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Abstract

Zhu, Zhou and Xu showed an integral formula of L,-mixed geominimal surface area by the p-Petty body.
In this paper, we give an integral representation of L,-dual mixed geominimal surface area and establish
several related inequalities. (©2016 All rights reserved.
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1. Introduction

Let K™ denote the set of convex bodies (compact, convex subsets with nonempty interiors) in Euclidean
space R™. For the set of convex bodies containing the origin in their interiors and the set of convex bodies
whose centroid lie at the origin in R", we write K} and K7, respectively. Let S]' and S respectively denote
the set of star bodies (about the origin) and the set of star bodies whose centroid lie at the origin in R™.
Let S™~! denote the unit sphere in R™ and V(K) denote the n-dimensional volume of the body K. For the
standard unit ball B in R", its volume is written by w, = V(B).

The notion of L,-geominimal surface area was given by Lutwak (see [7]). For K € K7, p > 1, the
L,-geominimal surface area, G,(K), of K is defined

wi Gy(K) = inf{nV, (K, L)V (L) : L € K7},

Here V,(K, L) denotes L,-mixed volume of K,L € K} (see [0, [7]) and L* denotes the polar of L. For
the case p = 1, Gp(K) is just classical geominimal surface area which is introduced by Petty ([8]). Some
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affine isoperimetric inequalities related to the classical and L, geominimal surface areas can be found in
[, (4 7, [8] @y [0k 111 [12] 14 [15] 16, [17].
In [7], Lutwak gave the infimum in the definition of L,-geominimal surface area.

Proposition 1.1. For K € K} and p > 1, there exists a unique body T,K € T" with

Gp(K) = nVy(K, T,K).

Here 7" = {T' € K" : s(T') = 0,V(T*) = wy}, s(T') denotes the Santalé point of T, the body T, K is
called the p-Petty body of K and T; K denotes the polar of T, K. When p = 1, the subscript will often be
suppressed and defined by Petty (see [§]).

From Proposition Zhu, Zhou and Xu (see [18]) obtained the following fact.

Proposition 1.2. For K € F} and p > 1, there exists a unique convexr body T,K € T" with

o

Gp(K) = /S"—l h’}pK(u)fp(K, u)dS(u).

Here hjs(-) denotes the support function of M € K", f,(K,-) denotes the L,-curvature function of
K € K}y and F' denotes the set of K that have a positive continuous L,-curvature function.

Moreover, Zhu, Zhou and Xu (see [1§]) studied the L,-mixed geominimal surface area. They defined the
L,-mixed geominimal surface areas as follows:

Definition 1.3. Let K; € F) and p > 1, for each i (i = 1,--- ,n), there exists a unique body (Petty body
of K;) T; = T,K; € T" with

Gy ) = [ Iy, (]S ().

Here g,(Ki,-) = hip, (-) fp (K, ).
For the L,-mixed geominimal surface area, they (see [18]) proved the following results.

Theorem 1.4. Ifn #p > 1, and Ky,...,K, € F}, then for 1 <m <n,

m m—1
|:Gp(Kla o aKn):| S H Gp(Kla et 7Kn7m7 anh e 7Kn7i)-
i=0 ~
Equality holds if and only if the K; are dilates of each other for j =n —m+1,--- ,n. If m =1 equality
holds trivially.

Theorem 1.5. If K,L € F', n#p>1,1,j,k€ R andi < j <k, then
G (K, L)1 < Gy (K, L)Y G g (K, L)
with equality if and only if K and L are dilates.
Theorem 1.6. If K,L e F', n#p>1,1€ R and 0 <i <n, then
Gypi(K,L)Gpi(K*, L*) < (nw,)?

with equality if and only if K and L are dilated ellipsoids.
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Here F[' denotes the set of K that have a positive continuous Lj-curvature function.
Based on the L,-dual mixed volume, Wang and Qi (see [I3]) gave the notion of L,-dual geominimal
surface area as follows:

Definition 1.7. For K € K} and p > 1, the L,-dual geominimal surface area, é,p(K ), of K is defined by

wn "G_p(K) = inf{nV_,(K, L)V(L*) " n; L € KI'}. (1.1)
Here 17_},([( , L) denotes L,-dual mixed volume of K and L, and

~ 1

V.0 =+ [ R s o), (12)

where pg(-) denotes the radial function of K € S}.
In this paper, we firstly obtain the infimum in the above definition as follows:

Proposition 1.8. If K € K and p > 1, then there exists a unique body K e %”, such that
G_p(K) =nV_,(K,K). (1.3)

Here 7" = {T € K" : V(T*) = wy }. _
By Proposition and (1.2), we have the following integral representation of G_p(K).

Proposition 1.9. For K € K2 and p > 1, there exists a unique body K € T™ with

G y(K) = /S ) (R u) S (). (1.4)

Next, corresponding to Definition we define integral form of L,-dual mixed geominimal surface area
by Proposition [I.9}

Definition 1.10. For each K; € K and p > 1, there exists a unique body I~Q eTn (i=1,---,n) with

G_p(Ky,...,K;) = /Sn_l[p(Kl,u)"erp(kl,u)p . ..p(Knju)”erp(kn,u)fp]%dS(u). (1.5)

Let g—p(K5, ) = p(K;, )P p(K;, )P, then é,p(Kl, ..., K;) can be written as follows:

_ - - 1
G*p(Klv cee Kn) = /S 71[g*p(K17u) o 'g*p(Kna u)]ndS(u) (16)
Let Ky ==K, ;=Kand K, jy1 ==K, =L (i=0,1,--- ,n) in (L.6), we denote G_,;(K,L) =
_ n—i %
G_p(K,--- ,K,L,---,L). More general, if 7 is any real, we define that: for K,L € K}, p > 1, the ith
———— ——

n—i 7

L,-dual mixed geominimal surface area, é,m(K ,L), of K and L by

GpilK, L) = /S KT G (L) S ). (1.7)

From Proposition we easily know B = B. Thus, let L = B in (1.7) and write

Gpi(K, B) = G_p,i(K), (1.8)
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then (1.7)), (1.8) and p(B,-) = 1 yield

GopilK) = [ G ) " dS ). (1.9)

Obviously, from (1.6)), (1.7) and (1.9, we have
G po(K) = G_p(K), (1.10)

G_po(K, L) =G _o(K), G_pn(K,L)=G_,(L). (1.11)

Further, associated with the L,-dual mixed geominimal surface areas, we give the following dual results
of Theorems [1.4 and respectively.

Theorem 1.11. If Ky,--- , K, € K}, 1 <m <n, then forp > 1,

m m—1
Gfp(Klv"' aKn):| S G,p(Kl,"' aanmaania"' 7Kn7i) (112)
=0 M
with equality if and only if there exist positive constants ci,ca,- -+ ,Cm such that for all u € S¥1,
c1pie P (w)pl (u) = copf? (W)pl (u) = =cmpy?  (Wpl ()
Kn Ky Kn—1 Kn_1 M Kn—m+1 Kn—m+1 .

Theorem 1.12. For K, L€ K}, p>1,14,5,k € R. Ifi <j <k, then
G_p (K, L) < G_pi(K,L* G, (K, L)y~ (1.13)
with equality if and only if K and L are dilates of each other.
Theorem 1.13. If K,L € K}, p>1,i€ R and 0 <17 <n, then
G_pi(K,L)G_i(K* L*) < (nwy)? (1.14)

with equality if and only if K and L are dilated ellipsoids of each other.

2. Notation and Background Materials
If K € K™, then its support function, hg = h(K,-) : R — (—o00, +00), is defined by (see [3])
h(K,z) =max{x-y:y € K}, x e R", (2.1)

where z - y denotes the standard inner product of z and y.
If K is a compact star-shaped (with respect to the origin) in R", then its radial function, px () = p(K, ) :
R™\ {0} — [0,00), is defined by (see [3, [10])

p(K,u) =max{\>0: uec K}, uecS" ! (2.2)

If px is positive and continuous, K will be called a star body (respect to the origin). Two star bodies K
and L are said to be dilates (of one another) if px(u)/pr(u) is independent of u € S™~L.
If E is a nonempty subset in R™, the polar set, E*, of E is defined by (see [3], [10])

E*={zeR":z-y<1l,ye E}.
If K € K, it follows that K** = K and

p(K,u)™' = h(K* u), p(K*,u)_l = h(K,u) (2.3)
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for all u € S™ L.
For K € K and its polar body, the well-known Blaschke-Stantald inequality can be stated that (see [3]):
If K € K7, then

[

V(K)V(K*) < w?

n

(2.4)

with equality if and only if K is an ellipsoid centered at the origin.
For K,L € 8§}, p>1and A, 1 > 0 (not both zero), the L,-harmonic radial combination, )\*Kq—_p,u*L S
S, of K and L is defined by (see [2} [7])

p()‘*K:r_—p:U’*Lu ')7p:AP(K)')ip—i_:U’p(L?‘)ipa (25)

where the operation ’—Nl—,p’ is called L,-harmonic radial addition and A x K denotes the L,-harmonic radial

scalar multiplication. From (£2.5)), we can obtain A x K = )\_%K .
If K,L € K} (rather than being in S7' ), then

Ax K+ _pux L) =X K*+, - L*. (2.6)

For the L,-harmonic radial combinations, Lutwak (see [7]) proved the following dual L,-Brunn-
Minkowski inequality.

Lemma 2.1. If K,L € S, p>1 and A\,u > 0 (not both zero), then
VO KT _puxL)™ > AV(K)™ +upV(L)w (2.7)

with equality if and only if K and L are dilates of each other.

3. Proof of Proposition (1.8
In order to prove Proposition [1.8] we require the following lemmas.

Lemma 3.1 ([7]). Let C"™ denote the set of compact convex subsets of Euclidean n-space R™. Suppose
K; € K} and K; — L € C". If the sequence V(K}) is bounded, then L € K.

Lemma 3.2. Suppose K; - K € K} and L; — L € K. If p > 1, then ‘N/_p(Ki,Li) — ‘N/_p(K, L).

Proof. Since K; - K € K and L; -+ L € K, px, — px and pr, — pr uniformly on Sn—1. Notice that
pK, pL is continuous, the pg, and py, are uniformly bounded on S™~!. Hence,

N A
This yields
| ot oL Pdu s [ (oK) p(L ) S ),
Sn—l Sn—l

i.e.

V(K Li) = V_(K, L).
O

Proof of Proposition[I.§ From the definition of é,p(K ), there exists a sequence M; € K[! such that
V(M) = wy, with V,(K, B) > V,(K, M;), for all i, and
V_, (K, M;) = G_p(K)

Since M; € K7, thus M; are uniformly bounded for all ¢ (see [7]). From this, the Blaschke selection theorem
guarantees the existence of a subsequence of the M;, which will also be denoted by M;, and a compact
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convex L € C", such that M; — L. Since V(M}) = wy, Lemma gives L € K?. Now, M; — L implies
that M; — L*, and since V(M;") = wy, it follows that V(L*) = wy,. Lemma [3.2can now be used to conclude
that L will serve as the desired body K.
The uniqueness of the minimizing body is easily demonstrated as follows. Suppose Li, Ly € K7, such
that V(L}) = w, = V(L3), and
V_p(K,L1) = V_,(K, La).

Define L € K}, by

1 ~ 1
L= 5 *L1+_p§ *LQ,

V (K, L) =V_,(K, L) = V_,(K, Ly).
Since obviously,
L= L1+p2 L,

and V(L}) = w, = V(L3), it follows from Lemma-that V(L*) > wy, with equality if and only if L; = Ls.
Thus,

P

V_ (K, L)V (L*)n < V_p(K, L)V (L)
is the contradiction that would arise if it were the case that Ly # Lo. This completes the proof. O

4. Proofs of Results
In order to prove Theorem we require the following lemma (see [5]).

Lemma 4.1. If fo, f1,- - fm are (strictly) positive continuous functions defined on S*~' and Ay, - - A\ are
positive constants the sum of whose reciprocals is unity, then

/Sn_l folu)--- H (/Sn So(u) £ (u)dS(u )>A1 (4.1)

with equality if and only if there exist positive constants aq, oo, -« - , ayy, such that alfl’\1 (u) = - = amfhm(u)
for all u € S"1,

Proof of Theorem[1.11. Let A\; =m (1 <i<n),

fo(w) = [Gop(K1,1) ... §op(EKnm, w)] 7,

3=

fir1(u) = [g—p(Kn—i,u)] 7, (0<i<m-—1),
by (1.6) and Lemma we get

3|

1
= Gfp(Kla"'7Kn7m7Kn7i7"'aan’L')m~
; N
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According to the equality condition of Lemma we see that equality holds in inequality ((1.12]) if and

only if there exist positive constants c1,co,- - , ¢y such that
+ — - — + -
W () = el (o () ==l (Wp (w)
for all u € S™~ 1. O
Corollary 4.2. If Ky, --- , K, € K}, then forp > 1,
~ n ~ ~
Gop(Kry oK) | < Gyl - Gp(Kn) (4.2)
with equality if and only if there exist constants ci,ca,- -+ ,c, (not all zero) such that for all u € S 1,
+ - + - + -
api, (Wpg (w) = copie” (Wpgl =+ = cabli" (Wpg! (w).

Proof. Let m = n in Theorem and by (]E , we easily obtain Corollary
According to the equality condition of ([1.12]), we see that equality holds in (4.2)) if and only if there exist

constants ¢y, ¢, -+ , ¢, (not all zero) such that for all u € S* 1,
+ + - + -
c1py, (u )Pf(i(u) 2/77}L<np1(u>ﬂf<i_l(u) = =cnpp, (u )pf(li(u)

Proof of Theorem[1.18 Since i < j < k, thus $=

1.6)) and Holder inequality, we obtain

R‘

—J Jj—i

G (K, L)

G,p, (K, L)%

o

=3
k—i

[ T W) (L u)n dS(u)}

=
k—i

xLLnl<Kwn%¢waaﬂ

1 - (n=i)(k—3) _ (k=) k—i =
= | — [g—p(K7 U) n(k—1i) g—p(La U) n(kfz)]kfj dS(U)
n Sn—l

j—i

1 - (n—k)(j—1) k(j=i) k—i k—i
<[ [ g M Has )
n Snfl

1 n—j j
z/ 5y (5 0) 5 Gy (L ) dS(u)
n Snfl
—G_,,(K,L).

This gives the desired inequality (|1.13)). According to the equality conditions of the Hélder inequality, we
know that equality holds in (1.13]) if and only if there exists a constant A > 0 such that
k—i

(n=i)(k—j) _ i(k—j) (n=k)(G—1) _ k(i—i) | 5—1

k—i
=
g_p(K}u) n(k—1) g p(L u)n(k 7‘):| J _ )\|::qv_p(K7 u) n(k—1) g p(L u)n(k i) ,

i.e. g_p(K,u) = Ag_p(L,u) for all u € S"1. Thus equality holds in (L.13) if and only if K and L are dilates
of each other. O

Let L = B in Theorem and use (|1.8)), we obtain the following corollary.
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Corollary 4.3. If K e K2, p>1,4,5, ke R andi < j <k, then
Gpj(K) " < Gy i(B) Gy (1) (43)

with equality if and only if K and L are dilates of each other.

By Theorem [T.12]} we also get the Minkowski inequality for the L,-dual mixed geominimal surface area

as follows:
Corollary 4.4. If K, L€ K?, n#p>1 andi € R, then fori <0 ori>n,

G_pi(K,L)" > G_p(K)"'G_p(L)’;

for0<i<mn, B B - ‘
Gpi(K, L)" <G ,(K)"'Gp(L)".

In every case, equality holds if and only if K and L are dilates of each other.
Proof. For i <0, take (i,j,k) = (i,0,n) in Theorem we have
G pi( K, L)"G_p (K, L) > G_po(K, L))",

i.e.

G_pi(K,L)" > G_,(K)"'G_,(L)’

with equality if and only if K and L are dilates of each other.
In the same way, let (7,7, k) = (0,n,i) for i > n in Theorem we obtain

G_pi(K,L)" > G_(K)""'G_p(L)’

with equality if and only if K and L are dilates of each other.
Similarly, let (7,7, k) = (0,4,n) for 0 < i < n in Theorem we easily get

G (L) < Gp(K)" TGy (L)
with equality if and only if K and L are dilates of each other.
Let L = B in Corollary and notice G_,(B) = nw, by (L.9), we have that:
Corollary 4.5. If K e K2, n#p>1,1€R, then fori <0 ori > n,
Gpi(F)" = (nwn)'G_p ()"

for0<i<n B o .
Gopa(K)" < (nwa) G ().

In each case, equality holds if and only if K is a ball centered at the origin.
In order to prove Theorem we require the following result (see [13]).
Lemma 4.6. If K € K}, n>p > 1, then
G p(K)Gp(K*) < (nwy)?
with equality if and only if K is an ellipsoid.
Proof of Theorem[I.13 For 0 <i <n,n>p>1, and by and Lemma we have
Gy, LY Gy (K, LY < [Gp ()G p (K™ Gy (D) Gy (L] < ()"

with equality if and only if K and L are dilated ellipsoids of each other.

(4.4)

(4.5)

(4.8)

(4.10)

(4.11)
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For the L,-dual geominimal surface area, Wang and Qi (see [13]) proved the following result.

Lemma 4.7. If K € K}, p > 1, then

~ ntp

G_p(K) > nfwn) " V(K)" (4.12)

with equality if and only if K is an ellipsoid centered at the origin.

Combining with (4.12)), we can prove the following fact.

Theorem 4.8. If K,L € K}, p>1,i€R andi <0, then

~ (ntp)i—pn (n+p)(n—1i)

GopalEK) = mwn ™ V(K)o (4.13)

with equality if and only if K is a ball centered at the origin.
Proof. For i <0, by (4.10) and ( -, we get

i.e.

Gyl K" > (i)' Gy (K™

P n+p

> (nwn)'[n(wn) TV (K)

(n+p)i—pn (n+p)(n—i)
n"w, " V(K n,

- (nt+p)i—pn (n+p)(n—1i)

G_p,i(K) > nwy " V(K) e
with equality if and only if K is a ball centered at the origin. O
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