H f(xn) + Bf(yn)

8 f[wm yn] + pnf(wn) + Sn(yn - wn)(yn - xn) )
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Lemma 3.1. The following holds,
Cs
C2 + Pn zgen—lvw €n—1,y €n—1,
1 + an,(a) ~L nen—lay €n—1,w €n—1,
¢
C1C3 — Sp zgen—lay €n—1,w €n—1, (33)

where,
Ln = C4 — 2C2Un,

and
Vo= (1+qf (2))*(c2 + p) A3,
with the estimation of following accelerating parameters

—1 — N (wn) N5 (yn)

N7 N\ = "7, ~Sn =
Ni(zn) " 7 N (wn) " 6

dn =

Proof. Suppose N,,(s) is Newton interpolating polynomial that represent the approximation of the function

f(s). Its error term is given by

(n+1)(g)
f(S) = Nu(s) = ) H(< — <)

|
(n+1)! 0
Putting n=3, we have:
FEIE)
F(6) = Na(s) =Tl — ),
4
Ns(s) =f(s) — ff) (¢ = so)(s —s1)(s —2)(s — <3),
B 46

N3(€) = (<) = =7 (€ = 2a)(¢ = yn-1) (< = wn-1)(¢ = Zn-1)-

Differentiating at ¢ = z,,, we get,
' S
Ny(2n) = f(2n) — 4(, )(mn = Yn—1)(Tn — Wp—1)(Tn — Tn-1)
and
Ng(xn) ~ f (a)(l + 2coep, + 30362 + C4n—1,y €n—1,w en—l).
Since,
/ f (o)
1+ gnf (@) =1—- = )
N3(xn)
Thus,
1+ guf (a)=1— !
n B 1+ 2coep, + 3c3€ — can—1,y En—1,wPen—1’
~ Lnenflay €n—1p €n—1,
where
L, = c4 — 2¢3Vy,,

and

Vi = (L+ H (0) (2 + p)(1+qf (@))e, + .. + O(ep).
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For n = 5 then we have
f(4+1) g
76 - vt = Ty,
B 126
Ni(€) = f(6) = = = )(s —a) (s — )¢ )< — ),
_ £°(6)
Na(s) = (<) — T@ — W) (S = Yn—1)(S — Wp—1)(S — Tn_1).
Differentiating w.r.t. ¢ at ¢ = w,,, we have
o )
Ny(wn) = f(wn) — 51 (wy, — ) (Wn, = Yn—1)(Wn — Wp—1)(Wn — Tp-1),
, , (5)
N4(wn) =f (wn) - ! 5'(6) €n€n—1,y €n—1,w €n—1-
By using Taylor’s series of f (w,),
N:l (wn) = f/ (o) (1+ 2c9€n,p + 30362717 — C5€nCn—1,y En—1w en—1)-
Now,
" " (5)
N4 (wn) =f (wn) - f 5|(£) €n—1,y €n—1,w En—1-
By using Taylor’s series
Nzlll (wn) f (()[)(202 + 6636n,p + 126462 n,p — 5€n€n—1y En—1w enfl))
” 6c¢ C
N4 (wn) f (04)( enw + 072463”1} - ienen—l’y En—1,w en—l)a
N:l, (wn) :f” (Ol)(l + 303 5> En,w + 684 %w - %enenflay En—1,w enfl)
Ny (wyp)  f(a)(1+ 202en,p + SCsen,p — C5€n€n—1yy €n—1ow €n—1)
Cs
%02(1 —€n—1,y En—1,w enfl)-
C2
Thus, we have:
Nz’ll (wy,)
+DonRC—
C2 T Pn C2 2N4 (wn)
Cs
~ Een—lvy €n—1,w €n—1-
Similarly, we have,
¢
C1C3 — Sp = gen—hy €n—1,w €n—1-
O

Theorem 3.2. Minimum R-Order of Convergence of Method (3.2). Let f(x) be a non linear function,
which is differentiable in the neighborhood of simple zero a.. Let xg is the initial guess, which is sufficiently

close to . Then, minimum R—order of convergence of (3.2)) is at the most 7.53.

Proof. Let {t,} is an iterative sequence. Let t, = ¢(t,—1) represents the processes of iterations that
generates {t,}. Let a be the root of the equation f(x) = 0. If {x,} converge to the real root a with at least

order R. Then,
R
€n+1 ™~ PnsREp,
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where,
€n = Tpn — Q,
€n+1 = PnsR (pn—hR 67}3—1)R,
2
€n+1 = PnsR Pﬁ—bR 67]3—1- (3.4)
Let us consider that m and r be the R — order of {w,} and {yy}.we have,
— m __ R m o __ m Rm
En,w = Pnm€p = pn,m(pn—hR €n,1) = Pn,mPn—1>R€n—1
€ny = Pn,rd;L = Pn,r (Pn—1,R 6571)7” = PnrPp—1>R 6511-
By using ) and ( ., we get:
1 +an/( ) ~ ann 1,mPn—1,r € m+1r+1
and
Cs
Co+ Pp =~ 9 ~ Pn—1mPn—1,r€ m—l—l'r-‘,-l’
Ce
€13 — 8= 6 — Pn—1mPn—1,r € m—|—17"+1
From (&14),
emw = (1 + qnf (Oé))@n - ann 1,mPn—1r Pn— 1R€m+1r+1+R (37)
From (2.17)) we get,
€ny = (62 + pn)(l + %’Lfl(a)) = ann 1,mPn—1,r Pn 1 R€2R+2T+2m+2 (38)
By (2.18),
En+1 = (1 + an/(a))Q(CQ + pn)(clc?) - 3) = Lppn-1 mPn—1or pn 1 Rei}3+4m+4r+4 (3~9)
Comparing the coefficients of (3.5 ., and (3.4) with (3.7 . and (| . respectively, we obtain:
Rm—R—-—m—-—r—1=0,
Rr —2R —2m —2r —2 =0,
R? — 4R —4m —4r —4 =0,
After solving these equations, we have: m = 1.88,r = 3.76 and R = 7.53. O

4. Some weight functions and iterative methods

For defining with and without memory methods, we choose H (uy), in such a way that it satisfies the

following conditions,
H(0)=1,H (0)=—-1

and examples of such functions are:

Method F1:

Wy = Tp + an(xn)a
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R ()
" " flzn, wn] "‘pnf(wn)’
" — 1 _ Ny (wy)
! N:;(xn), " 2Nz/1(wn> 7
) + B
it =y ) R B -2 f()
% f(yn)
f[wna yn} +pnf (wn) + Sn(yn - wn)(yn - l'n) ’
N () )
Sp = 5 5 , Uy = f(xn) (4.1)
Method F2:
Wy = Tp + qnf(:tn),
U (¢
" " flzn, wn] "‘pnf(w?"L)7
1 _ Ni(wn)
"N T AN ()
T =yn—( 1 ) 1 f(@/n)
i ! L+ up (1-— ;Egzg )2 flwn, Yn] + pof (Wn) + $n(Yn — wn)(yn — Tn)
Ny ) )
Sn = 6 y Up = f(xn) (42)

5. Numerical results

In this section, we compare our proposed methods with some of the existing methods of respective
domain. COC is defined as:
o o8 1F@) f )]
log | f(zn-1)/f(zn-2)|
We observe first three iterations to estimate the accuracy, « is the exact root and xg is the initial guess.
All the computations are performed on Maple software. Here, we compare our with and without memory
methods F1 and F2 with Lotfi et al. [5] and F. Soleymani et al. methods [7] given as:

Wn = 0+ Guf (@0). 00 = —]\,3(11:)
Yn = Tp — M(l +an%),% = —m
I T e yal + sn{?jny@ e (o — ) O B = b,

and
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Tn, N, W,
Yn = Tp — f( ) 7pn:_#7
f[wm xn] +pnf(wn) 2N4(wn)
f(yn) f(yn)
Tn =Yn — 1 + )
i f[yna wn] +pnf(wn) + Sn(yn - xn)(yn - wn) ( f(xn))
5 — N, (wn)

6

Table 1 shows the test functions, their actual roots and initial guess that have been used for the sake of

comparison.

Test Functions

Actual Root

Zo
fi(z) =sin’z + z a=0 0.2
fo(x) =e (2 -2)(2V +2+2) [ a=2 1.8
fa(z) = e* 3 sing +log(a2+1) | a=0 0.35
fal@)=L -2 - 141 a=1 2
Table 1: Test Functions
zo=0.2,¢ = 0.01,p = 0.01,s = 0.01
Lotfi Soleymani F1 F2
lz1 —af | 1.3274x1073 | 1.7283x1072 | 2.8395x10~* | 9.8039x10~*
|za — af | 6.2331x10712 | 2.5063x107 ! | 2.0068x 10716 | 9.5039x 1013
|z3 — af | 3.0491x10~% | 1.6409x10732 | 1.6333x107Y | 4.3463x10~%°
cocC 3.99 2.70 3.54 4.03

Table 2: Comparison Table for without Memory Methods for fi(x)

zo = 1.8,¢ = 0.01,p = 0.01, s = 0.01

Lotfi Soleymani F1 F2
lz1 —af | 1.6591x1073 | 2.0961x1073 | 1.2827x1073 | 1.4527x1073
lzo — af | 3.4867x1071 | 4.1733x10710 | 4.4338x10~1* | 7.5553x 10~
lz3 —af | 5.9687x107°% | 1.4780x 102! | 7.4006x10~* | 3.6589x x10~*4
coC 4.00 1.70 2.94 2.94

Table 3: Comparison Table for without Memory Methods for fa(x)

zg = 0.35,¢q = 0.01,p = 0.01,s = 0.01

Lotfi Soleymani F1 F2
lz1 —af | 5.9217x107% | 5.9217x1073 | 5.0761x10~3 | 5.1802x10~3
lz2 — af | 6.4072x1077 | 6.4226x107Y | 6.4507x 1079 | 2.1821x10~"
lz3 — | | 9.3188x10733 | 4.0237x10727 | 4.5622x 10732 | 6.3242x 10~
cocC 3.99 3.08 4.00 4.00

Table 4: Comparison Table for without Memory Methods for f3(x)

g =2, =0.01,p=0.01,s =0.01

Lotfi Soleymani F1 F2
|z1 —a | 5.1001x1072 | 5.4640x1072 | 6.6659x10~2 | 6.0041x10~2
lza — | | 1.9103x107° | 5.8620x10™° | 1.1638x10~% | 7.6161x107°
lzs —af | 2.5817x10719 | 8.8661x107 ! | 9.2560x1071° | 5.5991x 102!
cocC 4.00 1.93 3.95 3.83

Table 5: Comparison Table for without Memory Methods for f4(z)
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xg = 0.2,q99 = 0.01,py = 0.01, s9 = 0.01

Lotfi Soleymani F1 F2
lz1 —af | 1.3274x1073 | 1.7744x1073 | 2.8395x10~* | 9.8039x10~*
lz2 — af | 1.4475x1072% | 1.7969x1072° | 1.0572x 10731 | 2.6804x 102"
lz3 — af | 6.9029x 10718 | 2.8321x 107181 | 9.1786x 107240 | 4.5628x 10206
CcoC 7.25 7.08 7.58 7.58

Table 6: Comparison Table for with Memory Methods for fi(x)

20 = 1.8,q0 = 0.01, pp = 0.01, 59 = 0.01

Lotfi Soleymani F1 F2
lz1 —al | 1.6591x1073 | 2.0505x1073 | 1.2827x10~3 | 1.4527x 1073
lz2 — af | 1.7608x1072% | 1.0967x1072% | 1.8943x1072% | 1.0412x10~27
lz3 — al | 6.0276x107181 | 5.2672x 10717 | 1.4412x1072IT | 9.3873x 10206
cocC 7.07 7.06 7.37 7.37

Table 7: Comparison Table for with Memory Methods for fa(x)

o = 0.35, qo = 0.0l,po = 0.01, S0 = 0.01

Lotfi Soleymani F1 F2
lz1 —al | 5.9217x1073 | 4.9991x107% | 5.2473x107% | 5.1802x 1073
lzo — af | 6.3159x10~1® | 8.1145x10~ 1 | 3.3581x10~2" | 6.7080x 1022
lz3 — ] | 1.0662x 107128 | 2.1309x 107131 | 2.3293x10~1%8 | 6.1244x 107162
CcocC 7.40 7.13 7.45 7.41

Table 8: Comparison Table for with Memory Methods for f3(z)

Tro — 2, qo = 0.0l,po == 001, S0 — 0.01

Lotfi Soleymani F1 F2
|z1 —af | 5.1001x1072 | 5.3222x1072 | 6.6659x10~2 | 6.0041x10~2
lze —af | 1.2486x107Y | 7.1748x107Y | 4.5920x 107" | 3.4781x10~"
|z3 — af | 4.7206x1075% | 4.5383x107°% | 6.2000x107°% | 7.7250x 1093
CcOoC 6.85 7.11 7.32 7.36

Table 9: Comparison Table for with Memory Methods for fy(x)

Conclusions

We have given two general techniques of constructing derivative free families of iterative methods without
memory which are optimal in the sense of Kung and Traub’s conjecture, thus, the order of convergence is

preserved. Our proposed methods do not need any derivative.

In addition, they contain accelerating

parameter due to which convergence order can be raised by extending these methods to with memory

class.

The second procedure involves three parameters, therefore, it offers maximum acceleration in order

of convergence i.e., from 4 to 7.53 using only one previous iterate and an increase in the efficiency index

from 1.5874 to 1.96.
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