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Abstract

In this paper, we weaken the notion of ¥ of Luong and Thuan, [V. N. Luong, N. X. Thuan, Nonlinear
Anal., 74 (2011), 983-992] and prove some new coupled coincidences and coupled common fixed point
theorems for mappings having a mixed g-monotone property in partially ordered complete probabilistic
metric spaces. As an application, we discuss the existence and uniqueness for a solution of a nonlinear
integral equation. (©2016 All rights reserved.
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1. Introduction

As a generalization of a metric space, the concept of a probabilistic metric space has been introduced by
Menger [14],[16]. Fixed point theory in a probabilistic metric space is an important branch of probabilistic
analysis, and many results on the existence of fixed points or solutions of nonlinear equations under various
types of conditions in Menger PM-spaces have been extensively studied by many scholars (see e.g. [18],[19]).

In 2006, Bhaskar and Lakshmikantham [8] introduced the concept of a mixed monotone mapping and
proved coupled coincidence and coupled common fixed point theorems in partially ordered complete metric
spaces. After that, in 2009, Lakshmikantham and Ciri¢ [12] introduced the concept of a mixed g-monotone
mapping, which is a generalization of a mixed monotone mapping. Their results extend the results of [§]. On
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the other hand, Choudhury and Das [2] gave a generalized unique fixed point theorem by using an altering
distance function, which was originally introduced by Khan et al. [I0]. For other results in this direction,
we refer to [4], [B], [7], [9], [15], [I7]. In 2009, Dutta et al. [6] gave some fixed point results in Menger spaces
using a control function. Moreover, Kutbi and Gopal et al. [I1] established some fixed point theorems by
revisting the notion of ¥-contractive mapping in Menger P M-spaces.

In this paper, we combine the results of [11] and [I3], weaken the notion of ¥ in [I] and establish
some new coupled coincidences and coupled common fixed point theorems for mappings having a mixed
g-monotone property in partially ordered complete probabilistic metric spaces, by using an altering distance
function. Finally, we discuss the existence and uniqueness for a solution of a nonlinear integral equation, as
an application to our main results.

2. Preliminaries

Throughout this paper, let R = (—o0, +00), RT = [0, +0c0) and Z™ be the set of all positive integers.
A mapping F : R — R* is called a distribution function if it is nondecreasing left-continuous with

sup F'(t) = 1 and inf F(t) = 0.
teR teR
We shall denote by D the set of all distribution functions while H will always denote the specific

distribution function defined by
0, t<0,
1, t>0.

H(t) = {

A mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm (for short, a ¢-norm) if the following
conditions are satisfied:

(1) Aa,1) = a;

(2) A(a,b) = A(b,a);

(3) a>b,c>d= A(a,c) > A(b,d);
(4) A(a,A(b,c)) = A(A(a,b), c).

A typical example of t-norm is A,,,, where A,,(a,b) = min{a, b}, for each a,b € [0, 1].

Definition 2.1 ([1]). A triplet (X, F,A) is called a Menger probabilistic metric space (for short, a Menger
PM-space) if X is a nonempty set, A is a t-norm and F is a mapping from X x X into F satisfying the
following conditions (we denote F(x,y) by Fy,):

(MS-1) Fy4(t) = H(t) for all t € R if and only if z = y;

(MS-2) Fy ,(t) = Fy.(t) for all t € R;

(MS-3) Fypy(t+s) > A(Fy2(t), F. y(s)) for all x,y,z € X and t,s > 0.

Remark 2.2. In [I], it is pointed out that if (X, F, A) satisfies the condition sup A(t,t) = 1, then (X, F,A)
o<t<1
is a Hausdorff topological space in the (e, A)-topology T, i.e., the family of sets {Ux(e,A) : € > 0,\ €

(0,1]}(x € X) is a basis of neighborhoods of a point z for 7, where Uy (e, \) = {y € X : F ,(e) > 1 — )}

By virtue of this topology T, a sequence {z,} is said to be T-convergent to x € X (we write N x)

if for any given € > 0 and X\ € (0, 1], there exists a positive integer N = N (e, A) such that F,, ,(e) > 1 — A

whenever n > N, which is equivalent to lim Fj, .(t) =1 for all t > 0; {z,} is called a T-Cauchy sequence
n—oo

in (X, F,A) if for any given ¢ > 0 and A € (0, 1], there exists a positive integer N = N (¢, A) such that

Fy, 2m(€) > 1 — X whenever n,m > N; (X, F,A) is said to be T-complete if each T-Cauchy sequence in X

is T-convergent in X. Note that in a Menger PM-space, when we write lim z, = x, it means that x,, N
n—oo

Definition 2.3 ([3]). Let ® denotes the class of all functions ¢ : R™ — RT satisfying the following
conditions:
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i) ¢(t) = 0 if and only if ¢ = 0;

ii) ¢(t) is strictly increasing and ¢(t) — oo as t — oc;
iii) ¢ is left continuous in (0, 00);

iv) ¢ is continuous at 0.

(
(
(
(

Remark 2.4. ®-functions play the role of altering distance functions in probabilistic metric spaces.

Definition 2.5. Let ¥ denote the class of all functions 1 : R™ — R* satisfying the following conditions:
(i) ¢ is non-decreasing;
(ii) Y(t+s) <(t) +(s) forallt,s € [0,1).

Remark 2.6. In [13], ¥ also satisfy: ¥ is continuous and ¥(¢) = 0 if and only if ¢ = 0. It is obvious that
Definition [2.3| is weaker than the notion of ¥ in [I3].

We recall the definition of mixed monotone property and mixed g-monotone property.

Definition 2.7 ([8]). Let (X, <) be a partially ordered set and F': X x X — X. The mapping F is said to
have the mixed monotone property if F' is monotone non-decreasing in its first argument and is monotone
non-increasing in its second argument, that is, for any xz,y € X,

CCl,.IQGX, ﬂ?l§$2:>F(iE1,y)§F(x2,y)

and
yi,Y2 € X, 1 <y = F(x,y2) < F(x,y1).

Definition 2.8 ([12]). Let (X, <) be a partially ordered set and F : X x X — X. The mapping F is
said to have the mixed g-monotone property if F' is monotone g-non-decreasing in its first argument and is
monotone g-non-increasing in its second argument, that is, for any z,y € X,

Ilal‘2€Xa g(xl)Sg($2):>F(SU1,y)§F(-T2,y)

and
y,y2 € X, g(yr) < g(y2) = F(x,y2) < F(z,y1).

3. Main results

In this section, we will give some coupled fixed point theorems in partially ordered complete probabilistic
metric spaces.

Theorem 3.1. Let (X, <) be a partially ordered set and (X, F,A) be a complete Menger PM -space with
a continuous t-norm. Assume T : X x X — X and g : X — X are mappings such that T has the mized
g-monotone property and
1 1 1
Ve——r 1+ = —1) (3.1)
FT(x,y),T(u,v) (gb(Ct)) Fg(:v),g(u) ((b(t)) Fg(y),g(v)(¢(t))
for allt >0 and x,y,u,v € X with g(z) < g(u) and g(y) > g(v), where ¢ € (0,1), ¥ € ¥ and ¢ € ¢ such
that Fy(z) g(u)((t)) >0 and Fy 6(0)(¢(t)) > 0. Suppose T(X x X) C g(X), g is continuous and commutes
with T and also suppose either
(a) T is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then y, <y for all n.
If there exist xg,yg € X such that

U

1
—1< =
)_2

9(zo) < T(xo,y0) and g(yo) > T(yo, zo),



Q. Tu, C. Zhu, Z. Wu, X. Mu, J. Nonlinear Sci. Appl. 9 (2016), 1116-1128 1119

then there exist z,y € X such that
g(x) =T(x,y) and g(y) =T(y,x),
that is, T and g have a coupled coincidence point.

Proof. Let xg,y0 € X such that g(xg) < T(x0,y0) and g(yo) > T(yo, o). Since T(X x X) C g(X), we
can choose x1,y; € X such that g(z1) = T(z0,y0) and g(y1) = T'(y0,zo). Continuing this process we can
construct sequences {x,} and {y,} in X such that

g(l'nJrl) = T(l‘myn) and g(ynJrl) = T(ynaxn) for all n > 0. (3'2)

We shall show that
9(xyn) < g(wpy1) for all n >0, (3.3)
9(Yyn) = g(yny1) for all n > 0. (3.4)

We shall use the mathematical induction. Let n = 0. Since g(zo)

< T'(x0,%0), 9(yo) = T(yo,x0), and as
g(x1) = T(x0,y0), 9(y1) = T(yo, o), we have g(xo) < g(z1), g(yo) > g(y1). Thus (3.3) and (3.4) hold for
n =0.

Suppose now that (3.3) and (3.4) hold for some n > 0. Since g(x,) < g(Tn+1), 9(Yn) > g(Ynt1) and T
has the mixed g-monotone property, we have

9(@ny2) = T(Tni1, Ynt1) > T(@n, Yni1) = T (20, yn) = 9(Tnt1),

9(Wn+2) = T(WYn+1,Tnt1) < T(Yn, Tnt1) < T(Yn, Tn) = 9(Ynt1)-
Thus by the mathematical induction we conclude that (3.3) and (3.4) hold for all n > 0. Therefore,

9(wo) < g(w1) < g(w2) <--- < g(wn) < g(@npr) <--- (3.5)

9(y0) = g(y1) = gy ) > 2 g(Yn) = (Y1) <o (3.6)

In view of the fact that sup Fy,,) g(z)(t) = 1 and supF( Dwg(yo)(t) = 1, and by (ii) of Definition
teR

one can find ¢t > 0, such that

Fy(21),9(20) (2(1)) > 0 and Fy(y,) g(y0) (#(2)) > 0

for g(x9) < g(z1) and g(yo) > g(y1), which implies that Fy(z) g(a0)(@(2)) > 0 and Fyy) o050 (¢(%)) > 0,
then (3.1]) gives that

1 1
w(Fg(wﬂag(wl)(gb(t)) ) w(FT($1,y1),T($o,yo)(¢(t)) )
1 1 1
<= -1+ - 1), 3.7
2w(Fg(w1),g(xo)(¢(£)) Fg(yl),g(yo)(‘b(%)) : 3.1)
1 1 1 1
-1)< = -1+ —1). 3.8
w(Fg(yz),g(m)(qﬁ(t)) ) 2w(Fg(y1)7g(yo)(¢(é)) Fg(m),g(xo)(qs(%)) ) (3:8)
From and (| ., we have
1 1 1 1
—1)+ —1) < 1+ —1).
Qp(lﬂ"gwcz),g(m)(W)) ) WFg(yz),g(yl)(fﬁ(t)) )= w(Fgm),g(m)W(%)) Fy(y1).900) (6(2)) )
By (ii) of Definition we have
1 1 1 1
—1 1)< 1 1
o@D Fmaun 0@ V= M aemy Y ntemy) Y
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which implies that
1 1 1 1

Y( -1+ —1) <9y( -1+ —1).
Fg(xz),g(il)(‘b(t)) Fg(yz),g(m)(qj(t)) Fg(ml%g(ﬂfo)(‘b(%)) Fg(yl),g(yo)(‘ﬁ(%))
Using the fact that v is non-decreasing, we get
1 1 1 1
—1+ —1< —1+ —1.
Fy(az) 9(21)((2)) Fy(y2).9000)(9(2)) Fya1).g(w0) ($(2)) Fytyn).at0) ($(2))
From the above inequality we deduce that
t t
Fyaa) g (9()) > 0, Fy(yn) g0) (S(£)) > 0, and 50Fy(45) g(a1) (A1) > 0 Fy(y) (40 (9(7)) > 0-
Again, by using (3.1)), we have
! — 1+ ! 1 < L — 1+ ! ~1
Fg(m)y(m)(gﬁ(t)) Fg(ys),g(w)(qb(t)) B Fg(xz)y(wl)(qﬁ(%)) Fg(yz),g(yﬂ(gb(%))
1 1
< 1+ ~ 1.
Fya1).g(a0) (6(2)) Fyyn).900) (6(2))
Repeating the above procedure successively, we obtain
1 1 1 1
-1+ -1< -1+ -1
Fyonin).g(wn) (9(1)) Fyynin).alyn) (9(1) Fyo1).g(w0) (#(7)) Fyy1).g(0) (9(57))
If we change zo with x, in the previous inequalities, then for all n > r we get
L 1+ L 1< 1 1+ ! -1
Fg(xn+1)79($n)(¢(crt)) Fg(yn+1)vg(yn)(¢(crt)) N Fg(x1),g(xo)(¢<cfitrt)) Fg(y1),g(yo)(¢(cr?itrt))
Since <Z>(c,fit,.t) —o00asn — oo for all 0 < r < n, we have
. c't . c't
nll)n;o Fg(ml)vg(lo)(gﬁ(cnfrt)) =1 and 17,1L)Holo Fg(yl)’g(yo)((b(cniri)) =1.
Thus,
lim ( 1 1) < lim ( L 1+ 1 1)<0
im —1) < lim — —1)<0,
00 Fy(a41) g(an) (#(CF)) 00 Fy(a41).gan) (0(C1)) Fy(ynin) ) (0(C78))
1 1 1
lim ( —1) < lim ( -1+ -1) <0,
700 Ey (1), 9(um) (9(C7)) 700 (g 41),9(en) (6(C78)) Fy(yni1).9m) (#(c2))
which imply that
A Fy(zpi1),0,) (0(c)) =1 and - Hm Fye, ) g (@(c"t) = 1. (3.9)

Now, let € > 0 be given, by (i) and (iv) of Definition [2.3] we can find r € Z* such that ¢(c"t) < e. It follows
from (3.9)) that

i Fo, )90 (€) = M Fog ) g, (¢(71)) =1 and  lim Fy

n—o0 n—oo n—o0

Yni1)sg(yn) (€) = 1.

By using a triangle inequality, we obtain

€ € €

Fy(@nip)gan) (€) = A(Fg@nw),g(xmpfl)(];)’ A(Fg(mwn,g(znﬂfa)(];)7 s =Fg(mn+1>,g<xn>(5)))‘

Thus, letting n — oo and making use of (3.9), for any integer, we get

nh_)ngo Fy(znip).g(zn)(€) =1 for every € > 0.
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Hence {g(xy)} is a Cauchy sequence.
Similarly, we can also prove that {g(y,)} is also a Caucgy sequence. Since (X, <, F, A) is complete, there
exist x,y € X such that

lim g(z,) =2 and le 9(yn) = . (3.10)

n—oo

From (3.10) and continuity of g, we have

lim g(g(zn)) = g(x) and  lim g(g(ya)) = g(y)-

n—oo

From (3.2) and commutativity of 7" and g, we have

9(9(xn+1)) = 9(T (20, yn)) = T(g(2n), 9(yn)) and g(g(yn-+1)) = 9(T(Yn, 2n)) = T(9(yn), 9(zn)).  (3.11)
We now show that g(z) = T'(x,y) and g(y) = T'(y,x). Suppose that the assumption (a) holds. Taking
the limit as n — oo in (3.11)), by (3.10]) and continuity of 7" we get
g(a) = lim g(g(zn41)) = lim T(g(zn),9(yn)) = T(lim g(zn), lim g(yn)) = T(z,y),
9(y) = lim g(g(yn+1)) = lim T(g(yn), 9(zn)) = T(lim g(yn), im_g(zn)) = T(y, ).
Thus we proved that
g9(x) =T(z,y) and g(y) =T(y,x).
Suppose now that (b) holds. Since

€

€
Fy(@),1(2.9)(€) 2 AlEy(a),g(9(wn11) (3)s Folg(nsn) Tw) (5))- (3.12)

By using (i) of Definition we can find s > 0 such that ¢(s) < §. Since lim g(g(z,)) = g(z) and

n—oo

lim g(g(yn)) = g(y), then there exists ng € Z*, such that
n—oo

Fy(g(an)) g (@(s)) > 0 and Fyg(y,)) g() (0(s)) > 0

for all n > ng. Since {g(x,)} is non-decreasing and {g(z,)} — =, and as {g(y,)} is non-increasing and

{9(yn)} — v, by (3.1) and (3.11)) we get
1 1 1

P( —1) =( —1) =( —1)
Fy(g(@nin)) T(zy) (D(8)) Fo(T(wn,yn)) T(ay) (0(8)) Fr(g(an).g(un) Ty (6(5))
1 1 1
S 7¢( s -1 + S - 1)7
27 Fy(g(an))g(2) (0(2)) Fyg(yn)),a() (9(2))
1 1 1
( —1) =( —1) =( —1)
Fy(g(yns1)),T(y,2) (9(5)) Fy( () T, ((5)) Fr(gyn).g@n)) T (y,z) (#(5))
1 1 1
< 7w( S -1+ s - 1)
27 Fy(g(an))g(2) (0(2)) Fy gm0 (9(2))
So, by the above inequalities and (ii) of Definition we have
1 1
_—1< 1
Fy(g(@n1)),T(29) (5) 0(9(wns1)),T(z,) (9(5))
1 1
< 14 1
Fy(g(wns1), T(ay) (0(5)) Fy(g(yns1)),T(y.2) (9(5))
< ! — 14+ 1 1, (3.13)

Fy(g(an)) o) (#(2)) Fy(g(ym)) o) (#(2))
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1 1
EM%wMTW@G)_1SF%MHMTm@W$»_1 1
SFﬁmw?fme@»_1+F%ﬁ¢mfmm@@»_1
Sﬂmmmmmwﬁﬂ_l+PMMmme@D_L
Letting n — oo in , we obtain
nﬁigbfixg(mn+1>xTcuy><§>) =1 (3.14)

From (3.12)) and (3.14), we get Fy(y) (2, (€) = 1 for every € > 0, which implies that g(z) = T'(z,y).
Similarly, one can show that g(y) = T'(y, ). Thus we proved that g and T have a coupled coincidence
point. OJ

Taking g = Ix (the identity mapping on X), ¢ = % and ¢(t) = ¢(t) =t for all t > 0 in Theorem we
get the following result.

Corollary 3.2. Let (X, <) be a partially ordered set and (X, F,A) be a complete Menger PM -space with a
continuous t-norm. Suppose T : X x X — X 1is such that T has the mized monotone property and
1 1 1 1

< —1+
Fromren(s =2 E.m T ELO

_1)

for all't > 0 such that F,,,(t) > 0 and Fy,(t) >0, z,y,u,v € X for which x < u andy > v. Suppose either
(a) T is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then y, <y for all n.
If there exist xqg,yo € X such that

29 < T'(z0,50) and  yo = T(yo, zo),
then there exist x,y € X such that
r=T(z,y) and y=T(y,x),
that is, T has a coupled fized point.

Now we shall prove the existence and uniqueness theorem of a coupled fixed point. Note that if (X, <)
is a partially ordered set, then we endow the product X x X with the following partial order:

for all (z,y), (u,v) € X x X, (z,y) < (u,v) &z <u,y>v.

Theorem 3.3. In addition to the hypotheses of Theorem suppose that for every (x,y), (z*,y*) €
X X X there exists a (u,v) € X x X such that (T(u,v),T(v,u)) is comparable to (T'(x,y),T(y,z)) and
(T(z*,y*), T(y*,2*)). Then T and g have a unique coupled common fized point, that is, there exists a
unique (z,y) € X x X such that

r=g(r)=T(z,y) and y=g(y)=T(y,z).

Proof. From Theorem the set of coupled coincidences is non-empty. We shall first show that if (z,y)
and (z*,y*) are coupled coincidence points, that is, if g(z) = T'(z,y), g(y) = T'(y, z) and g(z*) = T'(z*, y*),
9(y*) = T(y*,z"), then
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g() =g(z") and g(y) = g(y"). (3.15)

By assumption there exists a (u,v) € X such that (T'(u,v),T(v,u)) is comparable to (T'(z,y), T (y,z)) and

(T'(z*,y*), T(y*, x*)). Putting up = v and vy = v and choose u1,v; € X such that g(u1) = T'(ug, v9) and

g(v1) = T'(vo, up). Then, similarly as the proof of Theorem we can inductively define sequences {g(uy)}

and {g(v,)} such that
g(un—H) = T(Um vn) and g(vn—i-l) - T(Unv un)

Similarly, setting z¢9 = x, yo = v, x§ = «* and y§ = y*, we can define {g(xy)}, {9(yn)} and {g(z})},

{9(y})} . Then it is easy to show that

9(xn) =T(z,y), 9(yn) = T(y,x) and g(x,) =T(z",y"), g(y,) =T(y",2*) foralln>1.

Since (T(x,), T(y, ) = (9(21), g(y1)) = (g(2), g(y)) and (T(w, v), T(v,u)) = (g(u), g(v1)) are comparable,

then g(x) é g ul() and g( ) > g(v1). It is easy to show that ((g(x),g(y))) and (g(uy), g(v )) are comparable,
that is g(z) < g(zp, ) d g(y) > g(yn) for all n > 1. Following the proof of Theorem we can choose a
t > 0 such that Fy) g(u,)(9 (1)) > 0 and F, (y),g(vn)(¢(c)) > 0 for all n > 0. Thus from
1 1
w(Fg( e (B(8) b= w(FT(z,y),T(un,vn)(QZ)(t)) -
s%zb( ! 1+ !  — 1)
Fya) gtun) (#(¢)) Fyy).900) (2(2))
1 1
Q'Z)(l”g(y) somsn) (1) b= w(FT(y ) Tom ) (@) Y
< ltb( ! ——14 ! —-1)
2 Fy(a),gwn) (#(2)) Fyy),900)(9(2))
Adding and by (ii) of Definition we get
L 14 ! 1< 1 1+ ! —1
Fy(a) gtuns1)(@(2)) Fyw)00as0 (@) 7 Fya),g(un) ($(8) Fy(y).g(0n) (9(2))
< 1 -1+ ! — 1.
" Fyw).0(u0) (9(20)) Fy(y).g(00) (#(G))
If we change u, with ug in the previous, then for all n > r we get
L 14 1 1< 1 1+ L ~ 1
Fy(a) gtun 1) (@(c1)) Fo(w).g0ni) () 7 Fya) g(un) (@(575)) Fy(y).g00) (@(57))

Letting n — oo, we have

T}L)I{:OF (I)7g(un+l)(¢(crt)) - 1 and nli)H;oF ( ) (vn+1)(¢(crt)) = 1
Now, let € > 0 be given, by (i) and (iv) of Definition we can find a r € Z*1 such that ¢(c"t) < §. Then
we have

nh—{goF (x)7g(un+1)(2) = nh—gloF( Datunsn) (D) = 1, (3.16)

i Fy(y)g00,40)(5) 2 0 Fyy) g0, (67D) = 1

n—oo n—00
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Similarly, we can prove that

€ ) €
nlLH;oF( ),g(un+1)(§) =1 and hm Fg(y*),g(vn+1)(§) =1. (317)
By using a triangle mequahty, and (| -,
€ €

Fyw)gt)(€) 2 AlFy(),gwn ) (5) o) gunin) (5)) =1 as n = oo,

€ €
Fy),g)(€) 2 AlFy(y), g(vn+1)(§)7F (y*)7g(vn+1)(§)> — 1 asn— oo

Hence g(z) = g(z*) and g(y) = g(y*). Thus we proved (3.15).
Since g(x) = T'(z,y) and g(y) = T(y, x), by commutativity of 7" and g, we have

9(9(x)) = g(T(z,y)) = T(9(x),9(y)) and g(g(y)) = g(T(y,)) = T(9(y), 9(x))- (3.18)
Denote g(z) = z and g(y) = w. Then from (3.18), we obtain
9(z) =T(z,w) and g(w)=T(w,z). (3.19)

Thus (z,w) is a coupled coincidence point. Then from (3.15) with * = z and y* = w it follows g(z) = g(x)
and g(w) = g(y), that is
g9(z) =2z and g(w)=w. (3.20)

From and ((3.20) -, we have
z=g(z) =T(z,w) and w=g(w)=T(w,z).

Therefore, (z,w) is a coupled common fixed point of 7" and g. To prove the uniqueness, assume that (p, q) is
another coupled common fixed point. Then by (3.15)) we have p = g(p) = g(z) = zand ¢ = g(q) = g(w) = w
This completes the proof. O

Corollary 3.4. In addition to the hypotheses of Corollary suppose that for every (x,y), (z*,y*) €
X x X there exist a (u,v) € X x X such that (T(u,v),T(v,u)) is comparable to (T(z,y),T(y,z)) and
(T'(z*,y*), T(y*,x*)). Then T has a unique coupled fized point, that is, there exists a unique (z,y) € X x X
such that

x=T(z,y) and y=T(y,z).

Corollary 3.5. In addition to the hypotheses of Corollary [3.2], if zo and yo are comparable then T has a
fized point, that is x = T (z,x).

Proof. Following Corollary T has a coupled fixed point (z,y). We only have to show that = y. Since
zo and yy are comparable, we may assume that xg > y9. By using the mathematical induction, one can
show that

Tp > Y forallm >0,

where 11 = T(zp, yn) and ypt+1 = T(yn, Tn), n = 0,1,2---. Following the proof of Theorem we can
choose a t > 0 such that Fy, ,, (2t) > 0 and F, 5, (2t) > 0 for all n > 0. Thus we have

1 1
1= -1
FanrlvynJrl (t) FT(xnﬂn)»T(ynvxn)(t)
1 1 1
<ol — 1),
EAY R Ty R S T R
1
1= —1
Fyn+1,xn+1 (t) FT(yn,:vn),T(xn,yn) (t)
< 1( ! 1+ ! 1)

Adding, we get
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1 1 1 1
S S U N U |
Fxn+17yn+l (t) Fyn+17513n+1 (t) Fxnyyn (21;) Fynyxn (Qt)
< 1 1+ ! 1
T Frgy(271) Fyo.20(271)

If we change u, with ug in the previous, then for all n > r we get

1 1 1 1
Fxn+1,yn+1 (Q%t) Fyn+17xn+1 (Q%t) Fx (2n 27"t) Fy (2n QTt)

Yr r,Lr

Letting n — oo, we have

1 1
lim Fr, oy (5t) =1 and  lim F,

n—00 2 noyoo  Yntlindl ( ar

t)=1.
Now, let € > 0 be given, we can find a r € ZT such that 2% < 5. Then we have

. € . 1
lim Fl‘n+11yn+1<§) > lim F$n+1,yn+1<§t) =1. (3.21)

n—0o0 n—o0

By using a triangle inequality, we have

[

€ €

Fry(e) > A(Fppp44 (5)7 A(Fai1 ynia (g)v Fyn+17y(§)))'
Letting n — oo and using (3.21)) we have
F,y(e) =1 for any e > 0.

Hence x = y. 0

4. An application

In this section, we study the existence of a unique solution to a nonlinear integral equation, as an
application to the fixed point theorem proved in section 3.
Consider the integral equation

b
(r) = / (K1(r,s) + Ka(r,s))[f (s, 2(5)) + g(s,2(s)) + (1 — p2)x(s)lds €1 =la,b], 1, u2 > 0. (4.1)

We assume that K1, Ko, f and g satisfy the following conditions

Assumption 4.1. (i) K;(r,s) > 0 and Ks(r,s) <0 for all r, s € [a,b].
(ii) There exist A1, Ao, pi1, 2 > 0 such that for all z,y € R, z >y,

0< f(r,o) = f(ry) +m(r—y) < Mz —y)

and
—Xo(2 —y) < g(r,x) —g(r,y) + pe(y —z) <0.

(iii) max{A1, AQ}SE? [P (r, s) — Ko(r,s))ds < 1.

Definition 4.2. An element («, ) € C(I,R) x C(I,R) is called a coupled lower and upper solution of the
integral equation (4.1)) if a(r) < B(r),
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b
a(r) < / K1(r,8)(F(5, a(5)) + 95, B(5)) + pma(s) — pof(s))ds

-
+ / Ka(r,s)(f(s,6(s)) + 9(s,a(s)) + 1 B(s) — paa(s))ds

and
b
B(r) > / K1(r,8)(f (5, 8(5)) + 95, 0(5)) + pny(s) — po(s))ds

b
+ / Ka(r,s)(f(s,a(s)) + g(s, B(s)) + mx(s) — pay(s))ds

for all r € [a,b], p1, 2 > 0.

Theorem 4.3. Consider the integral Equation (4.1) with K, Ky € C(I x I,R), f,g € C(I x R,R) and
h € C(I,R) and suppose that Assumption is satisfied. Then the existence of a coupled lower and upper
solution for (4.1) provides the existence of a unique solution of (4.1) in C(I,R).

Proof. Let X :=C(I,R). X is a partially ordered set if we define the following order relation in X:
z,y € C(I,R), r<y<x(r)<y(r) forallrel.
And (X,d) is a complete metric space with metric

d($,y):iU?’$(T)—y(T)|, :L'ayeX-
€

Then (X, F, A,,) is a complete Menger PM-pace, where

Fpy(t) for all z,y € X,t > 0.

t
 t+d(z,y)
Suppose {u,} is a monotone non-decreasing in X that converges to u € X. Then for every r € I, the

sequence of real numbers
up(r) Sug(r) <o Sup(r) < -

converges to u(r). Therefore, for all 7 € I, n € Z1, u,(r) < u(r). Hence u,, < u, for all n.
Similarly, we can verify that limit v(r) of a monotone non-increasing sequence {v,} in X is a lower
bound for all the elements in the sequence. That is, v < vy, for all n. Therefore, condition (b) of Corollary

3.2 holds.
Also, X x X = C(I,R) x C(I,R) is a partially ordered set if we define the following order relation in
X xX
(z,y), (u,v) € X x X, (z,y) < (u,v) < z(r) <u(r) and y(r) > v(r), forallrel.

Define T : X x X — X by
b
T(x,y)(r) = / Ki(r,s)(f(s,2(5)) + 9(s,y(s)) + pr2(s) — pay(s))ds

b
T / Ko (r,)(F (5, 9(5)) + 9(5, 2(5)) + pay(s) — pa(s))ds

for all r € I.
For each r € I, max{T(z,y)(r),T(y,x)(r)} and min{T'(x,y)(r), T(y,x)(r)} are the upper and lower
bounds of T'(x,y) and T'(y, x), respectively. Therefore, for every (z,y), (u,v) € X x X, there exists a

(max{T'(z,y),T(u,v)}, min{T(y,z), T(v,u)}) € X x X
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that is comparable to (T'(z,y), T (y,z)) and (T (u,v), T (v, u)).
Now we shall show that 7" has the mixed monotone property. Indeed, for 1 < x9, that is, z1(r) < xo(r)
for all r € I, by Assumption we have

T(@1,y)(r) = T(w,y)(r) = / " K1 5)(F (5,21 (5)) + (5, u(s) + i (s) — aay(s))ds
- / " Ka(r, )7 (5)) + 905, 21(5)) + pry(s) — e (s))ds
- / " K1 ) (5,22(5)) + (5, y(5) + nals) — pay(s))ds
/ K (r,5)(f(5,4(s)) + g5, 22(5)) + i1y (s) — powa(s))ds
_ / Ki(r,s)(f(s,21(5)) = f(s,22(5)) + pu (@1(s) — w2(5)))ds

/ Ko (r,s)(g(s,z1(s)) — g(s,ma(s)) + pa(za(s) — z1(s)))ds < 0.

Hence T'(x1,y)(r) < T(x2,y)(r) for all r € I, that is T'(z1,y) < T(z2,y).
Similarly, if y; > ya, for all r € I, by Assumption [4.1] we have

T(z,y1)(r) — T(z,y2)( / Ki(r,s)(g9(s,41(8)) — g(s,92(8)) + p2(y2(s) — y1(s)))ds

+/ Ks(r,5)(f(s,y1(5)) — f(s,92(5)) + p1(y1(s) — y2(s)))ds < 0.

Hence T'(x,y1)(r) < T(x,y2)(r) for all r € I, that is, T'(z,y1) < T(x, y2).
Thus, T'(z,y) is monotone non-decreasing in = and monotone non-increasing in y.
Now, for x > u and y < v, that is, z(r) > u(r) and y(r) < v(r) for all r € I, any t > 0, we have

1 o 2d(T'(x, y) T(u,v)) 2su . w )\ (r
FT(x,y),T(u,v)(%)t_l = ; TEI?|T( y) (1) = T(u,v)(r)|
= filég) / Ki(r — f(s,u(s))
1 (x(s) —u(s))) — (g(s,v(s)) — g(s,y(s)) + pa(y(s) —v(s))]ds
/ Ks(r — f(s,(5))
+u1(v(s) —y(s))) — (g(s,2(s)) — g(s,u(s)) + pa(u(s) — x(s))]ds
< Zsup / K (1, ) (a(s) = u(s)) + Ao(v(s) — y(s)lds
TEI
/ Ks(r,s)[A1(v(s) — y(s)) + Aa(z(s) — u(s))]ds
< ;maX{/\l Az}sup/ (K1 (r,5) — Ka(r, 8)[((s) — u(s)) + (v(s) — y(s))]ds.

rel
As z(s) —u(s) < d(z,u), v(s) —y(s) < d(v,y), for all s € [a,b], we obtain

1 _1<g a{/\ )\}s /b(K( )—K( ))[(()_())+(()_())]d
FT(;C,y),T(u,U)(%)t - th 1, A2 Tléll) i 17,8 2(7, S x(s u(s v(s y(s s




Q. Tu, C. Zhu, Z. Wu, X. Mu, J. Nonlinear Sci. Appl. 9 (2016), 1116-1128 1128

9 b
< n max{A, Ao }[d(z,u) + d(v,y)] sup/ (Ki(r,s) — Ka(r, s))ds

rel
< %x%[d(m,u)-#d(vay)]
1 d(xz,u) d(v,y) 1 1 1
< gt ):§(m_1+m_l>'

Now, let (a, 8) be a coupled lower and upper solution of the integral equation (4.1)), then we have a(r) <
T(a, B)(r) and B(r) > T(B,a)(r) for all r € [a,b], that is, « < T'(«, 5) and 8 > T(B, «). Finally, Corollary
3.2 gives that T has a unique coupled fixed point (z,y), that is, there exists a unique solution of (4.1f) in
C(Z,R). O
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