Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 1243-1251

Research Article

-LenEy Journal of Nonlinear Science and Applications
=) =

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Inverse problems for a nonlocal wave equation with
an involution perturbation

Mokhtar Kirane®P* Nasser Al-Salti¢

?Laboratoire de Mathématiques, Image et Applications, Pble Sciences et Technologies, Université de La Rochelle, A. M. Crépeau,
17042 La Rochelle, France.

bNAAM Research Group, Department of Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah
21589, Saudi Arabia.

“Department of Mathematics and Statistics, College of Science, Sultan Qaboos University, Oman.

Communicated by B. Samet

Abstract

Two inverse problems for the wave equation with involution are considered. Results on existence and
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1. Introduction and Preliminaries

As it is well documented, differential evolution equations with time delays have been the subject of a
huge number of articles and a sizeable number of books either from the theoretical point of view or for
practical considerations, see for example [12] and [34]. Also, differential equations with operations on the
space variable received great attention starting with Carleman [6] (equations with shift (involution)) and
followed with great attention by Przewoerska-Rolewicz [17, 18], 19, 20, 21| 22| 23], Aftabizadeh et al. [I],
Andreev [3], [4], Burlutskayaa et al. [5], Gupta [7], [8], [9], Watkins [31], Viner [29], [30], and Wiener
[32], [33]; for spectral problems and inverse problems for equations with involutions we may cite the recent
works of Kaliev et al. [10], [11], Sadybekov et al. [15], [16], [25], Sarsenbi et al. [13], [26] and [27]. The
papers of Aliev [2] and Rus [24] concern the maximum principle for equations with a delay in the space
variable. For general facts about partial functional-differential equations (equations with transformations in
the arguments), we refer to the books of Skubachevskii [28] and Wu [34]. In this paper, we consider inverse
problems for the wave equation with involution.

*Corresponding author
Email addresses: mokhtar.kirane@univ-1r.fr (Mokhtar Kirane ), nalsalti@squ.edu.om (Nasser Al-Salti)

Received 2015-10-05



M. Kirane, N. Al-Salti, J. Nonlinear Sci. Appl. 9 (2016), 1243-1251 1244

2. Statement of the problems
Let Q = {—7 <z <7, 0<t<T} be arectangular domain. In this domain, we consider the equation
Ut (T,8) — Ugg (2, 1) + €Ugy (—x,t) = f(2), (z,t) € Q, (2.1)
where, ¢ is a nonzero real number such that |¢| < 1.
We specifically consider the following two problems.
Problem P1. Find a pair of functions (u (x,t), f(x)) in the domain Q satisfying equation ([2.1)) and
the following conditions:
u (:Ea 0) = ¢($)7 Ut ('T?O) = p(x)7 u ($aT) = 1/)(.%), T € [_7[-?77] ) (2'2)
u(—mt) =0, u(mt)=0,te0,T], (2.3)

where ¢(x) and ¢ (z) are given sufficiently smooth functions.

Problem P2. Find a pair of functions (u(z,t), f(z)) in the domain Q satisfying equation (£2.1)),
conditions (2.2)), and
Uy (—m,t) =0, uy(m,t)=0,t€0,T]. (2.4)
By a regular solution to Problem P1 or P2, we mean a pair of functions (u (z,t), f(x)), where u (z,t) €
C22(Q), f(z) € C[—m,x].

z,t

3. The Spectral Problem

Using the method of separation of variables for solving the homogeneous partial differential equation in
problems P1 and P2 leads to the spectral problem consisting of the equation

X"(z) —eX" (—2) + XX () =0, —-m<z<m, (3.1)

and one of the following boundary conditions
X(—m)=X(m)=0, (3.2)
X' (—m)=X'(7)=0. (3.3)

The Sturm-Liouville problem for the equation with one of the boundary conditions f
is self-adjoint; it has real eigenvalues and their corresponding eigenfunctions form a complete orthonormal
basis in Lo (—m,m) [14]. To further investigate the problems under consideration, we need to calculate the
explicit form of the eigenvalues and eigenfunctions.

By expressing the function X as a sum of even and odd functions [I3], it can be shown that the problem

(13.1), (3.2) has the following eigenvalues
1\2
)\k,l :(1+6)k2, keN, )\k,2: (1—6) <k+2> ,k‘ENU{O},
and the corresponding normalized eigenfunctions are given by

1 1 1
Xig = ﬁsinkx, keN, Xpo= ﬁcos <k + 2) x, ke NU{0}. (3.4)

Similarly, the eigenvalues for the problem (3.1)), (3.3) are given by

1 2
M=+ (k4 3) L Ma=(1-2F, keNU{},

and the corresponding normalized eigenfunctions are

1 1 1
Xea = %sin <k: + 2) x, Xgo= FCOS kz, k € NU{0}. (3.5)

The systems of functions ({3.4)) and (3.5)) are complete in Lo (—m, 7).
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4. Main results

Here we present the existence and uniqueness results for Problems P1 and P2.

Theorem 4.1. Let ¢(z), p(x),(z) € C*[—m, 7] and ¢ (£7) = p) (£7) = @ (£7) =0, i = 0,1,2,3.
Then, for a nonzero real number £ such that |e| < 1, Problem P1 has a unique solution which can be written
in the form

& (O, cos Tz (k4 )1 ( 1)
7t = k+ —
u(x \/ﬂz (k+%)4 cos 5 )
| O TE b D (1)
il 4 L
+\/7rkz:0 (k+ 1) cos(Frg)
1 & (CW),, cosVT+e kt+ (CW), sinyT+e kt— (CW),,
+\/7?; 1A 2k sin ke,
and
1S (1=9) ((0™) = (€M) ) < 1>
=— k_|_,
f(z) szo (k+%)2 cos 5 )%
L (16 (69),— (O9),)
—i—ﬁ; k22k 2k2 sin ke,
where,
(o) M= () )i VI=E (k) 7
1k 1—(308@(1’64— )T ’
(0(4)> _ (p(4))1k _
sk VI—e(k+3)
(0(4)> _ (6) g = (W) + (CW) yysin VI + € kT
% 1—cosv1+¢ kT ’
(4)
@) — ()
(C >41<:_\/1+5k:7
and

1 r 1
@) = (4) - =
(g >1k g\ (x) cos (k: + 2) z dr, g 2k \/>/ )sinkx dx, for g= ¢,,p.

Theorem 4.2. Let ¢(z), p(x),(z) € C*[—n, 7] and ¢ (£r) = p@ (£7) = @ (£7) =0, i = 0,1,2,3.
Then, for a nonzero real number & such that |e| < 1, Problem P2 has a unique solution which can be written
i the form

i ( ) 0sv1 —¢ kt + ( ) sin /1 — ¢ kt — (0(4))

u(w,t) =p(z) + 1 k coskx
k=0
C(4))2k cosv1+e(k+3)t “n (k N 1) .
(k+3)" 2

+
a‘H
M I <

(0(4))4k siny/1+¢ (k —i; %) t— (0(4))% sin (k + 1) T
(k+ 1) ?
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and
> (11— @Y _ (oW
f(@) :%Z h= ((¢ Z;k (C )1k) cos kx
k=0
1 & (1+5)((¢(4))2k (C4>2k) ( 1)
t sin ( k+ = |z,
g ; (k+1)° 2
where,
<C(4)> _ (¢(4))1k - (¢(4))1k ( )3k sinyv/1 —¢ kT
t 1—cosv/I—¢ kT
(4)
wy _ D
<C 4 >3k — \/ﬁglkk’
(e¥),,= (69) 5, = (B9) + (CW) ysin VT F= (k+ P T
2k 1—cos\/m<k;+ )T )
(4)
Wy —_ (M)
<C4>4k_ ]‘+E(k2]j|‘%)7
and

™

1 r 1 1
@) - _— (4) @) - _— (4) —
(g )1k N /g () cos kx dx, (g )Qk NG /g (z) sin <k+ 2) x dx, for g=¢,,p.

—Tr

5. Proofs of Results

5.1. Existence

Here, we give a full proof of the existence of a solution to Problem P1 as given in Theorem

As the eigenfunctions system , corresponding to Problem P1, forms an orthonormal basis in
Ly (—m,m) (this follows from the self-adjoint problem (3.I), (3.2))), the functions u(z,t) and f(z) can be

represented as follows

i ) cos < 1) x+ \}% i vg () sin kz, (5.1)
k=1
and - -
f(z) = \/1% Z f1k cos <k + ;) T+ \/17? Z for sin kx, (5.2)
k=0 k=1

where ug(t), vg(t), fir and for are unknown. Substituting (5.1) and (5.2)) into equation ([2.1]), we obtain the
following equations for the functions ug(t), vg(t) and the constants fix, for:

2
w0+ (1= (k4 3) 0 = fis

and
op(t) + (1+ &) K*op(t) = for

Solving these two equations, we get

1 1
uk(t):Clkcosx/l—E(k—i->t+03ksin\/1—€(k+)t+ Sk 3
2 2 (1—¢)(k+3)
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and

Jok
(1+¢) k2’

where the constants Ci, Cok, Csk, Cuk, fik, and for are to be determined using the conditions in ({2.2));
expanding the functions ¢(z), p(z) and ¥ (x) using the eigenfunctions system ({3.4)), we obtain

Jik
(1—e)(k+3)

1
\/1—E<k}+2>03k:,01ka V1+e kCy = pog

1 1
Clkcosx/1—5<k:+>T+03k8inm(k+)T+ fi 5 = Y1k,
2 2 (1—e)(k+3)

vg(t) = Copcos V1 + e kt + Cysinv1 + € kt +

5 = ¢1k,  Cop + _ = P2k

Cur, + (te) 12

and

CopcosV1+e kT + Cypsin V1 +e kT + uﬁ-];k? = ok,

where, ¢ix, pik, Vi, © = 1,2 are the coefficients of the expansions of the functions ¢(x), p(x),(z) that are
given by

1T 1 1T
g1k = NG /g(a:) cos <k + 2> xdr, gop = 7 /g(x) sinkz dx, for g=¢,p,1.

Solving the above set of equations for Cig, Cok, Cs, Car, fir, and for, we get

d1k — 1k + CapsinyT —e (k+4) T

Cun = 1—cosvl—c(k+3)T ’
Cogp = ——L%
Vi—e(k+3)
Oy = Po — Yo + Capsiny/1 + e kT
1 —cosv1+¢kT ’
Car = ﬂ?
Vitek
and
1 2
fio= (-2 (k+3) (u-Cw), For = (1+€) K (6 — O (5.3

Now, substituting ug(t), vk(t), fik, for into (5.1) and (5.2), we obtain

u(x,t) =¢(x) + \}TT;O <Clkcosx/1 —€ <k—i— ;) t+ CssinV1 —¢ <k+ ;) t—Clk> cos (k‘—i— ;) x
1 oo
+ T (Cgk cosvV1+e kt+ Cysinv1+e kt — Cgk) sin kx,
™
k=1

and

1 & 1\? 1 1S _
f(:n):ﬁkzzo(l—e) <k‘+2> (¢1x — C1x) cos <k‘+2>az+ﬁ;(l+5) k% (o, — Cop) sin k.
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Moreover, if ¢ (1) = p® (£7) = @ (£7) = 0, i = 0, 1,2, 3, then on integration by parts, ¢ix, pik, Yik,
i = 1,2, can be written as

(4)
g
g1k = (b L 7 and  gop = 7( k4)2k

for g = ¢, p, 1, where, (¢(4))ik , (p(4)2.k , (¢(4))ik ,© = 1,2 are the coefficients of the expansions of the functions
oW (z), pW(x), W (x) that are given by

g ) cos z dzx, (4) = — / )sin kz dx,
)= e f e e+3)

for g = ¢, 9, p.
Then the constants C1g, Cor, C3k, Ca, fik, and for, can be written as
o (C(4))Ujl Cor (0(4))3]fl
(k+3) (k+3)
c@ c@
CQk _ ( k4>2k, C4k ( k4)4k’
and
e (), ),) B, ),) e
(k+ %)2 1k 1k k2 2k 2%/
where,

(o) 0= 0 @i T T ()
’ 3k

" 1—C(’Sﬁ(“l) Vi—e(k+3)
), B B O VITET ),
2%k 1—cosv1+¢ kT %o VTTek

Hence, the solution to Problem P1 can be written as

e GL

t —
u (i, t) o

2

. i i (C(4))3k Slnm (]C + %) t— (0(4))1k CoSs <k + ;) x

r (k: + %)4
. . 4 . 4
. 2; (C( ))Qk cosv1+¢ kt+ (C;ihk siny/1+ ¢ kt — (C'( ))Qk sin ke, (5.5)
and
[e%s) _ 4 4
fa) :% kzo (1—¢) ((gb(;)_?_IZ)2 (€)1 o8 <k n ;) .
L W) ((6)y = (€0)y) (5.6)

This ends the proof of Theorem [41]
Similarly, one can prove the existence of a formal solution to Problem P2 as given in Theorem
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5.2. Convergence of the series

In order to justify that the formal solution is indeed a true solution, we will prove that all the operations
performed before are valid.
The convergence of the series in ([5.5)) and (5.6 are based on the following estimates for u (x,t) and f(x),

VE|oli| + VE|uil | + 4 ]oid
“(VI—¢) (1—cosvI—c(k+3)T) (k+1)*
N Rk L A R 6
77223 1+€ 1—cos\/m(k+%)T)k4

k=1

fu (2, 8)] < |6 ( iz

™

(5.7)

and

s 5o SRl o ol eafl] il
\f o (L—cosvl—c(k+3)T) (k+%)2 \/;rk:l (1 _cosvi ekt D) T) k2 .

Since ¢(x), p(z),v(z) € C* [—m, ], then by the Bessel inequality for trigonometric series, the following series
converge:

Z ‘gﬁ)‘ <C Hg ’LQ Comy dm 9=0p 0 (5.9)
and ,
; ’95?‘2 <C H9(4) (w)( ;(M) , Jor g =¢,p,7, (5.10)

which implies that the set
() (@) (¢

is bounded. Therefore, by the Weierstrass M-test, the series in and converge absolutely and
uniformly in the region €.

Now, using termwise differentiation of the series in twice with respect to the variables x and ¢, we
get the following estimates for u,, (z,t) and uy (x,t),

: Valolil] + va[uie ]+ fold]

|um(x,t)|§}¢( fz 1—5 1—cos\/m(k+§) )(k—k%)Q
9 &= xf‘d> ‘+xf’¢2 ‘+2‘p(4)

\/EZ; VIte)(1—cosvi—ce(k+3)T)k?

and
20gii| +2 el | vovalelR] 1 g 2fold|+2fusd| 4 3valel]
R D e e e A N e e

which, by using (5.9), (5.10) and the Weierstrass M-test, also converge absolutely and uniformly in .

5.3. Uniqueness

The uniqueness of the solutions to Problems 1 and 2 easily follows from representations of the solutions
given in the theorems above, and from the completeness of systems (3.4)) and .



M. Kirane, N. Al-Salti, J. Nonlinear Sci. Appl. 9 (2016), 1243-1251 1250

Acknowledgements

This paper has been written during a research visit to the University of La Rochelle of Nasser Al-Salti
who would like to thank Prof. Mokhtar Kirane for the invitation and hospitality during the visit.

References

23]
[24]
[25]
126]
[27]
28]

[29]

A. R. Aftabizadeh, Y. K. Huang, J. Wiener, Bounded solutions for differential equations with reflection of the
argument, J. Math. Anal. Appl., 135 (1988), 31-37.

B. D. Aliev, R. M. Aliev, Properties of the solutions of elliptic equations with deviating arguments, (Russian),
Izdat. Akad. Nauk Azerbaijan. SSR, Baku, (1968), 15-25.[]

A. A. Andreev, Analogs of Classical Boundary Value Problems for a Second-Order Differential Equation with
Deviating Argument, Differ. Equ., 40 (2004), 119271194.

A. A. Andreev, I. P. Shindin, On the well-posedness of boundary value problems for a partial differential equation
with deviating argument, (Russian), Kuibyshev. Gos. Univ., Kuybyshev, (1987), 376.

M. S. Burlutskayaa, A. P. Khromov, Fourier Method in an Initial-Boundary Value Problem for a First-Order
Partial Differential Equation with Involution, Comput. Math. Math. Phys., 51 (2011), 210272114.

T. Carleman, Sur la theorie des équations intégrales et ses applications, Verh. Internat. Math. Kongr., 1 (1932),
138-151.

C. P. Gupta, Boundary value problems for differential equations in Hilbert spaces involving reflection of the
argument, J. Math. Anal. Appl., 128 (1987), 3757388.

C. P. Gupta, Existence and uniqueness theorems for boundary value problems involving reflection of the argument,
Nonlinear Anal., 11 (1987), 1075-1083.[T]

C. P. Gupta, Two-point boundary value problems involving reflection of the argument, Int. J. Math. Math. Sci.,
10 (1987), 361-371.[1]

I. A. Kaliev, M. F Mugafarov, O. V. Fattahova, Inverse problem for forward-backward parabolic equation with
generalized conjugation conditions, Ufa. Math. J., 3 (2011), 34742.

I. A. Kaliev, M. M. Sabitova, Problems of determining the temperature and density of heat sources from the initial
and final temperatures, J. App. Ind. Math., 4 (2010), 332*339.

V. Kolmanovski, A. Myshkis, Introduction to the theory and applications of functional differential equations,
Kluwer, Dordrecht, (1999).[1]

A. Kopzhassarova, A. Sarsenbi, Basis Properties of Figenfunctions of Second-Order Differential Operators with
Involution, Abstr. Appl. Anal., 2012 (2012), 6 pages.

M. A. Naimark, Linear Differential Operators, Part II, Ungar, New York, (1968).

I. Orazov, M. A. Sadybekov, One nonlocal problem of determination of the temperature and density of heat
sources, Russ. Math., 56 (2012), 60-64.[f]

I. Orazov, M. A. Sadybekov, On a class of problems of determining the temperature and density of heat sources
given initial and final temperature, Sib. Math. J., 53 (2012), 1467151.

D. Przeworska-Rolewicz, Sur les équations involutives et leurs applications, Stud. Math., 20 (1961), 957117.
D. Przeworska-Rolewicz, On equations with different involutions of different orders and their applications to
partial differential-difference equations, Stud. Math., 32 (1969), 1017111.

D. Przeworska-Rolewicz, On equations with reflection, Stud. Math., 33 (1969), 1977206.

D. Przeworska-Rolewicz, On equations with rotations, Stud. Math., 35(1970), 51768.

D. Przeworska-Rolewicz, Right invertible operators and functional-differential equations with involutions, Demon-
str. Math., 5 (1973), 165-177.[T]

D. Przeworska-Rolewicz, Equations with Transformed Argument. An Algebraic Approach, Modern Analytic and
Computational Methods in Science and Mathematics, Elsevier Scientific Publishing and PWN-Polish Scientific
Publishers, Amsterdam and Warsaw, (1973).[]

D. Przeworska-Rolewicz, On linear differential equations with transformed argument solvable by means of right
invertible operators, Ann. Pol. Math., 29 (1974), 1417148.

1. A. Rus, Mazimum principles for some nonlinear differential equations with deviating arguments, Studia Univ.
Babes-Bolyai Math., 32 (1987), 53-57.[]]

M. A. Sadybekov, A. M. Sarsenbi, On the notion of regularity of boundary value problems for differential equation
of second order with dump argument, (Russian), Math. J., 7 (2007).[T]

A. M. Sarsenbi, Unconditional bases related to a nonclassical second-order differential operator, Differ. Equ., 46
(2010), 509-514.[T]

M. Sarsenbi, A. A. Tengaeva, On the basis properties of root functions of two generalized eigenvalue problems,
Differ. Equ., 48 (2012), 306-308.[]]

A. L. Skubachevskii, Elliptic functional differential equations and applications, Birkhauser, Basel-Boston—Berlin,
(1997).[1]

1. J. Viner, Differential equations with involutions, (Russian), Differ. Uravn., 5 (1969), 113171137.



M. Kirane, N. Al-Salti, J. Nonlinear Sci. Appl. 9 (2016), 1243-1251 1251

[30] 1. J. Viner, Partial differential equations with involutions, (Russian), Differ. Uravn., 6 (1970), 1320-1322.[f]

[31] W. Watkins, Modified Wiener equations, Int. J. Math. Math. Sci. 27 (2001) 347-356.[1]

[32] J. Wiener, Generalized Solutions of Functional-Differential Equations, World Scientific Publishing, New Jersey,
(1993).[i]

[33] J. Wiener, A. R. Aftabizadeh, Boundary value problems for differential equations with reflection of the argument,
Int. J. Math. Math. Sci., 8 (1985), 151-163.[I]

[34] J. Wu, Theory and Applications of Partial Functional Differential Equations, Springer-Verlag, New York, (1996).
m



	1 Introduction and Preliminaries
	2 Statement of the problems
	3 The Spectral Problem
	4 Main results
	5 Proofs of Results
	5.1 Existence
	5.2 Convergence of the series
	5.3 Uniqueness


