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Abstract

By using the critical point method, the existence of periodic solutions for second-order nonlinear differ-
ence equations is obtained. The proof is based on the Saddle Point Theorem in combination with variational
technique. The problem is to solve the existence of periodic solutions of second-order nonlinear difference
equations. One of our results obtained complements the result in the literature. (©2016 All rights reserved.
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1. Introduction

Recently, the theory of nonlinear difference equations has been widely used to study discrete models
appearing in many fields such as computer science, economics, neural networks, ecology, cybernetics, etc.
For the general background of difference equations, one can refer to the monographs [I}, 2, [3]. For the past
twenty years, there has been much progress on the qualitative properties of difference equations, which
included result in stability and attractive [I3] [I5] and result in oscillation and other topics, see [I}, 2} 3] [8,
9, 10, 12], 21], 22, 23] 24], 25]. Therefore, it is worthwhile to explore this topic.

Let N, Z and R denote the sets of all natural numbers, integers and real numbers respectively. For any
a, b € Z, define Z(a) ={a,a+1,---}, Z(a,b) ={a,a+1,--- ,b} when a < b. Let the symbol * denote the
transpose of a vector.
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The present paper considers the following second-order nonlinear difference equation
A ( n(Aun_1)5) + qnug + f(n,upg1,un,up—1) =0, n € Z, (1.1)

where A is the forward difference operator Au, = upi1 — upn, A%u, = A(Auy,), 6§ > 0 is the ratio of
odd positive integers, {p,} and {g,} are real sequences, f € C(Z x R3 R), T is a given positive integer,
PntT =DPn > 0, gyt = gn <0, f(n+T,v1,v2,03) = f(n,v1,v2,0v3).

Eq. can be considered as a discrete analogue of a special case of the following second-order nonlinear
functional differential equation

(p(W)p(u)) + Ft,ut + 1), u(t),u(t — 1)) =0, t € R. (1.2)
Eq. includes the following equation

(p(Dp())' + f(t,u(t) =0, t R,

which has arisen in the study of fluid dynamics, combustion theory, gas diffusion through porous media,
thermal self-ignition of a chemically active mixture of gases in a vessel, catalysis theory, chemically reacting
systems, and adiabatic reactor [0 [7, [I1]. Equations similar in structure to arise in the study of the
existence of solitary waves of lattice differential equations, see Smets and Willem [14].

When ¢ =1, and f(n, upt1, tn, Un—1) = 0, becomes

A (pnAun—l) + gnun =0, (13)

which has been extensively investigated by many authors [Il, 8] [6], for results on oscillation, asymptotic
behavior, boundary value problems, disconjugacy and disfocality.
In [21], the periodic solutions of second-order self-adjoint difference equation

A (pnAun—1) + gnun = f(n,un) (1.4)

has been considered.
When f(n, unt1,Un, un—1) = 0,n € Z(0), (L.1) reduces to the following equation

A ( n(Aun_1)6> + qnui =0, (1.5)

which has been studied in [Il, 6 22] for results on oscillation, asymptotic behavior and the existence of
positive solutions.

Moreover, if qnug + f(n, Ung1, Uny Un—1) = qng(un) + 7, has been considered in [16] for oscillatory
properties of its all solutions.

When 8 > §+1, in Theorem 3.2, Cai and Yu [4] have obtained some sufficient conditions for the existence
of periodic solutions of the following nonlinear difference equation

A (pn(Aun,l)‘s) + qnufI = f(n,up), n € Z. (1.6)

Furthermore, [4] is the only paper we found which deals with the problem of periodic solutions to second-
order difference equation . When 5 < § + 1, can we still find the periodic solutions of ?

By using various methods and techniques, such as Schauder fixed point theorem, the cone theoretic fixed
point theorem, the method of upper and lower solutions, coincidence degree theory, a series of existence re-
sults of nontrivial solutions for differential equations have been obtained in [14} 16l [19]. Critical point theory
is also an important tool to deal with problems on differential equations [I4] [19]. Because of applications in
many areas of difference equations [11, 2, 3], recently, a few authors have gradually paid attention to applying
critical point theory to deal with periodic solutions of discrete systems, see [8, (9} 10, 17, 21} 23]. Particularly,
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Guo and Yu [8, 9, 10] and Shi et al. [I7] studied the existence of periodic solutions of second-order nonlinear
difference equations by using the critical point theory. However, to the best of our knowledge, when § # 1
the results on periodic solutions of second-order nonlinear difference equation are very scarce in the
literature (see[d]), because there are few known methods for considering the existence of periodic solutions
of discrete systems. Furthermore, since f in depends on uyy1 and u,_1, the traditional ways of estab-
lishing the functional in [8 @, 10, 21), 23] are inapplicable to our case. The main purpose of this paper is
to give some sufficient conditions for the existence of periodic solutions to second-order nonlinear difference
equations. The main approach used in our paper are variational techniques and the Saddle Point Theorem.
In particular, one of our results obtained complements the result in the literature [4]. In fact, one can see
the Remark for details. The motivation for the present work stems from the recent papers in [4, 23].

For basic knowledge on variational methods, we refer the reader to [14].

Let

p= E%IFT {pn}, D= L {pn}, = EI%“?T {an}, a= ergzlng){q}

Now we state the main results of this paper.

Theorem 1.1. Assume that the following hypotheses are satisfied:
(Fy) there exists a functional F(n,v1,v2) € CY(Z x R? R) such that

F(n+T,v1,v2) = F(n,v1,v2),
OF(n —1,v9,v3)  OF(n,v1,v2)
+
Oy Ova
(Fy) there exist constants Ry > 0 and 1 < a < 2 such that for n € Z and \/v? + v5 > Ry,
oF oF
(n,m,vz)vl N (n,v1,vz)v2
ovy Ov
(F3) there exist constants ap > 0, az > 0 and 1 < v < « such that

= f(n,v1,v2,v3);

0<

< 50+ DF(n,vr,ve);

(6+1)
F(n,v1,v2) > a1 < vf + v%) —ag, Y(n,v1,vs) € Z X R2.

Then for any given positive integer m > 0, (L.1)) has at least one mT -periodic solution.

Remark 1.2. Assumption (F3) implies that for each n € Z there exist constants az > 0 and a4 > 0 such that
2(0+1)

(F3) F(n,v1,v2) < as ( v + v%) : + ay, ¥(n,v1,v) € Z x R2.

In fact, let v = (v1,v2) and V,F(n,v) be the gradient of F(n,v) in v. From (F3), we have
v VoF(nuv) < 5(6“), for n € Z and |v| > R;.

[ol " F(no) o]
Thus,
dln F(n,v) < 56 +1)
dof = o]
which implies
d
o ’(lnF(n V) — ((5 +1)In|v]) <0, (1.7)

for n € Z and |v| > Ry.
Denote G = max{ln F(n,v) — (0 +1)In|v|: n € Z, |v| = R1}. By (L.7),
InF(n,v) = $(6+1)In|v| <G, for n € Z and |v| > R;.
That is,
F(n,v) < aslv|20tY for n € Z and |v| > Ry,

where a3 = €©.

Let ag = max{|F(n,v)|: n € Z, |v| < Ri}. Then (F}) holds. If f(n,unt1,Un, un—1) = —f(n,u,), (1.1)
reduces to ([1.6). Then, we have the following results.
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Theorem 1.3. Assume that the following hypotheses are satisfied:
(Fy) there exists a functional F(n,v) € CHZ x R,R), F(n+ T,v) = F(n,v) such that
OF (n,v)

v = f(nvv);

(F5) there exist constants Ry >0 and 1 < o < 2 such that for n € Z and \/v} + v3 > R,
%(5 +1)F(n,v) <vf(n,v) <0
(Fg) there exist constants as > 0, ag > 0 and 1 < v < « such that
F(n,v) < —as|v|20t) 4 ag, V(n,v) € Z x R.

Then for any given positive integer m > 0, (L.6) has at least one mT -periodic solution.

Remark 1.4. When 8 > § + 1, in Theorem 3.2, Cai and Yu [4] have obtained some criteria for the existence
of periodic solutions of (1.6). When 8 < 6 + 1, we can still find the periodic solutions of (1.6). Hence,
Theorem [1.3] complements the existing one.

The rest of the paper is organized as follows. First, in Section [2, we shall establish the variational
framework associated with and transfer the problem of the existence of periodic solutions of into
that of the existence of critical points of the corresponding functional. Some related fundamental results
will also be recalled. Then, in Section |3 we shall complete the proof of the results by using the critical point
method. Finally, in Section [4 we shall give an example to illustrate the main result.

2. Variational structure and some lemmas

In order to apply the critical point theory, we shall establish the corresponding variational framework
for (L.1)) and give some lemmas which will be of fundamental importance in proving our main results. We
start by some basic notations.

Let S be the set of sequences u = (-« ,U_p, -+ ,U_1,Ug, UL, "+ ,Un, ) = {un }12° ., that is

S = {{un}|lu, € R, n€Z}.

For any u,v € S, a,b € R, au + bv is defined by

au + bv = {au, + bv, )1

n=—oo"

Then S is a vector space.
For any given positive integers m and T', E,,r is defined as a subspace of S by

E,r = {u € S|upntmr = tn, Yn € Z}.

Clearly, E,,r is isomorphic to R™T. E,,r can be equipped with the inner product

mT
(u,v) = Zujvj, Yu,v € Enr, (2.1)
j=1
by which the norm || - || can be induced by
1
mT 2
full = [ > u?] , Vu€ Enr. (2.2)

=1
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It is obvious that FE,,r with the inner product (2.1)) is a finite dimensional Hilbert space and linearly
homeomorphic to R™7".
On the other hand, we define the norm || - ||s on E,,r as follows:

3
~
@ |

for all u € E,,r and s > 1.
Since ||ul|s and ||u||2 are equivalent, there exist constants ¢1, ¢ such that ca > ¢; > 0, and

crlfullz < lulls < e2llull2, Yu € Epr. (2.4)
Clearly, ||u|| = ||u||2. For all u € E,,7, define the functional J on E,,r as follows:
_ 6+1
J = 5—|— 1 an+1 Aun 5+ 1 ZQnu +TLZIF n un+17un)
J(u) == — 5 1 an o1 4 ZF Ny Unt1, Un), (2.5)
where .
1 <« si1 OF(n—1,v9,v3) OF(n,vi,v2)
H(u) = S+ 1 ZP”H (Aup)™, vy + 90s = f(n,v1,v2,v3).

Clearly, J € CY( mT,R) and for any u = {un}nez € Epr, by using ug = Upmr, U1 = Upmr41, W can
compute the partial derivative as

oJ
ou,,

Thus, u is a critical point of J on E,,7 if and only if

=A ( n(Aun 1) ) + Q’nui + f(naun—l—l; Un, un—l).

A (pn(Aun_1)5> + qnui + f(nyupt1,un, up—1) =0, Vn € Z(1,mT).

Due to the periodicity of u = {up}tnez € Emr and f(n,v1,ve,v3) in the first variable n, we reduce the
existence of periodic solutions of ([1.1]) to the existence of critical points of J on E,,r. That is, the functional
J is just the variational framework of (1.1J).

Let

|
S
| o
—_
o |

—
o O
o O

P = LY .. o . .« ..
0 0 O 2 -1
-1 0 o0 - =1 2
be a mT x mT matrix. By matrix theory, we see that the eigenvalues of P are
A 2(1 2k k=0,1,2 T-1 (2.6)
= —COS —=T = - omT — 1. .
k mT ) y Ly 4y )

Thus, Ag =0, A1 > 0,2 >0, -+, Ajy7—1 > 0. Therefore,

Amin = min{A1, Ao, -+, Appr—1} =2 (1 — cos %7‘(‘) ,
4, when mT is even,

Amax = max{A1, Ag, -+ Amp-1} = { 2 (1 + cos ﬁﬁ) , when mT is odd.
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Let
W =ker P = {u € Epr|Pu=0¢cR™}.

Then
W ={u € Ey,rlu={c}, ceR}.

Let V be the direct orthogonal complement of E,,7 to W, ie., E,p» = V @& W. For convenience, we
identify u € Ep,p with u = (ug,ug, -+, upmr)*.

Let E be a real Banach space, J € C'(E,R), i.e., J is a continuously Fréchet-differentiable functional
defined on E. J is said to satisfy the Palais-Smale condition (P.S. condition for short) if any sequence
{u(k)} C E for which {J (u(k))} is bounded and J’ (u(k)) — 0(k — o0) possesses a convergent subsequence
in E.

Let B, denote the open ball in E about 0 of radius p and let 0B, denote its boundary.

Lemma 2.1 (Saddle Point Theorem [14]). Let E be a real Banach space, E = E1 @ Es, where E; # {0}
and is finite dimensional. Suppose that J € C1(E,R) satisfies the P.S. condition and
(J1) there exist constants o, p > 0 such that J]sp,nE, < 0;
(Ja) there exists e € B, N Ey and a constant w > o such that Jeyp, > w.
Then J possesses a critical value ¢ > w, where

c= ’111€1£ uergfgﬁ J(h(u)), I'={h € C(B,N Ey, E)| hlop,nE, = id}

and id denotes the identity operator.
Lemma 2.2. Assume that (F1) — (F3) are satisfied. Then J satisfies the P.S. condition.

Proof. Let {u(k)} C E,,r be such that {J (u(k))} is bounded and J’ (u(k)) — 0 as k — oo. Then there
exists a positive constant M; such that !J (u(’“))} < M.

For k large enough, we have
(7 (1) )] <[]

So
Mi+ 53 Hu(k)Hg
> 7 (u(k)> - 6i1 <J’ (u(k) )
_ mT _F <n7u£l]21’ y 5+1 (8F n—l un)’ugff)l) .u%k)_|- oF (n,l;,zﬁfpugﬁ)) .u%k)
n=1 i
mT [ Q) (k) (k)
—ni; F (nalf]y uf) = (8F o) .u;’QﬁaF (”7;’;:1“" ) )
Take )

I = {n € Z(1,mT |\/ n+1 + (ugﬂ)>2 > R1}, I, = {n € Z(l,mT)|\/(u£L’:)_1)2+ (uglk)>2 < Rl}.

By (F»), we have

S+l “(k)H
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T oF (n,u® o oF (n, 0, 4P
> ZF (n’u;@pu;kv . 5}_1 Z (n 7;7;?1 U ) ugﬁh + (n 1(;[;1 U > ,u7(1k)
n=1 necly
1 OF <n,u7(1’21’u%k)> BCn OF (n,ufﬁl,ugv )
0+1 n€ls 8’01 K 8’02
mT
35 (o) - 3 ()
n=1 nelq
1 oF (”’“ﬂl’“’(ﬁ)> w 9 (”’“51]21’“%0 (k)
_5—’_17;12 81)1 -un+1+ 81)2 ,unk
mT
- (- P ()
n=1
OF (n,uyf)y, us! oF (n.ulf), ul!
+ 5+11 z; %(5+ 1)F (n,ug@hugﬁ)) _ ( (%jl ) ) - ( 81; ) k)
neilz

The continuity of §(6 + 1)F(n, vy, vs) — 8F("8f11’v2)vl — 8F(gf21’v2)

variables implies that there exists a constant Ms > 0 such that

v9 with respect to the second and third

OF (n, v1, U2)v1 _ OF (n, v1,v2)

o
5(5 + 1) F(n,vi,v9) — or 5o

vy > —Ma,

for n € Z(1,mT) and \/v? + v3 < Ry. Therefore,

g [0, 2 (1= 5) S () =
By (F3), we get
1 o i 2 2 2(3+1) o 1
g 9, = (=)o S [ () ()] (= 5w = g
n=1
- (=5 S -

where M3 = (1 — %) asmT + ﬁmTMg. Combining with ([2.4]), we have

~ M.

1 2
Wt O, 2 (- ) e o

F(6+1)
641 2 2

Thus,
2(6+1)

2

(1 5o

This implies that {Hu(k)Hz} is bounded on the finite dimensional space E,,r. As a consequence, it has a
convergent subsequence. O

1
— (’“)H < My + M.
5+1Hu 2 L+ Ms
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3. Proof of the main results
In this Section, we shall prove our main results by using the critical point theory.

Proof. By Lemmal[2.2] J satisfies the P.S. condition. To apply the Saddle Point Theorem, it suffices to prove
that J satisfies the conditions (J;) and (J2).
For any w € W, since H(w) = 0, we have

1
J(w) = F anw5+1 + ZF Ny Wyt 1, W)
n=1
By (F3),
mT T(6+1)
w) > ay Z <\/10121_H + w%) — aomT > —aomT.
n=1
Since
5+1 14 6+1
p mT 2 P 5 mT ) 2
= ot Av,,)? < H®W) < +1 A
s+11 ;( Un) < H(v) < 1 ;( Un) )
and .
m
Amin ||UH3 < Z (Avn)2 = 0" Pv < Amax Hv||§,
n=1
we get -
S S < H () < L a3 (3.1)
o+ +172
Besides,
mT
é _ [
5+1 HUH2+1 < qzvd—i—l < Zq U(S—H < qzvd—i—l < qcé+1 HUH +1 (3.2)
n=1 n=1 n=1

Combining with (F3), (2.4)), (3.1) and (3.2), for any v € V, we have

Tw) = ~H@) + 5 anv“l + ZF By V41, ),

P+ O+ | q A o) & 20+

< WIS e I e X (k) e
» mT F(6+1)
P 5 1 o+1 1, 10+1 3(6+1) 2 2

= Ty - )\QO vl + 1€ A ollg™ + ases [7; (V41 +vn) + agmT
p O+ o1 q 5+1 541 5+1),, (5+1 (5+1)

< =B ol e ol + 2% ol + agmr.

Let p = —agmT, since 1 < a < 2, there exists a constant p > 0 large enough such that
Jw)<p—-1<up, YoeV, ||vl]z=np.
Thus, by Lemma Eq. (1.1) has at least one mT-periodic solution. O

Remark 3.1. Due to Theorem the conclusion of Theorem [I.3]is obviously true.
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4. Example
As an application of the main theorem, we give an example to illustrate our result.

Example 4.1. For all n € Z, assume that

A (sin2 (%)(Aun_l)g) + cos? (%)ui + 6uy, [zp(n) (uz iy + ui)2 +¢(n—1) (u2 + ui,l)Q] =0, (4.1)

where v is continuously differentiable and ¥ (n) > 0, T' is a given positive integer, ¥)(n + T) = ¥(n). We
have

f(n,v1,v2,v3) = 6v2 [Wn) (U% + U%)Z +1(n—1) (Ug + 032,)2]

and ;
F(n,vi,v2) = ¥(n) (U% + vg) .
Then

OF(n —1,v,v3) = OF(n,vi,v2) ) ,
dvs + . = 6uy [w(m (v} +v3)" +¢(n —1) (v3 +23) } _

It is easy to verify all the assumptions of Theorem are satisfied. Consequently, for any given positive
integer m > 0, (4.1)) has at least one mT-periodic solution.
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