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Abstract

In the article, we present the sharp bounds for the Neuman mean Njg(a,b), Nga(a,b), Nga(a,b)
and Nag(a,b) in terms of the convex combinations of the arithmetic and one-parameter harmonic and
contraharmonic means. As applications, we find several sharp inequalities for the first Seiffert, second
Seiffert, Neuman-Sandor and logarithmic means. (©)2016 All rights reserved.
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1. Introduction
For a,b > 0 with a # b, the Schwab-Borchardt mean SB(a,b) [0, [7] of a and b is defined by

Vb2—a2
__ ) arccos (a/b)’ a<b,
»S(_B(CL7 b) = m

cosh™! (a/b)’ a>b,

where cosh™!(z) = log(x 4+ v/22 — 1) is the inverse hyperbolic cosine function.

It is well known that the Schwab-Borchardt mean SB(a,b) is strictly increasing in both a and b, nonsym-
metric and homogeneous of degree 1 with respect to a and b. Many symmetric bivariate means are special
cases of the Schwab-Borchardt mean. For example, SB[G(a,b), A(a,b)] = (a—b)/[2arcsin((a—b)/(a+Db))] =
P(a,b) is the first Seiffert mean, SB[A(a,b), Q(a,b)] = (a—b)/[2arctan((a —b)/(a+b))] = T'(a,b) is the sec-
ond Seiffert mean, SB[Q(a,b), A(a,b)] = (a —b)/[2sinh ™ ((a —b)/(a+b))] = M(a,b) is the Neuman-Sandor
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mean, SB[A(a,b),G(a,b)] = (a — b)/[2tanh™((a — b)/(a + b))] = L(a,b) is the logarithmic mean, where
G(a,b) = Vab is the geometric mean, A(a,b) = (a + b)/2 is the arithmetic mean, Q(a,b) = /(a% + b?)/2
is quadratic mean, sinh ™1 (z) = log(x + v/22 + 1) is the inverse hyperbolic sine function and tanh™!(z) =
log[(1 4+ x)/(1 — x)]/2 is the inverse hyperbolic tangent function.
Let X (a,b) and Y (a, b) be the symmetric bivariate means of a and b. Then the Neuman mean Nxy (a,b)
[5] is given by
1

i a Y?(a,b)
2 <X( R SB(X(a,b),Y (a, b)))' (1.1)

Let a >b>0,v=(a—0b)/(a+0b) € (0,1). Then the following explicit formulas and inequalities can be
found in the literature [5].

Nxy(a,b) =

Nacla,b) = A(‘;’ ) {1 . UQ)W} , (1.2)
Nealat) = 250 [Tty 2], (1.9
Nagla.b) = 220 {1 +( +v2)mn(”)] , (1.4)

Noa(a,b) = A(;’ ) { 1+ 02+ Sinil_l] , (1.5)

H(a,b) < G(a,b) < L(a,b) < Nag(a,b) < P(a,b) < Nga(a,b) < A(a,b)
< M(a,b) < Nga(a,b) <T(a,b) < Nag(a,b) < Q(a,b) < C(a,b),

where H(a,b) = 2ab/(a + b) is the harmonic mean and C(a,b) = (a? + b?)/(a + b) is the contra-harmonic
mean.

Recently, the bounds for Neuman means Nag(a,b), Nga(a,b), Nag(a,b) and Nga(a,b) have attracted
the attention of several researchers.

Neuman [5] proved that the double inequalities

a1A(a,b) + (1 — a1)G(a,b) < Nga(a,b) < B1A(a,b) + (1 — 51)G(a,b),
a2Q(a,b) + (1 — a2)A(a,b) < Nag(a,b) < B2Q(a,b) + (1 — S2)A(a,b),
azA(a,b) + (1 — a3)G(a,b) < Nag(a,b) < f3A(a,b) + (1 — B3)G(a,b),
a4Q(a,b) + (1 — aa)A(a,b) < Noa(a,b) < £1Q(a,b) + (1 — B4)A(a, b)

hold for all a,b > 0 with a # b if and only if a; < 2/3, 81 > 7/4, ag < 2/3, fo > (7 — 2)/[4(vV/2 —1)] =
0.689..., a3 <1/3, B3 >1/2, ay <1/3 and B4 > [log(1 4+ v/2) +v2 —2]/[2(vV/2 — 1)] = 0.356.. ..

In [10] Zhang et al. presented the best possible parameters ay, ag, 51, 82 € [0,1/2] and as, aa, 3, B4 €
[1/2,1] such that the double inequalities

G(ara+ (1 —ag)b,a1b+ (1 — aq)a) < Nag(a,b) < G(Bra+ (1 = B1)b, B1b+ (1 — 51)a),

G(aza+ (1 — a2)b,azb + (1 — a)a) < Nga(a,b) < G(faa + (1 — f2)b, f2b + (1 — f2)a),

Qaza+ (1 — as)b, azb + (1 — az)a) < Nga(a,b) < Q(Bza+ (1 — B3)b, B3b+ (1 — B3)a),
Q(asa+ (1 — as)b, asb + (1 — as)a) < Nag(a,b) < Q(Baa + (1 — B4)b, Bab+ (1 — Ba)a)

hold for all a,b > 0 with a # b.
Qian et al. [9] proved that the double inequalities

a1A(a,b) + (1 —a1)L(a,b) < Nag(a,b) < B1A(a,b) + (1 — 1)L(a,b),
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agA(a,b) + (1 — a2)P(a,b) < Nga(a,b) < B2A(a,b) + (1 — 52)P(a,b),
a3Q(a,b) + (1 — asz)M(a,b) < Nga(a,b) < B3Q(a,b) + (1 — B3)M(a,b),
asQ(a,b) + (1 — as)T(a,b) < Nag(a,b) < BsQ(a,b) + (1 — S4)T(a,b)
hold for all a,b > 0 with a # b if and only if ag < 0, 81 > 1/2, ag <0, Bs > (72 — 8)/(47 — 8), a3z < 0,
> [v21og?(14+v/2)+2log(1+v/2) —2v/2] /[4log(1++/2) —2v/2], ay < 0 and By > (72 +27—16)/(4v/27—16).

Let a,b > 0, p € [0,1] and N be a symmetric bivariate mean, then the one-parameter mean N (a, b) was
defined by Neuman [3] as follows

1 l—p 1- 1
*p Py 172, 1EPy1 (1.6)

Ny(a,b) =N 5 a+ 505 5

Neuman [4] proved that the double inequalities
le(a,b) < Nag(a,b) < Hg, (a,b), sz(a,b) < Nga(a,b) < Hy, (a,b), (1.7)
Cpg(a,b) < NQA(CL, b) < Cys (a,b), C’m(%b) < NAQ(a, b) < Cy, (a,b) (1.8)

hold for all a,b > 0 with a # b if p; > ﬂ/2, q < \/3/3, p2 > /1 —7/4, g2 < \/6/6, p3 =0, g3 > \/6/6,
ps < V7 —2/2and q4 > V/3/3.

It is not difficult to verify that H,(a,b) is strictly decreasing and Cp(a,b) is strictly increasing with
respect to p € [0, 1] for fixed a,b > 0 with a # b.

The first aim of this paper is to prove that p1 = v/2/2, ¢1 = v/3/3, po» = /1 —7/4, g2 = V6/6, p3 =

\/[log(l +v2) +v2—2)]/2, g3 = V6/6, ps = /7T — 2/2 and q4 = \/3/3 are the best possible parameters in
[0, 1] such that the double inequalities and hold for all a,b > 0 with a # b.

The second purpose of the article is to present the best possible parameters oy = a1(p), f1 = B1(p),
ag = aa(q), B2 = PB2(q), as = as(r), B3 = P3(r), as = as(s) and By = B4(s) such that the double inequalities

a1A(a,b) + (1 —a1)Hp(a,b) < Nag(a,b) < f1A(a,b) + (1 — 51)Hp(a,b),
a2A(a,b) + (1 — ag)Hy(a,b) < Nga(a,b) < f2A(a,b) + (1 — 2)Hy(a,b),
azCr(a,b) + (1 — az)A(a,b) < Nga(a,b) < 53Cy(a,b) + (1 — p3)A(a,b),
asCy(a,b) + (1 — as)A(a,b) < Nag(a,b) < p1Cs(a,b) + (1 — B1)A(a,b)

hold for all p € [v/2/2,1], ¢ € [\/1 —7/4,1], r € [\/6/6,1], s € [/3/3,1] and a,b > 0 with a # b.

(
(

2. Lemmas
In order to prove our main results we need several lemmas, which we will present in this section.

Lemma 2.1 ([8]). Let {an}22 o and {b,}32 be two real sequences with by, > 0 and limy,_,o apn /by, = s. Then
the power series Y oo ant™ is convergent for all t € R and

oo n
ant
lim 20" =s

t—00 Zn Ob tn
if the power series Y .~ bt™ is convergent for all t € R.

Lemma 2.2 ([1]). Let —oo < a < b < +o0 and f,g: [a,b] — R be continuous on [a,b] and differentiable on
(a,b) and ¢'(x) # 0 on (a,b). If f'(x)/g' (x) is increasing (decreasing) on (a,b), then so are the functions
/

[f(z) = f(a)l/lg(x) — g(a)] and [f(z) — f(0)]/lg(x) — g(b)]. If f'(x)/g'(x) is strictly monotone, then the

monotonicity in the conclusion is also strict.
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Lemma 2.3 ([2]). Let A(t) = Y52, axt® and B(t) = Y50, bit* be two real power series converging on
(=r,7) (r > 0) with by, > 0 for all k. If the non-constant sequence {ay/by} is increasing (decreasing) for all
k, then the function A(t)/B(t) is strictly increasing (decreasing) on (0,7).
Lemma 2.4. The function
(@) sinh(2x) cosh(z) — 2z cosh(x)
€Tr) =
sinh(3z) — 3sinh(x)
is strictly increasing form (0,00) onto (1/3,1/2).

Proof. Let
% (32n+3 + 1) _ 2(27”L + 3) B 32n+3 -3
(2n + 3)! T (2n 4 3)

ap —

Then simple computations lead to

3[sinh(3z) + sinh(z)] — 2z cosh(z)

fx) = sinh(3z) — 3sinh(z)
1 32ntl 1 1
K o (2n+1)!x2n+1 +3%, men—‘rl —2zy 0, 7(%)!3;211 21)
= 32n+1 1 '
S, ml&n—i—l —33%, (2n+1)!x2n+1
_ Yoo "
B Do bnz®™”
aq 1 . Qp, 1
A2 lim =2==Z 2.2
i L >
4[(7 +8n)3%+2 -1
an+1 N Qn _ [( ) >0, b,>0 (23)

boi1i  bn  3(32712 1) (3204 _ 1)

for all n > 0.
It follows from (22.1)—(2.3|) together with Lemmas 2.1/ and [2.3| that the function f(x) is strictly increasing
on (0,00) and

. a0 1 . T an 1
L i S ) z4
Therefore, Lemma follows from (12.4)) and the monotonicity of f on the interval (0, c0). OJ

Lemma 2.5. The function
4sin(x) — sin(2z) — 2z
) — Asin(a) — sin(2)
3sin(z) — sin(3x)

is strictly increasing form (0,7/2) onto (1/6,1 — 7/4).

Proof. Let g1(z) = 4sin(z) — sin(2x) — 2z and g2(x) = 3sin(z) — sin(3x). Then

o) = 28 91(0%) = g2(0%) = 0, (2.5)
91(x) 1
gh(x) — 3[L+ cos(z)]’ (2.6)

From (2.6) we clearly see that the function ¢/ (x)/g5(z) is strictly increasing on (0,7/2). Then Lemma
and (2.5)) lead to the conclusion that g(z) is strictly increasing on (0,7/2). Note that
/

0= B8 0(5) 1% e

Therefore, Lemma follows from (2.7)) and the monotonicity of g(x) on the interval (0,7/2). O
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Lemma 2.6. The function
sinh(2x) — 4sinh(z) + 2z

W) = sinh(3z) — 3sinh(z)
is strictly decreasing form (0,log(1 + v/2)) onto ((log(1 +v/2) + V2 — 2)/2,1/6).
Proof. Let

B 22n+3 —4 B 32n+3 -3
= 2nt3) 2n+3)

=
Then simple computation lead to

oo 22l opi1 00 1 2n+1 00 9
Zn:O (2n+1)!x 4271:0 (2n+1)!x + 2z Z —0 CnT "

h(l‘) = s 2n+1 0 = %= o (2'8)
Zn:O (gn+1)!x2n+1 -3 Zn:U ﬁaﬂn-‘rl Zn:O dn
» . 8 5X22n_4 32n+3+9x22n+3
et en_ 8 ) <0, dp>0 (2.9)
dn+1 d,, 9 (32n+2 _ 1) (32n+4 _ 1)
for all n > 0.
It follows from Lemma [2.3|and (2.8) together with (2.9)) that h(x) is strictly decreasing on (0, c0). Note
that
1 log(1 2 2-2
h(0T) = CCTO = <. h(log(1+v2)) = og(1+ Q tv2-2 (2.10)
0
Therefore, Lemma [2.6| follows from (2.10)) and the monotonicity of h(z) on the interval (0, co). O
Lemma 2.7. The function
2x cos(x) — sin(2z) cos(x)
k(z) = - :
3sin(x) — sin(3x)
is strictly decreasing form (0,m/4) onto ((m —2)/4,1/3).
Proof. Let ki(x) = 2x cos(x) — sin(2z) cos(z) and ka(z) = 3sin(x) — sin(3z). Then
k()
k(x) = k1(0) = k2(0) =0 2.11
(@) = e i0) = ka(0) =0, (211)
/
1
k}(x) - € : (2.12)
Ey(x) 2 3sin(2x)
Ki(z) 1 s T—2
ROF) = tim EE = o k(D) =T 2.13
(07 =tim oo ~3 *g 4 (2.13)

It is well known that the function z/sin(2x) is strictly increasing on (0,7/4), then (2.12) leads to the
conclusion that the function kf(x)/k%(z) is strictly decreasing on (0,7/4).

Therefore, Lemma[2.7] follows easily from Lemma 2.2} (2.11)) , (2.13) and the monotonicity of k] (z)/k(x)
on the interval (0,7/4). O

3. Main Results

Theorem 3.1. Let p1,p2, ps, P4, 41,92, 93,94 € [0,1]. Then the double inequalities
le(&b) < NAg(a, b) < qu (a, b), Hm(a’b) < NGA(CL, b) < Hq2 (a, b),
Cps(mb) < NQA(CL, b) < C<13 (a, b), Cp4(a,b) < NAQ(a, b) < CQ4(CL, b)

hold for all a,b > 0 with a # b if and only if p1 > V2/2, ¢ < V3/3, po > /1 —7/4, ¢ < V6/6,
p3 < \/[log(l +V2) +v2-2)/2, 45 > V6/6, p1 < VT —2/2 and g1 > V3/3.
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Proof. Since the Neuman means Nag(a,b), Nga(a,b), Nga(a,b) and Nag(a,b), and the one-parameter
means Hy(a,b) and C,(a,b) are symmetric and homogeneous of degree 1 with respect to a and b, without
loss of generality, we assume that a > b > 0.

Let \,u € [0,1], v = (a —b)/(a +b) € (0,1), z = tanh~!(v) € (0,00), y = arcsin(v) € (0,7/2),
z=sinh™!(v) € (0,log(1 + v/2)) and w = arctan(v) € (0,7/4). Then it follows from (I.2)—(L.6) that

Hj(a,b) = A(a,b) (1 = A\?v?),  Cu(a,b) = A(a,b) (1 + p*v?), (3.1)

203

sinh(2z) cosh(z) — 2x cosh(x)
sinh(3x) — 3sinh(z)

Hy(a,b) — Nac(a,b) = A(a, b)o? [v —(1—*) tanh ' (v) /\2]
(3.2)

= A(a,b)v? [ - )\2] = A(a,b)v* [f(z) = X7],

2v — vV 1 — v% — arcsin(v)
203
4sin(y) — sin(2y) — 2y
3sin(y) — sin(3y)

— )2

Hy(a,b) — Nga(a,b) =A(a,b)v? [

(3.3)

A, by [ - AZ] — Ala,b)0? [gly) - X,

Ngal(a,b) — Cy(a,b) =A(a,b)v?

vV/1 4 02 +sinh ™1 (v) — 2v B M2]
‘ 21f3 (3.4)
—a, o2 | TSI L2 2] 0e? ) - ).

Nag(a,b) — Cy(a,b) =A(a, b)v?

(1 + v?) arctan(v) — v B qul

207 (3.5)

2w cos(w) — sin(2w) cos(w)

3sin(w) — sin(3w)

=A(a,b)v? [ - ,uQ} = A(a, b)v? [k(w) — ,u2] ,

where the functions f(-), g(-), h(-) and k(-) are respectively defined as in Lemmas and
Therefore, Theorem |3 - 1| follows easily from Lemmas m 7l and ( . . O

Theorem 3.2. Let p € [v/2/2,1], ¢ € [\/1—7/4,1], r € [V/6/6,1] and s € [\/3/3,1]. Then the double

iequalities

a1A(a,b) + (1 —a1)Hp(a,b) < Nag(a,b) < f1A(a,b) + (1 — 51)Hp(a,b), (3.6)
agA(a,b) + (1 — az2)Hy(a,b) < Nga(a,b) < B2A(a,b) + (1 — B2)Hy(a,b), (3.7)
azCr(a,b) + (1 — az)A(a,b) < Nga(a,b) < 53C(a,b) + (1 — p3)A(a,b), (3.8)
a1Cs(a,b) + (1 — au)A(a,b) < Nag(a,b) < B4Cs(a,b) + (1 — B1)A(a,b) (3.9)
hold for all a,b > 0 with a # b if and only if oy <1 —1/(2p?), B1 > 1—1/(3p?), an <1 — (4 —7)/(4¢%),

B> 1—1/(6¢), as < [log(1 +v2) + V2 — 2/ (2r%), B > 1/(61%), au < (m — 2)/(4%) and s > 1/(35?).

Proof. Without loss of generality, we assume that a > b > 0 Let v = (a —b)/(a+b) € (0,1). Then from
. 1.5) and (3.1)) we clearly see that inequalities ([3.6) are respectively equivalent to the inequalities

— (1 —2?) tanhfl(v)

503 < (1 —a)p?, (3.10)

(1-B)p? < =
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2v — vy 1 —v? — arcsin(v)
<
203
vv/1 4 02 4 sinh ™1 (v) — 20
203
(1 +v?) arctan(v) — v
203
Let x = tanh™!(v) € (0,00), y = arcsin(v) € (0,7/2), z = sinh~!(v) € (0,log(1 + v/2)) and w =
arctan(v) € (0,7/4). Then simple computations lead to

< (1—a2)d?, (3.11)

(1 - Ba2)g”

< Bsr?, (3.12)

0437‘2 <

ay8® < < Bus®. (3.13)

— (1 —v?)tanh™'(v) _ sinh(2z) cosh(z) — 2z cosh(x)

= 3.14

203 sinh(3x) — 3sinh(x) ' (3:14)

2v — vyl —v? —arcsin(v)  4sin(y) — sin(2y) — 2y (3.15)
203 ~ 3sin(y) —sin(3y) ’

vV1+02 +sinh™(v) —2v  sinh(22) — 4sinh(2) + 2z (3.16)
203 ~ sinh(3z) — 3sinh(z) ’ '

(1 + v?) arctan(v) — v 2w cos(w) — sin(2w) cos(w) (3.17)
203 B 3sin(w) — sin(3w) ' '

Therefore, inequality (3.6} holds for all a,b > 0 with a # b if and only if oy < 1 — 1/(2p?) and

B > 1—1/(3p?) follows from and ( - 3.14) together with Lemma H, 2.4] inequality (3.7) holds for all
a,b > 0 with a # b if and only 1f az < 1—(4—7)/(4¢?) and B2 > 1 — 1/(6¢°) follows from
and together with Lemma inequality holds for all a,b >0 with a # b if and only if
< llog(1 +v2) +v/2 —2]/(2r?) and £3 > 1/(6r?) follows from and together with Lemma
and inequality (3.9) holds for all a,b > 0 with a # b if and only 1f ay < (m— 2)/( 2) and B4 > 1/(3s?)
follows from (3.13) and (3.17) together with Lemma [2.7] O

From (|1.2)) we clearly see that

Nacr(a,b) = % [A(a, b+ G2((a’13)] Nea(a,b) = % [G(a, b+ ‘f ((j’bb” , (3.18)
2 2 a
Naola,b) = % [A(a, b+ Cfp (((17 bb))] . Noa(a,h) = % [Q(a, b+ j\lﬂ(ag ] (3.19)

Theorem [3.2 (3.18) and (3.19) lead to Theorem immediately.

Theorem 3.3. Let p € [v/2/2,1], ¢ € [\/1 —7/4,1], r € [\V/6/6,1] and s € [\/3/3,1]. Then the double

inequalities

26; - 1>A<a,ggfé2 “H (@) MY < G A, 52&2 ~ o) Hy(a,b)’
252 A(a,b) + 2(1A—2(f2)2q(a, W=y < @Y < Ay 2 = (()z;)bl){q(a b) — G(a,b)’
2350, (a,b) + 2(?2—(6;;))/1(% 5= 0% ~ MY < 5@ 120 —(CZ;))A( D)~ Qa,b)’
261Cs(a, b)%??m@A(a,b) <T(@b) < 30 i b)cfg?f)mm(a, b)
hold for all a,b > 0 with a # b if and only if o1 < 1—1/(2p?), f1 > 1—1/(3p%), as < 1— (4 — m)/(4¢?),

B >1-1/(64°), as < [log(1+v2) +v2 - 2]/(2r?), B3 > 1/(6r? ) ag < (m—2)/(45%) and By > 1/(357).
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