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Abstract

In this paper, we investigate some new symmetric identities for the ¢-Euler polynomials under the
symmetric group of degree n which are derived from fermionic p-adic g-integrals on Z,. (©2016 All rights
reserved.
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1. Introduction

Let p be a fixed prime number such that p = 1 (mod 2). Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic integers, the field of p-adic rational numbers and the completion of the algebraic
closure of Q@,. Let ¢ be an indeterminate in C, such that |1 — ¢| » < p_P%l. The p-adic norm is normalized
as [pl, = % and the g-analogue of the number x is defined as [z], = %. Note that limg, [2], = =

As is well known, the Euler numbers are defined by

Eo=1, (E4+1)"+E, =20, (necNU{0}),
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with the usual convention about replacing E" by E,(see [IHI4]).
The Euler polynomials are given by

E, (z) = Z (?) "By =(E+2)", (n>0), (see[I,3]).
=0
In [], Kim introduced Carlitz-type g-Euler numbers as follows:
gO,q =1, q (ng + 1)n + En,q = [2]q 50,717 (n > 0) ) (See [4]) ) (1'1)

with the usual convention about replacing &' by & 4.
The Carlitz-type g-Euler polynomials are also defined as

Eng(x) = <q$€q + [x]q)n = z": <Tll> qlxé’hq [x]Z_l , (see [2,[4]). (1.2)

Let C (Z,) be the space of all Cp-valued continuous functions on Z,. Then, for f € C'(Z,), the fermionic
p-adic g-integral on Z,, is defined by Kim as

Lo = [ f)duy@) (1.3)

—gim 4N f@)(—a),  (see [HAID)).

From (|1.3)), we note that
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¢"Iq (fa) + (=) I (f) (neN), (see H). (1.4)

The Carlitz-type g-Euler polynomials can be represented by the fermionic p-adic g-integral on Z, as
follows:

Eua(@) = [ o+ aldisg @), (020), (e ). (1)
P
Thus, by (1.5)), we get
" /n = n—
ng@ =3 (1) [ Wil () 1
=0 P
" /n - n—
_ l>ql Eqlz]i ™, (see H]).
=0
From (|1.4), we can easily derive
0 Gt dng @+ [ ldug (@ = Rldos (neNU{OD. (16)
P P
The equation ([1.6) is equivalent to
@€n.q (1) +Eng = [2], 00, (n20). (1.7)

The purpose of this paper is to give some new symmetric identities for the Carlitz-type g-Euler poly-
nomials under the symmetric group of degree n which are derived from fermionic p-adic g-integrals on
ZLoy.
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2. Symmetric identities for &, 4 () under S,

Let wy,ws,...,w, € N such that w; = ws = w3 =--- =w, =1 (mod 2). Then, we have

|:(H;Z —1wy )yt (T wy )atwn 372 (H:z_ll wi> k]} t
/ e i#] q du—qwl"'wnfl (y) (2'1)
Zyp

pN_1 (Hn 11 w])y+(n w])erwn Z <H:_11 wZ') kj:| t
y=0

=g i,

wp—1pN -1 |:(H] 1 wj)(m-i-wny)-‘r(]_[J 1 w])a:—I—wn i (Hz 1 w1> k]:| t

3¢

m=0 y=0

v (71)m+y qw1-~~wn71(m+wny)_

Thus, by (2.1]), we get

—1w—1 wn ST T2 ws | &
1 n Zn lk ]1< Zfl ) 7
q i) 2.2
g I =
—1 k=
|:(H;z 11 wj)er(H wj)erwnZ (H:ll wi) kj:| t
X / e 175] q d/.atqul"'wnfl (y)
ZP
n—1 w;— lwn—lp - 1
= -1 Sty kitmAy
NgnooH > > Z
=1 kl 0 m=0 Yy= 0
e i ( i= 1w’>k H(ITG2) wy ) mA(TT =y ws)y
Xq i#j
|:(H] 1 w;)(m-i-wny)-i-(]_[ wj)a:—I—wn ?:_11 ( ;l:_ll w1> k]:| t
xXe #J a .

As this expression is invariant under any permutation o € S, we have the following theorem.
Theorem 2.1. Let wi,ws,...,w, € N such that w1 = wy = --- = w, = 1 (mod 2). Then, the following
expressions

n—1Wo()—1 Wo(n) S5t (Hf__ll wa(i))’“j
i#]

[Q]q H Z nlkq

o'(nl)llkl
x/e
Z

P

{(H?—_E wo () )y+ (TT)=1 wi) v+we(n) 521 (H?:_ll wo(i)) k]] t
’L;’EJ q d,Uqua(1)‘~“’o(n71) (y)

are the same for any o € Sy, (n > 1).
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Now, we observe that

n—1 [ n—1

n—1 n
ij Y+ ij :U+wnz ij Ej| t (2.3)
j=1 ‘

=1 i=1 \ i=1
- f =\g ),
(-1 n—1 k-
_ , j
_ Ulw] y—i—wnx—i—wngle
LJ= q J= q¥1 T Wn—1
By (2.3), we got
[(H;L = w; )y (T wy )etwn 357 (Hzll wi) kj} t
[ e )Ly ap_ e () (2.4)
Zp
r Tm m
o |n—1 n—1 k. 4m
— 2 1:[1 w; /Zp Y + W + wy, 2—31 w; dpp_gor--wn—1 (y) -
=0 | j= 1y Jj= g¥1 -1
Tm
00 n—1 n—1 k. gm
- Z H w; ‘S‘m,q“’l"'“’nfl WpT + Wn Z wijj m!’
m=0 | 7=1 1y j=1
For m > 0, from ({2.4), we have
m
n
/ Hw] y+ ij :r—l—wnz sz il dp_guwa— (y) (2.5)
Zp j=1 \ i=1
7]
m n—1 k.
H wi | Epgerun | Wn 4wy Z; wjj , (neN).
— ‘]:
q

Therefore, by Theorem and ([2.5)), we obtain the following theorem.

Theorem 2.2. Let wy,...w, € N be such that wy, = wy =

- =wy, =1 (mod 2). For m >0, the following
exTPressions

1 m -

WEEDY 7S cmtn (5w )
‘q

(2],

Yo (1) "Wo(n—1) =1

ky=
m—1 kj
X & o) on-1) | Wo(n)T + We(n)
j=1 wo'(j)
are the same for any o € S,,.
It is not difficult to show that
n—1 k.
Ry
y—l—wnx—I—wnZw' (2.6)
7=0 qU1 -1
-1 [{n-1 W, Z?z_ll ( - 11w1> k;
Tt [H Z [wi|k| +a 7 [y + wn] sy
w } j=1 i=1
=t iy

qvn
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Thus, by (2.6]), we get

n—1

k.
Y+ wam + wy Y w—f LT () (2.7)

m—I m—I ) .
(m [wn]q n—1 [ n—1 lwn, =1 z:le k;

— w; | kj q #J
l ) [Hn_l ’U.in| . j=1 H ’

175.7 qwn

X / [y + wnx]f]wl""wnfl d/j,_qwr..wn_l (y)
Zp
m—I m—l
m n—1 n—1
I B b1
5
1=0 <l [H?:f w]} J=1 \ i=1
q 7‘75.7 qwn

)
i#] &l gor-wn—1 (wp) .

From (2.7)), we have

m
Mol 5 ()
- - -9 Zln 11 Ky ;;]
o 2
I=1 k=
n
n—1 k.
X / Y+ wpT + wp, Z — dpi_gor--wn—1 (y) (2.8)
Zp Jj=1 wj g1 Wn—1

n !
= Z < )M [wn] " & g1 (W)

Wi Wy,

m—I
n—1ws—1 (+D)wn 07 (H;f_ll w¢> kj |n—1

<II > -1 Sk, i i sz k;

s=1 k=0 j=1
7’7&] qwn

m n—1 t
- [ Z ( ) H wj [wn]?_l & gorwn—1 (WnT)
= j=1

“’1“’2 Wn—1

q
><j—vﬁ’b,q“’n (U)l,UJQ, | ’ l)?
where
Tm (wla Wn—1 | l)
m—l

n—lws—1 (I4+1) 02 TIPZ{ wi |k [n—=1 o
1OV A ol 1 A P I

s=1 ks=0 j=1

175] q

As this expression is invariant under any permutation in .S,,, we have the following theorem.
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Theorem 2.3. Let wy,ws,...,w, € N be such that w; = wy = -+ = w, = 1 (mod 2). For m > 0, the
following expressions

1 m n—1 -
Z(m> [T woi| [womm]l™

2l 2oy o wom-1) =

o~

X & oy o1 (Wom)®) T, vatn) (Wo(1)s Wo(2)s -+ Won-1y | 1)

are the same for any o € S,,.
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