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Abstract

In this paper, we study the existence of positive solutions for the following nonlinear m-point boundary
value problem for an increasing homeomorphism and homomorphism with sign changing nonlinearity:

(p(u")) +a(t)f(t,u(t)) =0, 0<t<l1,

m—2 k s m—2
W(0) = 32 an/ (&), u(l) =30 bu(&) — X0 bu(&) — X2 biu'(&),
i=1 i=1 i=k+1 i=s+1
where ¢ : R — R is an increasing homeomorphism and homomorphism and ¢(0) = 0. The nonlinear term
f may change sign. As an application, an example to demonstrate our results has given. The conclusions
in this paper essentially extend and improve the known results. (©2016 All rights reserved.
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1. Introduction

In this paper, we study the existence of positive solutions of the following nonlinear m-point boundary
value problem with sign changing nonlinearity:

(p(u)) +7(12(t)f(tau(t)) =0, . 0<t<l,
u'(0) = ; aiv (&), u(l) = ;biu(&) -

where ¢ : R — R is an increasing homeomorphism and homomorphism and ¢(0) = 0; & € (0,1) with

i biu(&i) — mi2 biv (&), (1.1)

i=k+1 1=s5+1
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0<& <& < <&po<landa;, b;, aand f satisfy

k s m—2
(Hl) a;, bi€[0,+oo),0<2bi— Z b; <1, 0< Zai<1;
i=1 i=k-+1 i=1

(Hz) a(t):(0,1) — [0,400) does not vanish identically on any subinterval of [0, 1] and satisfies
1
0< / a(t)dt < oo;
0

(H3) fe€C(]0,1] x [0, +00), (=00, +0)), f(t,0) >0 and f(t,0) # 0.

Definition 1.1. A projection ¢ : R — R is called an increasing homeomorphism and homomorphism, if
the following conditions are satisfied:

(i) if # <y, then ¢(z) < ¢(y) Vz, y € R;

(ii) ¢ is a continuous bijection and its inverse mapping is also continuous;

(iii) ¢(zy) = o(x)p(y) V x, y € R.

The study of multi-point boundary value problems for linear second-order ordinary differential equations
was initiated by I'in and Moiseev [3, [4]. Motivated by the study of [3, 4], Gupta [2] studied certain three-
point boundary value problems for nonlinear ordinary differential equations. Since then, more general
nonlinear multi-point boundary value problems have been studied by several authors. We refer the reader
to [0, 8, 1), 12} 14] 15, 16, 17, 18, 19] and [20] for some references along this line. Multi-point boundary
value problems describe many phenomena in the applied mathematical sciences. For example, the vibrations
of a guy wire of a uniform cross-section and composed of N parts of different densities can be set up as a
multi-point boundary value problems (see Moshinsky [7]); many problems in the theory of elastic stability
can be handle by the method of multi-point boundary value problems(see Timoshenko [13]).

In 2001, Ma [5] studied m-point boundary value problem (BVP)

u'(@t)+h(t)f(u) =0, 0<t<1,

u(0) =0, u(l)= Z: o' (&),

m—2
where a; >0 (1 =1,2,--- ,m—2), > a;<1,0<& <& < <&noa <1, fel(]0,+0),][0,+00)) and
i=1
h € C(]0,1],[0,4+00)). Author established the existence of positive solutions theorems under the condition
that f is either superlinear or sublinear.
Recently, Ma et al. [6] used the monotone iterative technique in cones to prove the existence of at least

one positive solutions for m-point boundary value problem (BVP)
(0p(w)) +a(t)f(t,u(t)) =0, 0<t<1,

w/'(0) = m;j a/ (&), u(l)= 22 biu (&),

m—2 m—2

where 0 < Y b <1, 0< Ya <1, 0<& < & < -+ < &pnao <1, at) € LY0,1] and
i=1 i=1

f e C([0,1] x [0,+00),[0,+00)). The main tool is the monotone iterative technique.

In [15], Xu studied the existence of positive solutions for (1.1)). However, in all the above mentioned
papers, the authors discuss about the boundary value problem (BVP) under the key conditions that nonlinear
term is positive continuous function. Motivated by the results mentioned above, in this paper we study the
existence of positive solutions of m-point boundary value problem (/1.1 for an increasing homeomorphism
and homomorphism with sign changing nonlinearity. We generalize the results in [5, 8, 111, 12, [14].

By a positive solution of BVP (1.1)), we understand a function u which is positive on (0, 1) and satisfies
the differential equations as well as the boundary conditions in BVP (1.1]).
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2. Preliminaries and Lemmas
In this section, we present some lemmas which are important to our main results.

Lemma 2.1. Let (Hy) and (Hz) hold. Then for uw € C*[0,1], the problem

(p(u)) +a(t)f(t,u(t)) =0, 0<t<l,

m—2 k s m—2 (21)
W(0) = 22 (&), u(l) = 2o biu(&) — X2 biu(&) — X0 bin/(&),
i=1 i=1 i=k+1 i=s+1
has a unique solution u(t) if and only if u(t) can be express as the following equation
1
u(t) = —/ wy(s)ds + B,
t
where A, B satisfy
m=2 &i
o) = Yo (4= [ et u)as). (2.2
=1 0
1 1 s 1
B= — - - {sz/ wy(s)ds — Z bz/ wy(s)ds
U RS S e
i=1 i=k+1
m—2 13
5 ho (4= [T et atnas)|.
i=s+1 0
where .
wi(s)=¢ (—/ a(r) f(r,u(r))dr + A) .
0
m—2
(54 |
Define | = l:nll_2 € (0,1), then there exists a unique A € [—l/ a(s)f(t,u(s))ds,0| satisfying
(& |
i=1
2.
Proof. The method of the proof is similar to Lemma 2.1 in [7], we omit the details. O

Lemma 2.2. Let (Hy) and (Hz) hold. If u € C1(0,1], the unique solution of the problem satisfies
u(t) >0, tel0,1].

Proof. The method of the proof is similar to Lemma 2.2 in [I5], we omit the details. O

Lemma 2.3. Let (Hy) and (Hsy) hold. If u € CT[0,1], the unique solution of the problem satisfies

inf w(t) >
téfé,l]“( ) > Allull,

where

(ibi_ ' i bi) (1 — &)
=1 i=k+1 e <07 1)

S

%
1—;bi§k+ > bk

i=k+1

, [Jul| = max |u(t)].
Jull = e fu()
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Proof. The method of the proof is similar to Lemma 2.3 in [I5], we omit the details. O

Lemma 2.4 ([1]). Let K be a cone in a Banach space X. Let D be an open bounded subset of X with
Dy = DNK # ¢ and D # K. Assume that A : D — K is a compact map such that v # AK for
x € ODg. Then the following results hold:

(1) if |Az|| < ||z| for all x € 0Dk, then i(A, Dk, K) = 1;

(2) if there exists xo € K\{0} such that x # Ax+ A\xo, for all z € 0Dk and all x > 0, then i(A, Dg, K) =
0;

(3) let U be open in X such that U C Dg. Ifi(A, Dg,K) =1 and i(A, Dg,K) =0,
then A has a fived point in Dx\Ug. The same results holds, if i(A, Dk, K) =0 and i(A, D, K) = 1.

Let E = (0, 1], then E is Banach space, with respect to the norm ||u|| = sup |u(t)|. Denote
te[0,1]

)

K = {ulu € C[0,1],u(t) 2 0, inf u(t) > u},
te€[0,1]

)

where 7 is the same as in Lemma It is obvious that K is a cone in C]0,1]. We define ¢(t) =
min{¢, 1 —t}, t € (0,1) and

K, ={ult) € K:[lu]| <p};

K} ={u(t) € K : polt) < ult) < p};

Q, = tye K: i t
p =A{ult) € §m3r211<1§<1U()<w}

= > < .
{ult) e E:u =0, vul o min v u(t) <vyp}
Lemma 2.5 ([7]). 2, defined above has the following properties:
(a) K., CQ, C K;
(b) Q, is open relative to K;
(c) X € 09, if and only zf min  z(t) =yp

Em—2<t<1
(d) if x € 09Q,, then yp < x(t) < p fort € [Em—2,1].

Now, for the convenience, we introduce the following notations,

14, = min {gmnsig%gl f(;t(;:;) tu € [yp, P]} ’
f(tu) |
f() = max {OH<1?<Xl ¢(,0) U € [Ovp]} )

t?
Fo(yp = max {maXOStS1 w tu € [p(t)p, p}} :
% = Jim sup max f(( ))
ft,w)

fo = lim inf min

= +
uU—>o Em—2<t<1 ¢( ) ) (Oé =00 or 0 )’
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<1 + %1 b + mz: bi> o1 ((z 1) /01 a(s)ds)

-1

m =

k s ’
1=> b+ > b
1=1 i=k+1
k s -1
zbz B Z b’ 1 s
M = =l : kf / ¢t (/ a(?“)dr) ds )
1-— Z bz + Z bz e 0
i=1 i=k+1

3. Main results
In the rest section, we also assume the conditions:
(A7) There exist p1, p2 € (0,+00) with p; < yp2 such that
(1) 7(0.6) > 0,8 € 0.1, w € [pip(r) +20),
(2) zzt)pl < ¢(m), fi5, = 6(M).
(A3) There exist p1, p2 € (0,+00) with p; < p2 such that

@)ﬂ u) > 0,t € [0,1], u € min{yp1, pap(t) }, +00),
(4) fop = ¢(M), f’o2 < ¢(m).
(As3) There exist p1, p2, p3 € (0, +00) with p1 < vp2 and p2 < p3 such that
(1) f(t,u) >0, tG[O 1] u € [p1g(t), +00),
(2) f2h, < 6(m), o = 6(MA), f22,, < 6(m).
(A4) There exist p1, pa2, p3 € (0,+00) with p; < pa < yp3 such that

(3) f( u)>0,t€[0,1], ue [min{wl,pzw( )}, +00),
(4) vm > ¢(M~), fp2 < ¢(m); vps > ¢(M~).

Our main results are followmg theorems.

Theorem 3.1. Assume that (Hy), (H2), (H3), (As) hold. Then BVP (1.1)) have at least three positive solu-
tions.

Proof. Without loss of generality, we suppose that (As) hold. Denote

) _ { f(t7u)a u > plgp(t)?
f(t7p1@(t))a 0<u< plgp(t)’

it is easy to check that f*(¢,u) € C([0, 1] x [0, 4+00), (0, +00)).
Now define an operator T': K — C'[0, 1] by setting

1
(Tu)t)= - —Son [Cetsas— Y b
1_ibz+ Z bi|:zl /1 i=k+1 /1
=1 i=k+1

+ 5 o (a- [ ) o) (s, utsas) | - [ Cufs)ds,

i=s+1

fH(tu
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where

w(s) = ¢! (- /0 () f*(r, u(r))dr + A) |

By Lemma we have T'(K) C K. So by applying Arzela-Ascoli Theorem, we can obtain that T(K) is
relatively compact. In view of Lebesgue’s dominated convergence theorem, it is easy to prove that T is

continuous. Hence, T': K — K is completely continuous
Now, we consider the following modified BVP ,

(p(u")) 4+ a(t)f*(t,u(t) =0, 0<t<1,

, B m—2 , B k s m—2 , (31)
W(0) = >0 ai/(&), u(l) =3 biu(&) — X2 biu(&) — X0 biu/(&).
i=1 i=1 i=k+1 i=s+1

Obviously, BVP (3.1) has a solution w(t) if and only if u is a fixed point of the operator 7. From the
condition (A3)(2), we have

fothm S 0(m),  f302 > 6(M7), f75,, < 6(m).

®

Next, we will show that i(A, K} ,K) = 1.
In fact, by f;‘()tl)pl < ¢(m) for all uwe€ d K , we have

(Tu)(t) = —————— (zb/ ds—Zb/

i= i
+i:§1 big™! (A_ /051‘ CL(S)f*(s,u(s))ds)) - /tlc«J(s)ds
=1 i=k+1
m—2 1
+i:§s;rlbi¢_1<(l+1)/0 a(s)f*(s,u(s))ds»

+/01¢1 ((z+1)/01 a(r)f*(r,u(r))dr) ds

(1 + i bi + ?Z_Q bi> ! <(l +1) /1 a(s)ds)
S d o~ ($(p1)o(m))

S

1—Ebi—|— Z b;

i=1 i=k+1

= p1 = |lul.-
This implies that ||Tu|| < ||lu|| for u € 0 K. By Lemma [2.4] (1), we have

i(A, K;I,K) ~1.

Furthermore, we will show that i(A, K,,, K) =
Let e(t) = 1, for t € [0, 1], then e € K. We clalm that

u#tTu+ e, uecd,, A>0.



H. Su, X. Wang, J. Nonlinear Sci. Appl. 9 (2016), 1193-1201 1199

In fact, if not, there exist uy € 929 and A9 > 0 such that ug = Tug + Age.
By (As3) and Lemma [2.1], we have for ¢ € [0,1],

- /0 a(T) f* (1, u(7))dr + A < —¢(p2)p(M~y) (/0 a(T)dT) :

so that i i
— =t ) f*(7,u(r))dr -1 T)dT| .
o) =07 (= [Catn) s atmnar + 4) = padrro | [ atryar
Then, we have that

up(t) = Tup(t) + Aoe(t)

> ! i(b /5k ))ds — Z b/ )d>+)\0

1_Zb+ Z bzl i=k+1 €k
=1 i=k+1
k
2 Z b 1 s
> = = k+sl p2M7/ o1 </ a(r)dr) ds + Ao
1—zb + 3 b S 0
=1 i=k+1
=p2 + Ao

This implies that vps > vp2 + Mg, which is a contradiction. Hence, by Lemma (2), it follows that
i(A,Q),, K)=0.

Finally, similar to the proof of i(4, K7 , K) = 1, we can show that i(A, K}, , K) = 1.
By Lemm (a) and p1 < vp2 and p2 < p3, we have K, C K,,, C Qp, C Ky, C Kp;. 1t follows

from Lemma (3) that T" have three positive fixed point u, ug2, us in K, Q,,\K*,,, K, respectively.

Therefore, BVP have three positive solution w1, ug, uz in K, QPQ\K p1» I, respectively.
Then, BVP . have three positive solution uy, w2, usz € [p1p(t), 00), which means that uy, wue, usg is
also the positive solution of BVP ({3.1)). O

Similar to the proof of Theorem we can obtain the following Theorems.

Theorem 3.2. Assume that (Hy),(H2),(Hs), (A4) hold. Then BVP (1.1) have at least two positive solu-
tions.

Theorem 3.3. Assume that (Hy), (H2), (Hs) hold and also assume that (A1) or (A2) hold. Then BVP (]1.1))
has at least a positive solution.

4. Application

Example 4.1. Consider the following five-point boundary value problem with p-Laplacian

(p(u)) + f(t,u) =0, 0<t<l,

W(0) = ol () + gt (5) + 2l (), (1)
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Wherealzﬁ, a2=%7 a3=6i4, blzé 2=i, bs =0, 5123, 52—%7 53—%
- { —u?, u <0,
, u >0
%(1+t) (u(t) _ “‘72”)30, (t,u) € [0,1] x (0,2],
fw=3 P\
5(1 +1) (2 - 2> , (t,u) € [0,1] x (2, +00).

It is easy to check that f : [0, 1] x [0, +00) — [0, +00) is continuous. It follows from a direct calculation

that
s m—2 1
(1 + > b+ > bi) P! <(l + 1)/ a(s)ds)
i=k+1 i=s+1 0
m = - = 0.96,

-1

Y= k ~ 250"
s 250
L= b+ > bk
i1 i=k+1
k S -
;bl - Z bz 1 s
M= = - Z=k+sl / ¢—1 (/ a(r)d?") ds = 0.76.
1=>"bi+ > b & ’
i=1 i=k+1

Choose p1 = 1, p2 = 250, it is easy to check that p; < vps, and

f(t,u) >0,t €[0,1],u € [p(t), +00);

L1+ 8)(ut) — 20)30)  La4+1)130 o
P1 5( 2 _ 5 —
fPMO max{orgf‘iﬁ 12 - 12 5
(m) = m? =092, t€ [0,1], ue [¢(t)or, o1
1 (1+8)(2— Q 30 101 1 3y(9 _ 1)30
fP2 = min< min 50+ ) = 50+ 3)( 2) =1.074
Fobn 3<t< 2502 2502

3
=0.004, t € [4 1], u € [yp2, p2].

It follows that f satisfies the conditions (A;) of Theorem then problems (1.1) and (2.1) have at least

two positive solutions.

Remark 4.2. Let ¢(u) = u, the problem is second order m-point boundary value problem.

Remark 4.3. Let ¢,(s) = |s|[P~2s, p > 1, the problem is boundary value problem with p-Laplacian operators.
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