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Abstract

This paper investigates the existence and uniqueness of solutions for a coupled system of nonlinear
fractional differential equations with Riemann-Liouville fractional integral boundary conditions. By applying
a variety of fixed point theorems, combining with a new inequality of fractional order form, some sufficient
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1. Introduction

In this paper, we consider the following coupled system of nonlinear fractional differential equations(FDE
for short of the form) with Riemann-Liouville fractional integral boundary conditions

DEtut) = fu(t,u(t), o(t), DL u(t), D{ji o(t), te(0,1),
DE2(t) = folt, ult), v(t), DELu(t), D (D)), ¢ € (0,1),
u(0) = u'(0) = 0,v(0) = v/(0) = 0,

w(1) = I u(m), v(1) = v 1P o(ne),

(1.1)
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where Dg‘j and Dgi denote the standard Riemann-Liouville fractional derivative, I éﬁ denotes the Riemann-
Liouville fractional integral, 2 < a; < 3, f; € C([0,1] x R*, R),0 < p; < 1,0 < n; < 1,7;, 8 > 0, T(cv; + ;) #
vl ()P i =1, 2,

Fractional differential equations are widely used in many engineering and scientific disciplines. Many
books on fractional differential equations, fractional calculus have been published (see, for example [I5]
16l 18, 2], 32]), and some recent papers on the topic, see [Il B, 4, [, [7, O 11, 12l 14, 19, 24] 25, 26 [32]
and the references therein. At the same time, there are many papers concerned with solvability of coupled
systems of nonlinear fractional differential equations, because of their wide applications. For details, see
12, 6 [13], 17, 20, 22| 23], 27, 28, 29], 30} 311, B3] and the references therein.

In [22], by applying the Schauder fixed point theorem, Su established sufficient conditions for the exis-
tence of solutions for the following coupled system with two point boundary conditions

Du(t) = f(t,v(t), DPu(t)), t € (0,1),
DBy(t) = g(t,u(t), DIu(t)), te (0,1), (1.2)

where 1 < a,8 < 2,p,q>0,a—q¢>1,8—p>1,f9:[0,1] x R? = R are given continuous functions and
D is the standard Riemann-Liouville fractional derivative. B. Ahmad and J. Neito [2] improved the results
to a three-point boundary value problem.

In [23], Wang et al. studied the existence and uniqueness of positive solutions to a three-point boundary
value problems for the coupled system

“u(t) = f(t,v(t)), te(0,1),
Dﬁv(t) g(t,u(t)), te(0,1), (1.3)
u(0) = v(0) = 0, u(1) —GU(O v(1) = bu(§),
where 1 < o, <2,0<a,b<1,0<&<1,f,g:[0,1] x R2 — R are given continuous functions and D is
the standard Riemann-Liouville fractional derivative.
In [28], by applying coincidence degree theory, Zhang et al. established two existence results for a

four-point boundary value problems at resonance for the coupled system of nonlinear fractional differential
equations

Du(t) = f(t,v(t), D’ 1u(t)), t€(0,1),
DBu(t) = g(t,u(t), D> tu(t)), te(0,1), (1.4)
u(0) = v(0) = 0,u(1) = oru(m),v(1) = o2v(n2),
In [20], the existence and uniqueness of solutions for the following problem is studied
“Dgu(t) = f(t,u(t),v(t), te[0,1],
Dy o(t) = gt u(t),v(1)), t € [0,1],

u(0) =~I3,u(n), 0<n<l,
v(0) =8I, v(), 0<&<1,

(1.5)

where CDS“+ and CDg+ denote the Caputo fractional derivative, I¥ 0+ I? o+ denote Riemann-Liouville fractional
integral, 0 < o, 3 < 1, f,g € C([0,1] x R2,R), and p, q,7,d € R.

Motivated by the above-mentioned works, we investigate the existence and uniqueness of the system
(1.1). The main features are as follows: First, the system we discuss here is different from [2l [6] 13 17,
20, 221, 23| 27, 28], 29, 30}, 31} B3], where the nonlinear terms involved two unknown functions u,v and the
fractional derivative of unknown functions u,v, and the case is more general and difficult than the above
papers. Secondly, by using a new inequality of fractional order form, the restrictive conditions a;;(t) in
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(H1), (H2), (H4) and (Hg) are applicable for more general problems than the conditions a;; in the mentioned
documents.

The paper is organized as follows. In Section [2] we present preliminaries and several lemmas. In Section
we establish the existence and uniqueness of nonlinear FDE (|1.1)) by using a variety of fixed point theorems
and give some examples to demonstrate the main results.

2. Preliminaries

For the convenience, we present some definitions and lemmas.

Definition 2.1 ([I5, 2I]). The Riemann-Liouville fractional derivative of order @ > 0 of a function

f:(0,4+00) — R is given by

1 d\n [*
D® = 7(—> — )" (),
2@ = mrm (35) [ @0
where n = [a] + 1, [a] denotes the integer part of number «, provided that the right-hand side is pointwise

defined on (0, +00).

Definition 2.2 ([15, 2I]). The Riemann-Liouville fractional integral of order o > 0 of a function
f:(0,400) — R is given by

1 xX
I = — 1)L f(t)dt
of@) = e [ =0
provided that the right-hand side is pointwise defined on (0, 4+00).

Lemma 2.3 ([I5, 21]). Assume that u(t) € L'(0,1) with a fractional derivative of order o > 0 that belongs
to L'(0,1). Then
I8 DS u(t) = ut) + ert® t 4 et 2+ et

where ¢; € R(1 =1,2,--- ,n),n is the smallest integer than or equal to «.
Lemma 2.4 ([15, 21]).
(1) If g(t) € L*(a,b),p > q > 0, then

1518 g(t) = I7Tg(t), DiL I8 g(t) =I5 "g(t), Dy Ih g(t) = g(t).

(2) If p>q > 0, then

r 1 T 1
Ingtq — Lt(ﬁ-l” Dg+tp — ﬁtlﬂ—q’ Dg+tq =0.
L(g+1+p) L(p+1-gq)
Let E = C[0,1], set A; = Hoathe) U,y = {u(t)|u(t) € E and D*u(t) € E},i=1,2.

D(a;+8i) =yl (ai)n;

Lemma 2.5. Assume that y(t) € E and 2 < a1 < 3,0 <n; < 1,791,681 > 0. Then the unique solution of the
following boundary value problem

{ Dut) = a(t), ¢ € [0,1], o)
u(0) = u'(0) = 0,u(1) = NIt ulm),
s given in Uy, by

1
u(t) = /0 Gr(t, 5)z(5)ds, (2.2)
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where G1(t, s) is the Green’s function given by

_ Gn(t,S),Oﬁtgm,
Gilt,s) = { Gia(t,s),m <t <1, (23)

(t— S)a1—1 — Ay (t(1 — 8))041—1 N Al’Yltal_l(Tll _ S)a1+ﬁ1—1

<s<t
X (1) s F(a11 + 1) 0sss<t,
Agyrt™— —s)thi— A (t(1 —8))*1—
Gu(t,s) = m (m = 5) _ A1 =) gt <s<m,
e e
1 t(1l—s
— <1
F(al) ym < s < 1
_ ar—1 _ A 1— a;—1 A a1—1 _ a1+p1—1
(t—s) 1t =)Moyt (m = 5) 0<s<m,
. FEXOH) . ['(a1 + B1)
t— )L — Ay (t(1 — )0~
Grolt,s) = (t—s) 1(t(1 —s)) m<s<t,
A F(Oél)l
1— s))o-
IR UCL))
I'(a)
Proof. Using Lemmaﬂ 2.3} the equation Dgju(t) = x(t) in means
u(t) = Igta(t) + crt™ " + cot™ 7 4 st 72,
Applying the condition u(0) = «/(0) = 0, we obtain ¢z = co = 0. So
u(t) = Ifta(t) + eat™ " (2.4)
Applying Lemma and (12.4)), we obtain
(1) _
IDu(t) = ISP a(t) + o ot th 2.
()+u( ) o+ .Z'( )+ a1 F(O[l —|—,81) ( 5)
Now, the boundary value condition u(1) = 11 p Tu(n), 1) and 1) leads to
c1 = M IS () — 102 (1)).
Substituting ¢; to (2.4]), we have
ult) = I8 0(t) + My I8P a(m) — 101, (2.6)
That is
tt— al—l_A tl— a1—1 1A tl— az—1
u(t) :/ (t =) 1(H(L = 5)) x(s)ds —/ 1(H1 =) x(s)ds
0 INGEY t I'(a)
m Al’Yltal_l(nl _ S>041+B1—1
+ x(s)ds
/ I'(aq + B1) (#)
/ G1 t S
The proof is completed. O

Similarly, the unique solution of D7 v(t) = y(t),v(0) = v'(0) = 0,v(1) = vglgiv(ng) is

1
v(t) :/0 Ga(t, s)y(s)ds
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where G(t, s) can be given from Gi(t, s) by replacing aq, 81,71, A1 with ag, B2, v2, Ag.
Let X =U,,, |lul|lx = max lu(t)| + max |DPru(t)|, and Y = U,,, [|v|ly = max lu(t)] + max |DP2v(t)]. The
€ € € €

product space (X x Y, ||(u,v)|xxy) is a Banach space equipped with norm ||(u,v)|xxy = [Jullx + ||v]y-
We can define operator T: X xY — X xY by

T(ua U)(t) = (Tl (U, ’U)(t), TQ(ua U)(t))a (27)
where

1
T, = [ Gult 1o, u(s),0(5), D), Dt o(s))ds, i = 1,2
0
Lemma 2.6. Assume that f1, f» € C([0,1] x RYL R). Then (u,v) € Uy, X Uy, is a solution of FDE (1.1)) if
and only if (u,v) € X XY is a solution of the operator equations T'(u,v) = (u,v).

Proof. The proof is immediate from Lemma [2.5 so we omit. O

Denote that L(]0, 1], R) is the Banach space of Lebesgue integrable functions from [0, 1] into R with the
1
norm [ly|[rx = [y |y(#)|dt.

Lemma 2.7 ([10]). Assume that ¢ > 0, f € L'([a,b], Ry). Then, we have
I f () < MG fllpst € la, b,
Lemma 2.8 ([8]). Let F be a Banach space and Q be a bounded open subset of F,0 € QT :Q — F be a
completely continuous operator. Then, either there exists x € 00, A > 1 such that T(x) = Az, or there exists
a fized point x* € ().
3. Main results
For convenience, we set
Ag = (1 + |Ai|)HI€-ﬁ_1aikHLl + |Ai|7i||lgl+ﬁiilaik”L1’ i=1,2,k=1,2,3,4,5,

—pi— Ailyil(ai) | rai+8-1 [Ai|C(0) | o1
B, = [P la-k 1+ | ! JoiTR k|l + I ikl
2 H o+ {2 HL F(Oéz‘—ﬂz‘) H o+ 7 HL F(Oéz‘—/)i)H o+ 2 HL

i=1,2k=1,23,4,5
Cik:Aik+Bik7 i:1727k:1725354555

D; = maX{CiLCzQ;CiSa Ci4}7i =1,2.

In the following subsection, we obtain our main results for FDE (1.1 by applying a variety of fixed point
theorems. The first results is based on the Schauder fixed point theorem.

Theorem 3.1. Assume that there exist nonnegative functions a;x(t) € L'([0,1],R4)(i = 1,2,k = 1,2,3,4,5)
such that the following condition is satisfied

4
(Hy) |fi(t,z1, 20,23, 4)| < D ag(t)|zr|™ + ais(t),0 < 7 < 1.
=1

Then FDE (1.1) has at least one solution.
Proof. First, we can define a ball in Banach space X x Y as
Br ={(u,v)|(u,v) € X x Y, |[(u,v)l|xxy < R}, (3.1)

where

1 1 1 1
R > max {(106’“) =71 (10C52) *=miz, (10C;3) =73, (10C;4) =74, 10Cy5,1 = 1, 2}.
Consequently, we show that 7' : B — Bpr. For any (u,v) € B, using Lemma the condition (H7) and
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(2.6)), we can obtain

1
|T1(U7U)(t)| = |/0 Gl(t7 S)f1(5¢u(s)7v(s)vDplu(s)aDPQU(S))dS|
< IgHfa(t u(t),v(t), D u(t), DPu(t))|

A I fu (s u(m), v (), DPru(i), DP2u ()]
+ A g (1 u(l), v(1), D u(1), DP?v(1))ds|

< Igt <Z4: ar(t) R + a15(t)>

k=1

4
bl (SR + arston))
k=1 (3.2)

4
+ AT} <Z arp(1)R™ + a15(1))

k=1

4
<y [(1 DI s + rmmugﬁﬂl—lawuy]w
k=1
+ [(1 A s+ |A1|71||f§‘i+511a15|!L1]

4
= Z A1, R + Aqs.
k=1

Similarly, Lemma [2.4] enables us to obtain
|1 D6 T (u, v) ()| = [ 153~ fa(t, u(t), v(t), D u(t), DPu(t))
Alr(al) 1—p1—1 a1+p3
@ I D Dr?
o — p1)t [idge ™ (s, w(m), v(m), DPru(m), DPv(m))
- Ig+fl(1’u(1)av(1)vDplu(1)7Dp2U(1)”
< Ig‘j_pl | f1(t,u(t),v(t), D u(t), DP?u(t))]

Mlal%lﬁ(m,u(m)’v(m),DPIU(m),Dp2v(771))|

T(ar —p1) O
A1 T a1
LB o o1, 0(0), (1), D7 ). DP0 (1)
) 1= p1 (3.3)
a1—p1—1 |A1|71F(a1) ar1+p1—1
<3 g el RS
M|T(« _ - i
e L Y L [ S
[ AT (1) || ran -1 [A1]C (o) -1
— || a + —L| a
I'(a1 = p1) | or 15/l I'(ay —pl)H or 15/l
4
= ZBlkRle + Bis.
k=1

From (3.2) and (3.3]), we have

1 1 1 1 1 1 R
T < Tik < — - _ - -
[T (u,v)||x < g—lclkR +Cy5 < 10R+ 1OR+ 1OR+ 10R+ 10R 5
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Similarly, we have

1 1 1 1 1 1 R
T < T2k < — - - _ -
| To(u, v)|]y < glCsz + Ca5 < SRt R R Rt R =3

That is
T (w, )l xxy = [[Ta(u, v)[lx + || T2(w, 0)|ly < R.

Therefore, we obtain T : Bg — Bg.

Notice that T4 (u, v)(t), Ta(u, v)(t), D/ T (u, v)(t), DP>Ty(u,v)(t) are continuous on [0, 1]. Obviously, op-
erator 7' is also continuous.

Secondly, we prove that operator T is equicontinuous. Let

M; = max {1£i(t, u(®),v(t), Dfiu(t), Dh2o(t)|},V(u,v) € Br,i=1,2.
tel0,

For t1,t2 € [0,1](t1 < t2), we have
T (u,v)(t2) — T1(u, v) ()]
1
= |/0 (Gl(tz,s) — Gl(tl,s))fl(s,u(s),v(s),Dplu(s),DP2v(s))ds|
< |5 [fit2, u(ta), v(ta), D ults), DP?u(ta)) — f(tr, ult), v(t1), D u(ty), DP?u(t1))]]
ALy ISP f (g, w(m), (), DP (i), DP2o(ny))]
+ A TG fr (1, u(1), v(1), DPu(1), DPo(1)[(t5 " — 517 (3.4)

<on [ [ m et (Ml

m a1+p1—1 1 _ Nai—1

'71(771 - S) / (1 3) a1 —1 a1 —1

My |A [ d 76@ ol g

) A v e et et A
]\4’1 '7177a1+61 1

<L e 0y A [ 1 +

= F(a1+1)( 2 =) 1A T(ai+Bi+1)  T(ag+1)

g — e,

On the other hand, we have

| DgA T (u, v) (t2) — DELT (u, v) (t1))

< I3 [k, u(ta), vlt2), D7 ulta), DPu(ts)) — f(tr,u(tr), vl(tr), D u(tr), DPo(t))]|
. m hugfrﬁlfl(m’ w(m), v(m), D" u(n), DP2o(m)))|

+ !Igifl(l,u(l),v(l),Dmu(1)7DPzU(1))|} (1511 oy

t1 _ o\ari—p1—1 _ _ o\ai—p1—1 2 (¢, — g)1—p1—1
< Ml{ / (t2 = 5) (f =) ds + / 2 =)
0 t

(o = p1) , o Tl —p1) (3.5)
A 1" m _ 041+,6’171 1 1 _ a1—1
. [ A1l (1) [/ Y1(m — s) ds+/ (1-5s) ds]
L(e —p1) Lo [(a1 + p1) o (o)

% (tgél—l’l—l o t(fél_Pl_l)}

a1+
< M, (tgtl—m B ttln—m) + Ml‘Al‘F(al) [ ’717711 ! + 1
Il —p1+1) [(ar —p1) T(ar+p1+1)  Tlag+1)

> (tgélfplfl o t?l*m*l).
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Analogously, we can show that

T (u, v)(t2) — To(u,v)(t1)]

M Yamg 2 1 o (3.6)
<72 (492 o) 4 DLIA + } 2=l _ oo .
_I‘(a2+1)(2 ) 2| Ao T(ag+ B2 +1)  T(ag+1) (t5 )
|DP2 Ty (u, v)(ta) — DP2Ty(u, v)(t1)|
M2 as—pa  yaa—p2 M2|A2|F(a2) 72175‘2+52 1 .
< (t5 t] ) n (3.7)
[(ag — p2+1) I'(ag —p2) D(ag+B2+1)  T(ag+1)

x (157 e,

In view of (3.4)-(3.7), letting ¢; — to, then
Ty (u, v)(t2) — T1(u,v)(t1)] = 0, | DTy (u,v)(t2) — DT (u,v)(t1)| — 0,
|To(u,v)(ta) — To(u,v)(t1)] — 0, |DP?*Ty(u,v)(te) — DP?*To(u,v)(t1)] — 0.

Therefore
1T (u, v)(t2) = Ti(u,v)(t1)[|x — 0, [|T2(u,v)(t2) — T2(u,v)(t1)[ly — 0.

That is, as t; — to,
|| T (u,v)(t2) — T(u,v)(t1)||xxy — 0.

Therefore we prove that T'(Bpg) is an equicontinuous set. Also, it is uniformly bounded as T'(Bgr) C Bg.
By applying the Arzela-Ascoli theorem, we conclude that T is a completely continuous operator. So, it
follows from the Schauder fixed theorem that FDE has at least one solution (u,v) in Bg. This proof
is completed. O

Theorem 3.2. Assume that there exist nonnegative functions a;,(t) € L'([0,1],R)(i = 1,2,k = 1,2,3,4,5)
such that the following conditions are satisfied

4
(Ha) [fi(t,z1, 22, 23, 74)] < D0 ag(t)|op]™ + ais(t), Tap > 1,
k=1
1
(H3) 1OmaX{Ci5,i - 1,2} < min{(ﬁcﬁ)ﬁ‘rl,i —1,2,j= 1,2,3,4}.
Then FDE (1.1) has at least one solution.

Proof. Similar to proof of Theorem it is easy to obtain the above conclusion. Noticing, the restriction
about R in (3.1)) should be replaced by the following condition

1

)i = 1,2, = 1,2,3,4}.

1Omax{0i5,i = 1,2} <R< min{(loc
ij

Remark 3.3. The condition (Hz) can be replaced by the following condition

4
(H3) |fi(t,z1, w0, 23, 24)] < D ag(t)|op|7, 73 > 1.
=1

That is a;5(¢) = 0, and the conclusion of Theorem remains true with the condition (Hs) removed.
Noticing, R in (3.1]) should be replaced by the following restriction

1

) i=1,2,j=1,2,3,4}.

1
R < min{(

The next result is based on the Leray-Schauder nonlinear alternative.
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Theorem 3.4. Assume that there exist nonnegative functions a;,(t) € L'([0,1],R)(i = 1,2,k = 1,2,3,4,5)
and L > 0 such that the following conditions are satisfied

4

(H4) |f7;(t,$1,$2,.7337334)‘ < Z alk(t”xk’ +(1i5(t),i = 1727
k=1
4

<H5) kz (Clk + Czk)L + (015 + 025) < L.
=1

Then FDE (1.1) has at least one solution.

Proof. First, we prove that T is completely continuous. It is obvious that 7T is continuous since f; are
continuous. Let L > 0, By = {(u,v)|(u,v) € X xY,|(u,v)||xxy < L} be a bounded ball in X x Y. We
shall show that T'(By) is relatively compact.

Similar computation as and (3.3)), for V(u,v) € T(By), it is easy to obtain

4 4
Ty (u,v) ()] < AL + Ass, D Ti (u,0) ()] <Y BigL + Bis. (3.8)
k=1 k=1
Thus
4
Ty (u,0)||x < CixL + Cs. (3.9)
k=1
Similarly, we can obtain
4
1T (u, v)|ly < CopL + Chs. (3.10)
k=1
From (3.9) and (3.10)), we have
4
17 (u, )| xey = [ T3 (u, )] x + |[T2(w, 0)[ly < 32 (Crp + Cox) L+ (C15 + Chs). (3.11)
k=1

By , T'(Br) is uniformly bounded. On the other hand, similar computation as f means that
T(Br) is an equicontinuous set. Applying the Arzela-Ascoli theorem, we conclude that T' is a completely
continuous operator.

Now we prove that T" has at least one solution in X x Y.

For V(u,v) € OBy, suppose that (u,v) = AT (u,v),0 < A < 1. By (3.8]), we have
4
[u®)] = A|T1(u,v) ()] < [Ta(u,0)(O)] < > Akl + Ass,
k=1

4
]Dplu(t)\ = /\\DplTl(u,v)(t)\ < ]DplTl(u, U)(t)’ < Z BiiL + Bis.
k=1

Thus ,
llullx < >° CikLl + Cis. (3.12)
k=1
Similarly, we can obtain
4
oy < ZCQkL+025- (3.13)
k=1

From (3.12)), (3.13) and the condition (Hj), we have

4
l(u, )|l xxy = ||ullx + [|v]ly < Z (Clk + Cgk)L + (015 + 025) < L, (3.14)
k=1

this contradicts the fact (u,v) € dBr. By Lemma [2.8 we obtain that T has a fixed point (u,v) € Bp, and
so FDE (1.1 has at least one solution in X x Y. O
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Remark 3.5. We established the existence of solutions for FDE (|1.1)) by Theorem ~ We provided

some growth conditions
4

[fit, 21, wo, w3, @0)| <D @k ()]ar]™ + ais(t)
k=1

through three cases: In (Hy),0 < 73 < 1; In (Hj), 75 > 1, for the sake of simplicity, here a;5(t) might be
zero; In (Hy), 7 = 1, and some additional restrictions (Hgs), (Hs) are given.
The uniqueness of solutions is based on the Banach contraction principle.

Theorem 3.6. Assume that there exist nonnegative functions a;x(t) € L*([0,1],R)(i = 1,2,k = 1,2,3,4)
such that the following conditions are satisfied, for all t € [0,1] and 1,22, 23, 24,Y1,Y2,Y3, Y4 € R,

4
(He) |fi(t,x1, w2, 23, 24) = filt, Y1, y2,y3,ya)| < D0 ain(t)|we — yrl,i = 1,2,
k=1
(H7) 2Dy + 2Dy < 1.
Then FDE (1.1) has a unique solution.

Proof. Let sup fi(t,0,0,0,0) = E; < co,i = 1,2 and take
te(0,1]
—1-2D; — 2D2’
whereEf:[ Lt ra + (U ey ) (i o e ] )]E-z’:12
? T(ai+1) ' T(aj—pi+l) (T(oi—pi)/ \D(a+B;+1) T T(a;+1) L& )4
First, we prove that T'(B,) C B,, where B, = {(u,v)|(u,v) € X xY : ||(u,v)||xxy < r}. For any
(u,v) € By, we can obtain

T3y v)(8)] Ig3 [t u(t), v(0), D u(t), DPu(t) — f1(£,0,0,0,0)] + |1(¢,0,0,0,0)]
Ay LS [\f1(771,U(771),v(771), D u(m)), D**v(m)) — fi1(m,0,0,0,0)]
11 0m0,0,0,0)I] + A2 11 (1L, w(1), w(1), D u(1), DPu(1)
~ /1(1,0,0,0,0)| + 11(1,0,0,0,0)]]
<122 [(@na(®) + asae) allx + (a12(6) + ars()llolly + i 19
+ A gt [(an(t) + a3(t))[Jullx + (a12(t) + a14(?)) o]y + El}

+ | A |15 [(an(t) + a13(1))|[ul|lx + (a12(t) + a14(1))| o[y + El}
(14 |A1]) Eq |A1|y1EL
F(Oq—l—l) F(O[l—l-ﬂl—l-l).

<(A11 + A13)||ul|x + (A12 + An)||v|ly +

On the other hand, using (3.3), we can obtain

| D71 Ty (u,0) (O] < (Bua + Bus)lullx + (Biz + Bua)llolly + rarosm (3.16)
+ |A1|v1E1 + |A1]Eq :
T(ai—p1)T(ca+p1+1) ' T(ar1—p1)l(a1+1)"

By (3.15)) and (3.16)), we have

HTl(u, U)HX < (CH + Cl3)HUHX + (012 + 014)HUHY + Ei <2Dyr + Ei
Similarly, one has

1 T2(u, )|y < (Co1 + Cos)|Jullx + (Coz + Coa)|v|ly + E5 < 2Dor + Ej.
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Thus
T (u, v)|[x xy = [|T1(u,v)||x + [|[Ta(u, v)|ly <2(D1+ Do)r+ Ej + Ey <.

Second, for any (ug,v2), (u1,v1) € By, we have

1
T (ug, v2)(t) — Th(ur,v1)(t)| = |/0 Gi(t,s)(f1(s,ua(s), va(s), D ua(s), DPva(s))

3.17
~ Fils,u1(s),0x(5), DPus (), D2y (5))) ds (317
< (A11 + Auz)[|uz — ur|[x + (A2 + Arg)[|v2 — vi]ly,
and
|DP2Ty (ug,v2)(t) — DTy (uy, v1)(t)| < (Bi1 + Bis)||uz — wi||x + (Bi2 + Bia)||va — vi]]y. (3.18)

From and (| -, we have

[|Th (u2,v2) — Ti(ur, v1)||x < (Ci1 + Ci3)|luz — ui||x + (Cr2 + Cia)||v2 — v1]|y
< 2D1Hu2 — ulHX + 2D1H’U2 — 1)1Hy.

Similarly, we can obtain
|| T (w2, v2) — To(ur, v1)|ly < 2Dal|lug —wi||x + 2D3||ve — v1]y.

Thus
7wz v2) = Tur, )l xy < (2D1 +2D2) [uz = | + oz = il Iy .

Since 2D + 2Dy < 1, T is a contraction operator. Applying the Banach contraction principle, the operator
T has a unique fixed point which is the unique solution of FDE (|1.1J). O

Next,we present the following three examples to illustrate our results.

Example 3.7. Consider the following coupled system of nonlinear FDE

1

D0+U( ) = an(t)(u(t)™ + ara(t)(v(t))™2 + ar3(t)(Dgy u(t)) ™

Fana(t)(DJ,o()™ + ars(t),t € (0,1),

7 1

Dgv(t) = an(t)(w(t))™ + az(t)(v(t)™ + azs(t)(Dg, u(t))™

1 (3.19)
+aga(t)(Dgyv(t))™ + azs(t),t € (0,1),

o

u(0) =u/(0) =0, (1):2I0+u(é)
v(0) ='(0) =0, (1)=%I§ v(g),

where a1 = gaOQ = %7:01 = i,ﬂ2 = %a71 = 2a72 = %aﬁl = %aﬁ2 = %7771 = %ﬂh = %,0 < Tij < 1(1 = ]-72a] =
1,2,3,4) and a;(t)(i = 1,2,k = 1,2, 3,4, 5) are nonnegative functions. Obviously, Theorem implies that
FDE (3.19) has at least one solution.

Example 3.8. Consider the following coupled system of nonlinear FDE

3 1

_1\2

D0+u(t) = 10u+ mv + 1 (D 0+u(t)) + 35 <D0+U( )) + (1101(? it € (07 1)7
u 1 2

D v(t) = S 4 53v+ 5D u(®) + 55 (D2v() + St € (0,1),

u(0) = u/(0) = 0,u(1) = I, u(}),

v(0) = v/(0) = 0,u(l) = 21 u(3),

(3.20)
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where oy = %7052 = gapl =p2= %7771 = %7772 = %7/81 = %762 = %771 =1,y =2 By " we have
2

(1-1)°
100
(1+1)2
40 7

2 3 )2 — 2
where a11(t) = {5, a12(t) = %5, a13(t) = I5, a14(t) = 55, a15(t) = (1106) ;a21(t) = %,@2(15) = &5, a3(t) =
4
;—0,a24(t) = %, ags(t) = (110”2, Let us evaluate ) (Clk + Cgk)L + (015 + 025) — L. By direct calculation,
k=1

e+ s+ e +
—|X — | —|X
10 o0

_ t)
50

2\, b1, L2, L3, 4L4)] > 1 20 2 30 3 30 4

we have
A1 = 0.01962, A1 = 0.00871, A3 = 0.00475, A4 = 0.00981, A5 = 0.00384,

A1 = 0.00194, Ay = 0.00066, Az3 = 0.00106, A4 = 0.00021, Ass = 0.00401,
B11 = 0.03132, B2 = 0.01483, B3 = 0.00854, B14 = 0.01566, Bi5 = 0.00539,
Ba1 = 0.03879, Bag = 0.00577, Bas = 0.00425, Bay = 0.00235, Bas = 0.03001,
C11 = 0.05094, Ci2 = 0.02354, C13 = 0.01329, C14 = 0.02547, Cy5 = 0.00923,
Co1 = 0.04073, Ca = 0.00643, Ca3 = 0.00531, Caq = 0.00256, Cos = 0.03402.

4
Thus Y (Cix + Cok)L + (Ci5 + Ca5) — L = 0.16827 x 14 0.04325 — 1 = —0.7885 < 0 for L = 1. Theorem
k=1
implies that FDE (3.20]) has at least one solution.

Example 3.9. Consider the following coupled system of nonlinear FDE

(s s 1 1
D2, u(t) = Lu(t) + Lo(t) + LD2 u(t) + £ D2, v(t) +sint,t € (0,1),
T . 2 1 2 1 t
Dg.o(t) = tu(t) + Sv(t) + 55D u(t) + 55 D2 v(t) + 4.t € (0,1), (3.21)
1
w(0) =/ (0) = 0,u(l) = I} u(3),
5
0(0) = v/(0) = 0,u(1) = 215 u(}),
Whereal:%aOZZ:Eapl2922%»771:%#72:%751:%,52:%71:1a72:2~]3y ,Wehave
| fi(t )|—i +ﬁ +ﬁ + Ly + sint
1\, T1,22,73, T4 —10161 10362 10:B3 20564 sint,
e ) (1—1) +t2 +t +t2 +et
X1,L2,3, T = a —X —X —X —
2(t, X1, T2, T3, T4 A A R T
and
t t2 t3 t
|fl(t,$1,$2,$3,$4) - fl(tuylayQ)y37y4)| S E‘xl _yl| + E|$2 —?/2| + E‘LBS _y3| + %|$4 _y4|’
it )~ hult W< b gl s ol + Loy — gl 4 s — gl
X1,2X2,X3,T4) — — |1 — — |T9 — —|Tr3 — — | T4 — Y4q]|.
2(t, L1, 22,23, T4 200, Y1,Y2,Y3,Y4)| = 50 1= W 20 2~ Y2 30 3 Y3 30 4 — Y4

From the calculation result of (3.20]), we can obtain that D; = 0.05094, Dy = 0.04703. Thus, 2D; + 2Dy =
0.19594 < 1. Theorem implies that FDE (3.21]) has a unique solution.
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