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Abstract

The purpose of this article is to study common solution problems of quasi-variational inclusion problems
and nonlinear operator equations involving nonexpansive mappings. Strong convergence theorems are ob-
tained without any compactness assumptions imposed on the operators and the spaces. c©2016 All rights
reserved.
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1. Introduction

Convex feasibility problems have recently attracted much attention due to their applications in signal
processing and image reconstruction [11] with particular progress in intensity modulated therapy [6]. Re-
cently, the convex feasibility problems have been studied extensively by many authors; see, for instance,
[2, 3] and the references therein. The quasi-variational inclusion problem has the reformulations which re-
quire finding solutions of evolution equations, complementarity problems, mini-max problems, variational
inequalities; see [7, 8, 9, 10, 27, 28, 29, 30] and the references therein. It is well known that minimizing a
convex function g can be reduced to finding zero points of the subdifferential mapping ∂g.
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In this paper, we study a convex feasibility problem based on quasi-variational inclusion and fixed points
of nonexpansive mappings. Strong convergence of solutions are established in the framework of Hilbert
spaces. The organization of this paper is as follows. In Section 2, we give the necessary definitions and
lemmas. In Section 3, strong convergence theorems are established based on a new iterative algorithm.

2. Preliminaries

From now on, we assume that H is a real Hilbert and C a nonempty convex closed subset of H. Let
A : C → H be a mapping. Recall that A is said to be monotone iff

〈Ax−Ay, x− y〉 ≥ 0, ∀x, y ∈ C.

A is said to be inverse strongly monotone iff there exists a constant κ > 0 such that

〈Ax−Ay, x− y〉 ≥ κ‖Ax−Ay‖2, ∀x, y ∈ C.

A is said to be strongly monotone iff there exists a constant κ > 0 such that

〈Ax−Ay, x− y〉 ≥ κ‖x− y‖2, ∀x, y ∈ C.

For such a case, A is also said to be κ-strongly monotone. A is said to be strongly monotone mapping
iff A−1 is inverse strongly monotone.

Recall that a mapping B : H ⇒ H is said to be monotone iff, f ∈ Bx and g ∈ By imply 〈x−y, f−g〉 ≥ 0,
for all x, y ∈ H. From now on, we denote the zero point set of B by B−1(0). A monotone mapping
B : H ⇒ H is maximal iff its graph Graph(B) is not properly contained in the graph of any other monotone
operators. In this paper, we use Jr : H → Dom(B), where Dom(B) denote the domain, to denote the
resolvent operator.

The so called quasi-variational inclusion problem is to a point x̄ such that

0 ∈ (A+B)x̄. (2.1)

A number of problems arising in structural analysis, mechanics, and economics can be studied in the
framework of this kind of variational inclusions; see, for instance, [7, 12, 19] and the references therein. The
problem includes many important problems as special cases.

(1) If B = ∂φ, where φ → R ∪ ∞ is a proper convex lower semi-continuous function and and ∂φ is the
subdifferential of φ, then the variational inclusion problem is reduced to the following: find x̄ ∈ H,
such that

〈Ax̄, y − x̄〉 ≥ 0,∀y ∈ H. (2.2)

This is called the mixed quasi-variational inequality; see, [22] and the references therein.

(2) If B = ∂δC , where δC is the indicator function of C, i.e.{
0, x ∈ C,
+∞, x /∈ C,

then the variational inclusion problem is reduced finding a point x̄ ∈ C such that

〈Ax̄, y − x̄〉 ≥ 0, ∀y ∈ C. (2.3)

This is called the classical variational inequality; see, [14] and the references therein.
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It is known that variational inequality (2.3) is equivalent to a fixed point problem. x̄ is a solution to
variational inequality (2.3) iff it is a fixed point of some nonlinear operators. Recently, iterative methods
have extensively studied for solving solutions of problem (2.1), (2.2) and (2.3); see, [3, 15, 16, 17, 20, 21, 23,
24, 25, 26] and the references therein.

Let T : C → C be a mapping. From now on, we use Fix(T ) to denote the fixed point set of T , that is,
Fix(T ) = {x ∈ C|Tx = x}.

Recall that T is said to be contractive iff there exists a constant α ∈ (0, 1) such that

‖Tx− Ty‖ ≤ α‖x− y‖, ∀x, y ∈ C.

We also say T is α-contractive. T is said to be nonexpansive iff

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C.

Lemma 2.1 ([1]). Let H be a Hilbert space, and A an maximal monotone operator. For λ > 0, µ > 0, and

x ∈ E, we have Jλx = Jµ

(
µ
λx+

(
1− µ

λ

)
Jλx

)
, where Jλ = (I + λA)−1 and Jµ = (I + µA)−1.

Lemma 2.2 ([2]). Let C be a convex closed and nonempty subset of a real Hilbert space H. Let A : C → H
be a mapping, and B : H ⇒ H a maximal monotone operator. Then F (Jr(I − rA)) = (A+B)−1(0).

Lemma 2.3 ([18]). Let {an} be a sequence of nonnegative numbers satisfying the condition
an+1 ≤ (1− tn)an + tnbn + cn, ∀n ≥ 0, where {tn} is a number sequence in (0, 1) such that limn→∞ tn = 0
and

∑∞
n=0 tn = ∞, {bn} is a number sequence such that lim supn→∞ bn ≤ 0, and {cn} is a positive number

sequence such that
∑∞

n=0 cn <∞. Then limn→∞ an = 0.

Lemma 2.4 ([5]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let T : C → C
be a nonexpansive mapping. Then I − T is demiclosed at zero, that is, {xn} converges weakly to some point
x̄ and xn − Txn converges in norm to 0, x̄ = T x̄.

3. Main results

We are now in a position to give the main results in this article.

Theorem 3.1. Let C be a nonempty convex closed subset of a real Hilbert space H. Let B be a maximal
monotone operator on H such that Dom(B) ⊂ C and let A : C → H be an inverse κ-strongly monotone
mapping. Let S : C → C be a fixed α-contraction and let T : C → C be a nonexpansive mapping. Assume
that (A+B)−1(0)∩Fix(T ) is not empty. Let {αn} is a real number sequence in (0, 1), {βn} is a real number
sequence in (0, 2κ). x0 is an initial in C. {xn} is a sequence such that xn+1 = T (I + βnB)−1(yn − βnAyn),
n ≥ 0, where yn = (1−αn)xn +αnSxn. Assume that {αn} is a sequence in (0, 1) such that limn→∞ αn = 0,∑∞

n=0 αn = ∞,
∑∞

n=1 |αn − αn−1| < ∞, and {βn} is a sequence such that 0 < a ≤ βn ≤ b < 2κ,∑∞
n=1 |βn − βn−1| < ∞, where a and b are two real numbers. Then {xn} converges strongly to

x̄ ∈ Fix(T ) ∩ (A+B)−1(0), where x̄ = ProjFix(T )∩(A+B)−1(0)Sx̄.

Proof. Fix p ∈ Fix(T ) ∩ (A+B)−1(0). Using Lemma 2.2, one has

‖yn − p‖ ≤ αn‖Sxn − p‖+ (1− αn)‖xn − p‖
≤ αn‖Sxn − Sp‖+ (1− αn)‖xn − p‖+ αn‖Sp− p‖
≤ αn‖Sp− p‖+

(
1− αn(1− α)

)
‖xn − p‖

≤ max{‖Sp− p‖
1− α

, ‖xn − p‖}.

(3.1)
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Since A is inverse κ-strongly monotone, one has

‖(I − βnA)x− (I − βnA)y‖2 = ‖x− y‖2 − 2βn〈x− y,Ax−Ay〉+ βn
2‖Ax−Ay‖2

≤ ‖x− y‖2 − βn(2κ− βn)‖Ax−Ay‖2.

From the restriction imposed on {βn}, one has ‖(I − βnA)x− (I − βnA)y‖ ≤ ‖x− y‖. This shows that
I − βnA is nonexpansive. It follows from (3.1) that

‖xn+1 − p‖ ≤ ‖(I + βnB)−1(yn − βnAyn)− p‖
≤ ‖yn − βnAyn − p+ βnAp‖
≤ ‖yn − p‖

≤ max{‖Sp− p‖
1− α

, ‖xn − p‖}.

This implies that sequence {xn} is bounded, so is {yn}.
Since Proj(A+B)−1(0)S is contractive, it has a unique fixed point. Next, we denote the unique fixed point

by x̄. Now, we are in a position to show

lim sup
n→∞

〈Sx̄− x̄, yn − x̄〉 ≤ 0.

To show this inequality, we choose a subsequence {yni} of {yn} such that

lim sup
n→∞

〈Sx̄− x̄, yn − x̄〉 = lim
i→∞
〈Sx̄− x̄, yni − x̄〉 ≤ 0,

Since {yni} is bounded, we find that there exists a subsequence {ynij
} of {yni} which converges weakly

to x̂. Without loss of generality, we can assume that yni ⇀ x̂.
Note that

‖yn − yn−1‖ ≤ |αn − αn−1|‖xn−1 − Sxn−1‖+
(
1− αn(1− α)

)
‖xn−1 − xn‖. (3.2)

Putting zn = yn − βnAyn, we find from (3.2) that

‖zn − zn−1‖ ≤ ‖yn − yn−1‖+ ‖βn − βn−1‖‖Ayn−1‖
≤ |αn − αn−1|‖xn−1 − Sxn−1‖+

(
1− αn(1− α)

)
‖xn−1 − xn‖

+ |βn − βn−1|‖Ayn−1‖.
(3.3)

Set JBβn = (I + βnB)−1. Using Lemma (2.1) and (3.3), one has

‖xn − xn+1‖ ≤ ‖JBβn−1
zn−1 − JBβnzn‖

= ‖JBβn−1
zn−1 − JBβn−1

(βn−1
βn

zn + (1− βn−1
βn

)JBβnzn
)
‖

≤ ‖(1− βn−1
βn

)(JBβnzn − zn−1) +
βn−1
βn

(zn − zn−1)‖

≤ ‖(1− βn−1
βn

)(JBβnzn − zn) + (zn − zn−1)‖

≤ |βn − βn−1|
βn

‖zn − JBβnzn‖+ ‖zn−1 − zn‖

≤ |βn − βn−1|
βn

‖zn − JBβnzn‖+ |αn − αn−1|‖xn−1 − Sxn−1‖

+
(
1− αn(1− α)

)
‖xn−1 − xn‖+ |βn − βn−1|‖Ayn−1‖.
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Using Lemma (2.3), we find limn→∞ ‖xn−xn+1‖ = 0. Since αn → 0 as n→∞, we find limn→∞ ‖xn−yn‖ = 0.
Note that

‖xn+1 − p‖2 ≤ ‖JBβn(p− βnAp)− JBβn(yn − βnAyn)‖2

≤ ‖(p− βnAp)− (yn − βnAyn)‖2

≤ ‖yn − p‖2 − βn(2κ− βn)‖Ayn −Ap‖2

≤ αn‖Sxn − p‖2 + (1− αn)‖xn − p‖2 − βn(2κ− βn)‖Ayn −Ap‖2

≤ αn‖Sxn − p‖2 + ‖xn − p‖2 − βn(2κ− βn)‖Ayn −Ap‖2.
It follows that

βn(2κ− βn)‖Ap−Ayn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αn‖p− Sxn‖2

≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn − xn+1‖+ αn‖p− Sxn‖2.

This yields that
lim
n→∞

‖Ap−Ayn‖ = 0. (3.4)

Since JBβn is firmly nonexpansive, one has

‖JBβn(yn − βnAyn)− p‖2 ≤ 〈(yn − βnAyn)− (p− βnAp), JBβn(yn − βnAyn)− p〉

≤ 1

2

(
‖(yn − βnAyn)− (p− βnAp)‖2 + ‖JBβn(yn − βnAyn)− p‖2

− ‖yn − JBβn(yn − βnAyn)− βn(Ayn −Ap)‖2
)

≤ 1

2

(
‖yn − p‖2 + ‖JBβn(yn − βnAyn)− p‖2

− ‖yn − JBβn(yn − βnAyn)‖2 − β2n‖Ayn −Ap‖2

+ 2βn‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖
)

≤ 1

2

(
‖yn − p‖2 + ‖JBβn(yn − βnAyn)− p‖2

− ‖yn − JBβn(yn − βnAyn)‖2

+ 2βn‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖
)
.

It follows that

‖JBβn(yn − βnAyn)− p‖2 ≤ ‖yn − p‖2 − ‖yn − JBβn(yn − βnAyn)‖2

+ 2βn‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖.

Hence, we have

‖xn+1 − p‖2 ≤ ‖JBβn(yn − βnAyn)− p‖2

≤ ‖yn − p‖2 − ‖yn − JBβn(yn − βnAyn)‖2

+ 2βn‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖
≤ αn‖Sxn − p‖2 + (1− αn)‖xn − p‖2 − ‖yn − JBβn(yn − βnAyn)‖2

+ 2βn‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖.

Therefore, we have

‖yn − JBβn(yn − βnAyn)‖2 ≤ αn‖Sxn − p‖2 + (1− αn)‖xn − p‖2 − ‖xn+1 − p‖2

+ 2βn‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖
≤ αn‖Sxn − p‖2 + (‖xn − p‖+ ‖xn+1 − p‖)‖xn − xn+1‖

+ 2‖yn − JBβn(yn − βnAyn)‖‖Ayn −Ap‖.
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In view of (3.4), we find that
lim
n→∞

‖yn − JBβn(yn − βnAyn)‖ = 0. (3.5)

Note that

‖yn − Tyn‖ ≤ ‖yn − xn‖+ ‖xn − TJBβn(yn − βnAyn)‖+ ‖TJBβn(yn − βnAyn)− Tyn‖
≤ ‖yn − xn‖+ ‖xn − TJBβn(yn − βnAyn)‖+ ‖JBβn(yn − βnAyn)− yn‖.

By (3.5), one gets that limn→∞ ‖yn − Tyn‖ = 0. Using Lemma 2.4, one has x̂ ∈ Fix(T ). Putting
rn = JBβn(yn − βnAyn), We have rni ⇀ x̂.

Next, we prove x̂ ∈ (A+B)−1(0).
Notice that yn − βnAyn ∈ rn + βnBrn; that is, yn−βnAyn−rn

βn
∈ Brn. Let η ∈ Bτ . Since B is maximal

monotone, we find 〈
η − yn − rn

βn
+Ayn, τ − rn

〉
≥ 0.

This implies that 〈η + Ax̂, τ − x̂〉 ≥ 0. This implies that −Ax̂ ∈ Bx̂, that is, x̂ ∈ (A+ B)−1(0). Hence,
one has

lim sup
n→∞

〈x̄− Sx̄, x̄− yn〉 ≤ 0. (3.6)

Since
‖yn − x̄‖2 = (1− αn)〈xn − x̄, yn − x̄〉+ αn〈Sxn − x̄, yn − x̄〉

≤ (1− αn)‖xn − x̄‖‖yn − x̄‖+ αn〈Sxn − Sx̄, yn − x̄〉+ αn〈Sx̄− x̄, yn − x̄〉
≤
(
1− αn(1− α)

)
‖yn − x̄‖‖xn − x̄‖+ αn〈Sx̄− x̄, yn − x̄〉,

we find
‖yn − x̄‖2 ≤ 2αn〈Sx̄− x̄, yn − x̄〉+

(
1− αn(1− α)

)
‖xn − x̄‖2. (3.7)

This in turn implies from (3.7) that

‖xn+1 − x̄‖2 ≤ ‖x̄− JBβn(yn − βnAyn)‖2

≤ ‖(yn − βnAyn)− (x̄− βnAx̄)‖2

≤ ‖yn − x̄‖2

≤
(
1− αn(1− α)

)
‖xn − x̄‖2 + 2αn〈Sx̄− x̄, yn − x̄〉.

Since limn→∞ αn = 0,
∑∞

n=0 αn = ∞, we find from (3.6) that limn→∞ ‖xn − x̄‖ = 0. This completes the
proof.

Corollary 3.2. Let C be a nonempty convex closed subset of a real Hilbert space H. Let A : C → H be
an inverse κ-strongly monotone mapping. Let S : C → C be a fixed α-contraction and let T : C → C be a
nonexpansive mapping. Assume that V I(C,A) ∩ Fix(T ) is not empty. Let {αn} is a real number sequence
in (0, 1), {βn} is a real number sequence in (0, 2κ). x0 is an initial in C.. {xn} is a sequence such that
xn+1 = TProjC(yn − βnAyn), n ≥ 0, where yn = (1 − αn)xn + αnSxn. Assume that {αn} is a sequence in
(0, 1) such that limn→∞ αn = 0,

∑∞
n=0 αn = ∞,

∑∞
n=1 |αn − αn−1| < ∞, and {βn} is a sequence such that

0 < a ≤ βn ≤ b < 2κ,
∑∞

n=1 |βn − βn−1| < ∞, where a and b are two real numbers. Then {xn} converges
strongly to x̄ ∈ Fix(T ) ∩ V I(C,A), where x̄ = ProjFix(T )∩V I(C,A)Sx̄.

Proof. Letting x = JBβ y, we find that

y ∈ x+ r∂iCx⇐⇒ y ∈ x+ rNCx

⇐⇒ 〈y − x, v − x〉 ≤ 0,∀v ∈ C
⇐⇒ x = ProjCy,

where ProjC is the metric projection from H onto C and NCx := {e ∈ H : 〈e, v − x〉, ∀v ∈ C}. This find
the desired conclusion immediately.
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Finally, we consider a problem of finding a solution of a Ky Fan inequality, which is known as an
equilibrium problem in the terminology of Blum and Oettli; see [4] and [13] and the references therein.

Let F be a bifunction of C × C into R, where R denotes the set of real numbers. Recall the following
equilibrium problem:

Find x ∈ C such that F (x, y) ≥ 0, ∀y ∈ C. (3.8)

The following standard assumptions are also essential in this paper.

(1) 0 = F (x, x) ≥ F (x, y) + F (y, x) for all x ∈ C;

(2) F (x, y) ≥ lim supt↓0 F (tz + (1− t)x, y) for all x, y, z inC :

(3) y 7→ F (x, y) is convex and lower semi-continuous, for all x ∈ C.

Lemma 3.3 ([4]). Let C be a nonempty convex closed subset of a real Hilbert space H. Let F : C × C →
R be a bifunction satisfying (1)-(3). Then, for any β > 0 and x ∈ H, there exists z ∈ C such that
βF (z, y) + 〈y − z, z − x〉 ≥ 0, ∀y ∈ C. Further, define

Tβx =
{
z ∈ C : βF (z, y) + 〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
(3.9)

for all β > 0 and x ∈ H. Then (1) Tβ is single-valued and firmly nonexpansive; (2) F (Tβ) = EP (F ) is
closed and convex.

Lemma 3.4 ([23]). Let C be a nonempty convex closed subset of a real Hilbert space H. Let F be a bifunction
from C × C to R which satisfies (1)-(3), and let AF be a multivalued mapping of H into itself defined by

AFx =

{
{z ∈ H : F (x, y) ≥ 〈y − x, z〉, ∀y ∈ C}, x ∈ C,
∅, x /∈ C.

(3.10)

Then AF is a maximal monotone operator with the domain D(AF ) ⊂ C, EP (F ) = A−1F (0), where FP (F )
stands for the solution set of (3.8), and Tβx = (I + βAF )−1x, ∀x ∈ H, β > 0, where Tβ is defined as in
(3.9).

Theorem 3.5. Let C be a nonempty convex closed subset of a real Hilbert space H. Let F : C × C → R
be a bifunction satisfying (1)-(3). Let S : C → C be a fixed α-contraction and let T : C → C be a
nonexpansive mapping. Assume that EP (F ) ∩ Fix(T ) is not empty. Let {αn} is a real number sequence
in (0, 1), {βn} is a real number sequence in (0, 2κ), x0 is an initial point in C, {xn} is a sequence such
that xn+1 = T (I + βnAF )−1(yn − βnAyn), n ≥ 0, where yn = (1 − αn)xn + αnSxn. Assume that {αn} is a
sequence in (0, 1) such that limn→∞ αn = 0,

∑∞
n=0 αn =∞,

∑∞
n=1 |αn−αn−1| <∞, and {βn} is a sequence

such that 0 < a ≤ βn ≤ b < 2κ,
∑∞

n=1 |βn − βn−1| < ∞, where a and b are two real numbers. Then {xn}
converges strongly to x̄ ∈ Fix(T ) ∩ (A+B)−1(0), where x̄ = ProjFix(T )∩(A+B)−1(0)Sx̄.

Proof. Putting A = 0 in Theorem 3.1, we find that JBβn = (I + βnAF )−1. From Theorem 3.1, we can draw
the desired conclusion immediately.

References

[1] V. Barbu, Nonlinear semigroups and differential equations in Banach space, Noordhoff International Publishing,
Bucharest, (1976). 2.1

[2] B. A. Bin Dehaish, A. Latif, H. O. Bakodah, X. Qin, A viscosity splitting algorithm for solving inclusion and
equilibrium problems, J. Inequal. Appl. 2015 (2015), 14 pages. 1, 2.2

[3] B. A. Bin Dehaish, X. Qin, A. Latif, H. O. Bakodah, Weak and strong convergence of algorithms for the sum of
two accretive operators with applications, J. Nonlinear Convex Anal., 16 (2015), 1321–1336. 1, 2

[4] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student, 63
(1994), 123–145. 3, 3.3



D. Li, J. Zhao, J. Nonlinear Sci. Appl. 9 (2016), 3002–3009 3009

[5] F. E. Browder, Nonexpansive nonlinear operators in a Banach space, Proc. Natl. Acad. Sci., 54 (1965), 1041–1044.
2.4

[6] Y. Censor, T. Elfving, A multiprojection algorithm using Bregman projections in a product space, Numer. Algo-
rithms, 8 (1994), 221–239. 1

[7] S. S. Chang, Existence and approximation of solutions of set-valued variational inclusions in Banach spaces,
Nonlinear Anal., 47 (2001), 583–594. 1, 2

[8] S. Y. Cho, W. Li, S. M. Kang, Convergence analysis of an iterative algorithm for monotone operators, J. Inequal.
Appl., 2013 (2013), 14 pages. 1

[9] S. Y. Cho, X. Qin, On the strong convergence of an iterative process for asymptotically strict pseudocontractions
and equilibrium problems, Appl. Math. Comput., 235 (2014), 430–438. 1

[10] S. Y. Cho, X. Qin, L. Wang, Strong convergence of a splitting algorithm for treating monotone operators, Fixed
Point Theory Appl., 2014 (2014), 15 pages. 1

[11] P. L. Combettes, V. R. Wajs, Signal recovery by proximal forward-backward splitting, Multiscale Model. Simul.,
4 (2005), 1168–1200. 1

[12] V. F. Demyanov, G. E. Stavroulakis, L. N. Polyakova, P. D. Panagiotopoulos, Quasi differentiability and nons-
mooth modeling in mechanics, engineering and economics, Kluwer Academic, Dordrecht, (1996). 2

[13] K. Fan, A minimax inequality and applications, Academic Press, New york, (1972). 3
[14] P. Hartman, G. Stampacchia, On some nonlinear elliptic differential equations, Acta Math., 115 (1966), 271–310.

2
[15] J. K. Kim, P. N. Anh, Y. M. Nam, Strong convergence of an extended extragradient method for equilibrium

problems and fixed point problems, J. Korean Math. Soc., 49 (2012), 187–200. 2
[16] J. K. Kim, S. Y. Cho, X. Qin, Some results on generalized equilibrium problems involving strictly pseudocontractive

mappings, Acta Math. Sci. Ser., 31 (2011), 2041–2057. 2
[17] Y. Kimura, Shrinking projection methods for a family of maximal operators, Nonlinear Funct. Anal. Appl., 16

(2011), 481–489. 2
[18] L. S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly accretive mappings in Banach

spaces, J. Math. Anal. Appl., 194 (1995), 114–125. 2.3
[19] M. A. Noor, K. I. Noor, Sensitivity analysis of quasi variational inclusions, J. Math. Anal. Appl., 236 (1999),

290–299. 2
[20] X. Qin, S. Y. Cho, S. M. Kang, An extragradient-type method for generalized equilibrium problems involving

strictly pseudocontractive mappings, J. Global Optim., 49 (2011), 679–693. 2
[21] X. Qin, S. Y. Cho, L. Wang, Iterative algorithms with errors for zero points of m-accretive operators, Fixed Point

Theory Appl., 2013 (2013), 17 pages. 2
[22] X. Qin, S. Y. Cho, L. Wang, A regularization method for treating zero points of the sum of two monotone operators,

Fixed Point Theory Appl., 2014 (2014), 10 pages. 2
[23] S. Takahashi, W. Takahashi, M. Toyoda, Strong convergence theorems for maximal monotone operators with

nonlinear mappings in Hilbert spaces, J. Optim. Theory Appl., 147 (2010), 27–41. 2, 3.4
[24] Z.-M. Wang, W. Lou, A new iterative algorithm of common solutions to quasi-variational inclusion and fixed

point problems, J. Math. Comput. Sci., 3 (2013), 57–72. 2
[25] Z.-M. Wang, X. Zhang, Shrinking projection methods for systems of mixed variational inequalities of Browder

type, systems of mixed equilibrium problems and fixed point problems, J. Nonlinear Funct. Anal., 2014 (2014), 25
pages. 2

[26] C. Wu, Strong convergence theorems for common solutions of variational inequality and fixed point problems,
Adv. Fixed Point Theory, 4 (2014), 229–244. 2

[27] H. Zegeye, N. Shahzad, A hybrid approximation method for equilibrium, variational inequality and fixed point
problems, Nonlinear Anal. Hybrid Syst., 4 (2010), 619–630. 1

[28] H. Zegeye, N. Shahzad, Strong convergence theorem for a common point of solution of variational inequality and
fixed point problem, Adv. Fixed Point Theory, 2 (2012), 374–397. 1

[29] L. Zhang, H. Tong, An iterative method for nonexpansive semigroups, variational inclusions and generalized
equilibrium problems, Adv. Fixed Point Theory, 4 (2014), 325–343. 1

[30] J. Zhao, Strong convergence theorems for equilibrium problems, fixed point problems of asymptotically nonexpan-
sive mappings and a general system of variational inequalities, Nonliear Funct. Anal. Appl., 16 (2011), 447–464.
1


	1 Introduction
	2 Preliminaries
	3 Main results

