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Abstract

We consider some classes of functional equations posed in PB-spaces, for which we establish existence
and uniqueness of solutions that belong to a cone. An application to integral equations is presented. (©)2016
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1. Introduction

Many problems in physics can be described via operator equations posed in a certain space. It is very
important to know if such equations admit solutions and if a solution exists, it is unique. Many authors
studied such questions and considered various classes of operator equations posed in a Banach space (see,
for examples, [1], 2, 3, [7, O] 12l 13| 14, 15 16]). In [§], we studied a class of operator equations posed in a
probabilistic Banach space and involving decreasing and convex operators. In this contribution, we continue
our study for other classes of functional equations. Let us start by recalling some basic concepts and results
about probabilistic Banach spaces that will be used through this paper. For more details, the reader is
invited to consult [3| 4 5, 6l (7, 8, [0, 11].

We denote by D the set of distribution mappings. A probabilistic norm on a R-vector space V w.r.t a
T-norm T is a mapping N : V — D having the following properties:
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( (0) = 0 for every v € V;
( (M) =1forall A >0iff v=0;
(N3 51})()\):]\7(1})(‘6') forallve Vand § € R, § #0;
(N4) N(u+v)(A+ p) > T(N(uw)(A), N(v)(u)) for all u,v € Vand A, > 0.
In this case, (V, N, T) is a probabilistic normed space (shortly PN-space).
For topological concepts in PN-spaces, see [8]. A probabilistic Banach space (shortly PB-space) is a
P N-space, for which every Cauchy sequence is convergent.
Let (V, N, T) be a PB-space and @ be a convex subset of V such that @ # (). Under the conditions:
(Ql) Q = Qs
(Q2) ¢Q C Q for every g > 0;
(Q3) —@NQ = {0},
we say that ) is a cone in PB. In this case, the binary relation < defined by

zZy2weV, z3w<<s= w—2z€Q

is a partial order in V. For a pair (u,v) that belongs to V x V, we use the notation u < v to indicate that
v—u € @ and u # v. In this case, the interval [u,v] is the set of elements z € V such that z —u € @
and v — 2z € (). For a given n € (), we denote by @), the set of elements v € V such that v — An € @ and
pn —v € Q for some A,y > 0. The cone @ is normal if there is some constant p > 0 such that

(u,v) € VXV, Ojujv:>N(u)(x)>N(v)<z>, z €R.

Now, we are able to present and establish our obtained results.

2. Main result and consequences

In the sequel, (V, N, T) denotes a PB-space with a normal cone Q. Let ¢ : (, ) — (0, 1) be a surjective
function and € : (o, 8) x @ x Q@ — (0,00) be a function having the following properties:

(&1) &(z,v,w) € (((2),1) for all z € (o, §), (v,w) € Q X Q;

(&) for every z € (a, 8), £(z,v,w) is increasing in v (w.r.t <) for w fixed and decreasing in w for v fixed.
We denote by F the set of operators F': ) x Q — @ such that

(F1) F is mixed monotone;

(F2) for all (z,v,w) € (o, B) x Q x Q, we have

F(¢(2)v, [C(2)] " w) = €(x, v, w) F (v, w).

We denote by G the set of operators G : V — V such that
(G1) G is increasing;
(G2) for all (p,v) € (0,1) x @, we have

G(pv) = pG.

Our main result in this paper is the following.

Theorem 2.1. Let (F,G) € F x G. Suppose that there exists n € Q, n # 0 such that

C(zo)

= " 21)

for some g € (0, 8). Then the operator equation
GF(v,v) =v (2.2)

has a unique solution v* € Q).
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Proof. Define the operator H : Q x Q — V by
H(v,w) = GF(v,w), (v,w)€ Q x Q.
Observe that from (Gsz), we have
1
GO = §G0,
which yields
GO € Q.
Sine G is increasing, we get H(Q x Q) C Q. Then H : Q@ x Q — Q. Let (¢1,w1), (P2, w2) € Q x Q with
P2 — ¢1 € Q and w1 — w9 € Q. From (F1), we have

F(¢1,w1) X F(p2,w2).
Then from (G;), we get
GF(d)l’wl) = GF(¢27°J2)7

that is,
H(¢1,w1) = H(p2,w2).

This proves that H is mixed monotone. Using (F2), (G1) and (G2), for all (z,¢,w) € (a, f) X Q X Q, we
obtain

H(((2)¢, [C(2)) " w) = GF(((2), [C(2)] ™ w)
= G(¢(x, ¢, w)F(¢,w))
= §(x, ¢, w)GF(¢,w)
= &(x, ¢, w)H(¢,w),
that is,
H(((2)¢, [C(2)) 7 w) = &(z, 6, w)H(p,w),  (2,0,w) € (a, B) x Q X Q. (2.3)
Since &(zo,7n,71) € (((x0), 1), there is some positive integer m such that
(S22 fotan)) (2.4
Set

do = [C(z0)]™n and  wo = [((zo)]""n.
Observe that
$o,wo € Qy, and ¢g = [C(xo)]zmwo < wp.
Moreover, take 0 < & < [((z0)]*™, we obtain
$o = ewp.

Using (&1), and (2.3)), we obtain
H{(o,wo) = H([C(x0)]™n, [C(xo)]™™n)
H([¢(z0)][¢ (zo)]™ . [C (o)) [C (o) )
2o, [C(wo)]™ " n, [¢ (o) T ) H ([C(x0)]™ ™ n, [C(wo)]'~™n)
o, [C (o)) 0, [C (o)l ™ m)E (o, [C(20)]™ 2, [ (20)]* ™™ n) H ([ (20)]™ 1, [ (20)]*~™n)

&(zo, [¢(x0))™ ', [C (o) ™) - - E(o, m,m) H (0, )
20)|"™ & (o, m,m)H (0, )
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On the other hand, from ({2.3), we can write
_ 1
H([¢(2)] "¢, ¢(z)w) = H(¢,w), (z,0,w)€ (o, f) X QxQ. (2.5)

(z,[C(2)] 19, ((z)w)
Using (&2), , and , we get

H(¢o,wo) = H([C(x0)] ™", [C(x0)]"n)
= H([¢ (o)l [¢(x0)]' ™™ n, [C(wo)][¢ ()™ ')

= 1-m m—1
= oo, o) o)y (<0l (o))

1 1
= €0, (o) 7 [C@o)[™n) &(o, )], C(ao) ™ 1)

1
= €0, >1m,K@wwm'”aqumHAmkww@Mm
j( mmn) Hnn)
1
j( xoﬂﬂ?) (ﬂco)77
= [((z0)] "N = wo.

As consequence, we have
¢0 = H(¢po,wo) = H(wo, po) = wo.

Let

¢n+1 :H(¢nawn)7 Wn+1 :H(Wna¢n)7 n:071727'”

Then we have
0 = 1 2 wi X wo.

By induction, we obtain easily

P01 X Ry X 2wy 2 2w 2w

Set
Sp=sup{s >0: ¢, = swp}, n=0,1,2,---

Then we have
¢n§snwn, n:071727"'7

which implies from ([2.6)) that
Gn+1 = On = SpWn = Spwpt1, n=0,1,2,---,

which yields
0<sp<s1 < - <8< Spy1 << 1

Then there exists some s € (0, 1] such that

lim s, = s.
n—oo

Suppose s € (0,1). We distinguish two cases.
Case 1. sy = s for some positive integer V.
In this case, we get

(2.6)

(2.7)
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which yields
$n = Swn, n > N.

Since s € (0,1), there is some zs € (a, ) such that ((zs) = s. Using (2.3)), (¢1) and (2.6), for all n > N, we
get
¢n+1 = H((;Sn, wn)
= H(Swm 3_1¢n)
(C(xs)wn, [¢(z5)] )
('1"87 Wn, ¢n)H(Wna ¢n)

(s, 0, wo)wWn1-
The above inequality with (&) yield
S = a(xs) < S(txsaqSOaWO) S Spn+1 = S, n Z Nv

which is a contradiction.
Case 2. s, < s for every n.
In this case, we have

0< <1, n=1,2,3,---.
S

Then
s

?n:C(qn% n:172737"'

for some ¢, € (o, ). Then

(bn-l—l = H(ana Wn)
= H(Snwna S;Ll(bn)
= H(¢(qn)swn, [C(Qn)}_ls_lgbn)
= f(an SWn, 5_1¢n)A(5wna 5_1¢n)
= 5(%17 S¢07 Silwo
= {(Qn, 8¢0a S_lw(]
= €(QH3 3¢0a 5_1W0
= &(

-1
Qn75¢075 wo

£
£

LsyWn, an)H(Wna an)

T, 0, W0 )Wn41-

N — — —
o~ o~

This yields
Sn _
?ﬁ(l‘s,%,wo) < &(qn» 560, 8 wo)é(Ts, P, wo) < Spp1

Passing to the limit as n — oo and using ([2.7]), we obtain

<($s> < g(xS')(bO’wO) <s= C(ms>7

which is a contradiction.
Hence, we proved that
lim s, = 1. (2.8)

n—o0

Now, for any positive integer g, we have
0= ¢n+q - ¢n = wp — ¢n = Wp — SpWwp = (1 - Sn)wn = (1 - Sn)WO

and
0= wy — Wn+q < wp — P =X (1 - Sn)w()'
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Using ([2.8)) and Lemma 2.3 in [§], we deduce that {¢,} and {w,} are Cauchy sequences. Then there exist
¢*,w* € V such that {¢,} converges to ¢* and {wy} converges to w*. By (2.6, we have

¢Oj¢nj¢*jW*jwnjwﬂa n:0a1525 (29)
Then we have
03w —¢" Xwp — P =2 (1 — sp)wp.
Passing to the limit as n — oo, using (2.8) and Lemma 2.4 in [§], we obtain ¢* = w*. Set
vt =" =W

Then we have v* € [¢g,wp]. Since H is mixed monotone, using (2.9)), we obtain

¢n+1 — H(¢TL? (.dn) j H(U*, ’U*) j H(wTM d)n) = Wnp+1-
Passing to the limit as n — oo, we get

v* X H(z*, x%) < ¥,
which yields
GF(v*,v") = H(v*,v*) = v*.

Let us prove now that v* is the unique point in @), satisfying the above equality. Suppose that w* € @, is
such that
Hw*,w*) = w".
Let
p=sup{0<c<1:cw" X0v*= c_lw*}.

Observe that p € (0,1] and

pw* < v* < plot. (2.10)
As in the proof of s = 1, arguing by contradiction, we can prove that p = 1. Then from (2.10)), we have

v* = w”.

Thus we proved that v* is the unique solution in @, to the operator equation ([2.2]). O

Now, we present some results that can be deduced from Theorem

Let & : (a, 8) x Q@ — (0,00), i = 1,2 be two functions with the following properties:
(P1) for all i = 1,2, we have £{(z,v) € ({(x),1) for all (z,v) € (o, B) X @Q;
(P2) for any x € (o, 8), {(z,u,v) = min{& (z,u), &2(z,v)} is increasing in u for fixed v and decreasing in v
for fixed wu.
We denote by T the set of operators T : Q — @ such that
(T1) T is increasing;
(T2) for all (z,v) € (o, B) x Q, we have

T(((x)v) = & (z,v)To.

We denote by S the set of operators S : @ — @ such that
(S1) S is decreasing;
(S2) for all (z,v) € (o, B) x @, we have

S([¢(2)] ) = &(z,v)Sv.
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Corollary 2.2. Let (T,S,G) € T xS x G. Suppose that there exists n € Q, n # 0 such that
¢(20)
£($0) 7, 77)

for some g € (o, B). Then the operator equation

G(Tv+ Sv)=v

1
n=2G(Tn+ Sn) = DK

has a unique solution v* € Q.
Proof. Observe that the operator
Fv,w) =Tu+ Sw,, (v,w)€Q xQ
belongs to the set F. From Theorem the operator equation
GF(v,v) = v,
which is equivalent to
G(Tv+ Sv)=v

has a unique solution v* € Q. O

Let & : (o, 8) x Q@ — (0,00) and & : (o, 8) x Q@ x Q@ — (0,00) be two function satisfying the following

assumptions:

(A1) &1 (z,v), & (z,v,w) € (((x),1) for all (z,v,w) € (o, B) X Q x Q;
(A2) for any z € («, ), &(x,v,w) = min{&; (z,v),&a(x, v, w)} is increasing in v for fixed w and decreasing
in w for fixed v.

We denote by B the set of operators B : Q — @ such that
(B1) B is increasing;
(B2) B(¢(z)v) = & (x,v)Bo, (z,v) € (o, B) X Q.

We denote by C the set of operators C': Q x Q — @ such that
(C1) C is mixed monotone;

Corollary 2.3. Let (B,C,G) € B x C x G. Suppose that there exists n € Q, n # 0 such that

(o) 1
o) = G(Bn+C(n,n)) = o)

Ui

for some g € («, B).
Then the operator equation
G(Bv+C(v,v)) =v

has a unique solution in Q.

Proof. We observe that the operator
F(v,w) = Bv + C(v,w), (v,w)€Q xQ
belongs to the set F. From Theorem [2.I] the operator equation
GF(v,v) = v,

which is equivalent to
G(Bv+C(v,v)) =v

has a unique solution in @;,. O
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3. An application to integral equations

Consider the integral equation

/ / () (r,0(®) + (7 0(), v(@)] dydr = v(z), € [0,1], (3.1)

where ¥ : [0,1] x [0,1] — [0,00), f : [0,1] x [0,00) — [0,00) and g : [0,1] X [0,00) x [0,00) — [0,00) are
regular functions.

Let (V, N, T,,) be the PB-space, where V = C([0, 1]) is the set of real continuous functions in [0, 1] and
N :V — D is given by

0 it <0

if x>0 UwEV

N(u)(z) = {

X
T+maxg< <1 [u(2)]

Here T,, is the T-norm given by T,,(u, \) = min{u, A\} for u, A € [0,1]. We consider the normal cone @
given by
Q={ueV:ux) >0, for all z € [0,1]}.
Let € :(0,1) — (0,1) be a function such that
&(z) € (x,1), x€(0,1).
Let IF be the set of functions f : [0, 1] x [0,00) — [0, 00) such that for a fixed 0 < s < 1, the function f(s,-)
is increasing in [0, 1] and
f(s,22) 2 &(x) f(s,2),  (2,2) € (0,1) x [0, 00).
Let G be the set of functions g : [0, 1] x [0, 00) X [0,00) — [0, 00) such that for a fixed 0 < s < 1, the function
g(s,-,-) is mixed monotone and
g(s,xz, 27 w) > E(w)g(s, 2,w),  (,2,w) € (0,1) x [0,00) x [0,00).

Theorem 3.1. Let (f,g) € F x G. Suppose that there exists n € Q, n # 0 and zo € (0,1) such that for all
x €10,1],

T 1 1
D= [ [ o) + st dydr < o) (32)
Then (3.1)) has a unique solution v* € Q.
Proof. Observe that the operator GG : V — V be the operator defined by
©@)a) = [ vl)dy. wel
belongs to the set G. Let B : Q — @ be the operator given by

(Bv)(x / Wz, y) f(z,v(y))dy, x€]0,1].

It is not difficult to see that B € B with ((z) = z, x € (0,1) and & (x,v) = {(x), (z,v) € (0,1) x Q. Let
C:Q x Q — @ be the operator defined by

1
Clow)@) = [ o ate.ot).w)dy, =< 0.1)
Then C € C with &(x,v,w) = £(z), (x,v,w) € (0,1) x Q x Q. Moreover, from (3.2), there exists n € Q,
1 #% 0 such that

C(zo) 1
£(o)" n=G(Bn+Cn,n)) = o)™

for some z( € (0,1). Using Corollary we obtain that the operator equation
G(Bv+ C(v,v))) = v,
which is equivalent to the integral equation (3.1]), has a unique solution in @,,. O
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