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Abstract

The aim of this paper is to present coincidence best proximity point results of Fg-weak contractive
mappings in partially ordered metric space. Some examples are presented to prove the validity of our
results. c©2016 All rights reserved.
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1. Introduction and Preliminaries

Let A and B be nonempty subsets of a metric space X and T : A → B. A fixed point problem
Fix(A,B, T ) defined by a pair (A,B) of sets and a mapping T , is to find a point a∗ in A such that
d(a∗, Ta∗) = 0. A point a∗ in A where inf{d(a, Ta∗) : a ∈ A} is attained, that is, a∗ is best approximation
to Ta∗ ∈ B in A. Such a point is called an approximate fixed point of T . If an operator equation Ta = a
does not admit a solution, it is a reasonable demand to settle down with d(a∗, Ta∗) ≤ d(a, Ta∗) for all a in
A. The study of conditions that assure existence and uniqueness of approximate fixed point of a mapping
T is an important area of research.
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Suppose that 4AB = d(A,B) = inf({d(a, b) : a ∈ A, b ∈ B}) is the measure of a distance between
two sets A and B. A point a∗ is called a best proximity point of T , if d(a∗, Ta∗) = 4AB. Thus a best
proximity point problem defined by a mapping T and a pair of sets (A,B) is to find a point a∗ in A such
that d(a∗, Ta∗) = 4AB. If A∩B = φ, fixed point problem defined by a pair (A,B) and a mapping T has no
solution. If we take A = B, then a best proximity point problem reduces to fixed point problem. From this
perspective, best proximity point problem can be viewed as a natural generalization of fixed point problem.
Furthermore, results dealing with existence and uniqueness of best proximity point of certain mappings are
more general than the ones dealing with approximate fixed point problem of those mappings. Recently,
Kumam et al. [23] introduced the concept of coincidence best proximity point of a mapping in metric
spaces. A coincidence best proximity point problem is defined as follows: Find a point a∗ in A such that
d(ga∗, Ta∗) = 4AB where g is a self mapping on A. This is an extension of a best proximity point problem.
If g is an identity mapping on A, then a∗ becomes a best proximity point of T. Existence of fixed points
in partially ordered metric spaces has been initiated in 2004 by Ran et al. [33], and further studied by
Nieto et al. [31]. Subsequently, several interesting and valuable results have appeared in this direction (see
[3, 31, 32]). There are several results dealing with best proximity point problem in the setup of metric spaces
and partial order metric space (see, [2, 4, 5, 6, 8, 9, 10, 11, 12, 14, 16, 18, 19, 20, 21, 22, 25, 27, 28, 29, 30]
and references mentioned therein).

One of the basic and the most widely applied fixed point theorem in all of analysis is “Banach (or Banach-
Caccioppoli) Contraction Principle” [7]. Due to its applications in mathematics and other related disciplines,
it has been generalized in many directions (see, for example [15, 17, 24, 26] and references therein). Recently,
Wardowski [35] first introduced the concept of F -contraction, then the concept of F -weak contraction [36]
and proved a fixed point result as a generalization of Banach Contraction Principle. Abbas et al. [1] initiated
the study of common fixed point theory introducing F -contraction mappings with respect to a self mapping
on a complete metric space. They introduced a notion of generalized F -contraction mappings to prove a
fixed point result for generalized nonexpansive mappings on star shaped subsets of normed linear spaces and
initiated the study of invariant approximations in normed linear spaces for such mappings. Shukla et al. [34]
obtained some common fixed point results for F -contraction type mappings in the framework of 0-complete
partial metric spaces. Batra et al. [13] proved fixed point theorems for F -contraction on a metric space
endowed with a graph.

In the sequel the letters R, R+ and N will denote the set of all real numbers, the set of all nonnegative
real numbers and the set of all positive integer numbers, respectively.

In this paper, we prove coincidence best proximity point results for Fg-weak contraction in the context
of a partially ordered metric space. We also present some examples to support the results proved herein.
These results extend and strengthen various known comparable results in the literature.

Consistent with [12], [23], [35] and [36] the following definitions and results will be needed in the sequel.

Definition 1.1. Let X be a metric space, A and B two nonempty subsets of X. Define

4AB = d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B},
A0 = {a ∈ A : there exists some b ∈ B such that d(a, b) = 4AB},
B0 = {b ∈ B : there exists some a ∈ A such that d(a, b) = 4AB}.

Definition 1.2. Let X be a nonempty set. Then (X,�, d) is called a partially ordered metric space if the
following assertions hold:

(i) d is a metric on X;

(ii) � is a partial order on X.

Definition 1.3. Let (X,�) be a partial ordered set. Then x, y ∈ X are called comparable if x � y or y � x
holds.

Kumam et al. [23] used the following property:
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Definition 1.4. Let (X,�, d) be an partially ordered metric space, A and B two subsets of X such that
A0 is nonempty, T : A → B and g : A → A. The triplet (A,B, g) has weak P-property of first kind if
d(ga1, Ta3) = 4AB and d(ga2, Ta4) = 4AB implies that d(ga1, ga2) ≤ d(Ta3, Ta4) for any comparable
elements a1, a2, a3, a4 ∈ A0.

Wardowski in [35] introduced following class of functions and define a new type of contraction mapping:
Let F : R+ → R be a mapping satisfying the following conditions:

(F1) F is strictly increasing;

(F2) for any sequence {αn} in R+, lim
n→+∞

αn = 0 and lim
n→+∞

F (αn) = −∞ are equivalent;

(F3) there exists k ∈ (0, 1) such that lim
α→+0+

αkF (α) = 0.

Collection of all such functions will be denoted by F.

Definition 1.5 ([35]). Let (X, d) be a metric space. A mapping T : X → X is called an F -contraction if
there exist F ∈ F and τ ∈ R+ such that

τ + F (d(Tx, Ty)) ≤ F (d(x, y)) (1.1)

for any x, y ∈ X with d(Tx, Ty) > 0.

Wardowski et al. [36] gave the following definition of an F -weak contraction:

Definition 1.6 ([36]). Let X be a metric space. A mapping T : X → X is said to be an F -weak contraction
if there exist F ∈ F and τ ∈ R+ such that

τ + F (d(Tx, Ty)) ≤ F (M(x, y))

for any x, y ∈ X with d(Tx, Ty) > 0 where

M(x, y) = max

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)

2

)
.

The readers interested in fixed point results for F -contraction and F -weak contractions are referred to
[35, 36].

To solve coincidence best proximity point problem defined by a pair of sets (A,B) in a partially ordered
metric space and a mapping T, we give the following definitions.

Definition 1.7 ([10]). Let (X, d,�) be a partially ordered metric space, A and B nonempty subsets of X.
A mapping T : A → B is called proximal increasing if for any x1, x2, u1, u2 ∈ A, the following condition
holds:

x1 � x2, d(u1, Tx1) = d(A,B), d(u2, Tx2) = d(A,B) implies that u1 � u2.
One can see that, for a self-mapping, the notion of proximally increasing mapping reduces to that of

increasing mapping.

Example 1.8. Consider the Euclidean space R with the usual order ≤. Let A = [0, 1] and B = [2, 3], then
d(A,B) = 1. Define mappings T : A → B by T (x) = 3 − x. Take x1 = 1 = x2 = u1 = u2, then it is clear
that T is proximally increasing but not increasing.

Definition 1.9. Let A and B be two nonempty subsets of partially ordered metric space (X,�, d), and
g : A → A. A mapping T : A → B is said to be Fg-weak contraction if there exists F ∈ F and τ > 0 such
that for all x, y ∈ A0, x � y with d(gy, T (x)) = 4AB and d(T (x), T (y)) > 0, we have

τ + F (d(T (x), T (y))) ≤ F (Mg(x, y)),

where
Mg(x, y) = max(d(gx, gy), d(gx, Tx)−4AB, d(gy, Ty)−4AB,

d(gx, Ty) + d(gy, Tx)

2
−4AB).

(1.2)
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2. Coincidence best proximity point of Fg-weak contraction mapping

In this section, we obtain coincidence best proximity point results of Fg-weak contraction mappings. We
start with the following result.

Theorem 2.1. Let (X,�, d) be a complete partially ordered metric space, A and B two closed subsets of
X, g is continuous self mapping on A such that φ 6= A0 ⊆ gA0 and its inverse is increasing, T : A → B a
continuous Fg-weak contraction with T (A0) ⊆ B0. Suppose that the following conditions hold:

(a) triplet (A,B, g) satisfies weak P-property;

(b) T is proximal increasing;

(c) if a sequence {zn} in A0 is such that {gzn} ⊆ A0 is Cauchy, then {zn} is Cauchy;

(d) there exists x0, x1 ∈ A0 such that x0 � x1, d(gx1, Tx0) = 4AB.

Then T has a coincidence best proximity point. In fact, there exists a convergent sequence {xn} ⊆ A0 which
satisfies

d(gxn+1, Txn) = 4AB for all n ≥ 0, (2.1)

and the limit of {xn} is a coincidence best proximity point of T .

Proof. As x1 ∈ A0, so Tx1 ∈ T (A0) ⊆ B0. Hence there is z2 ∈ A such that d(z2, Tx1) = 4AB which
implies that z2 ∈ A0. As A0 ⊆ gA0, there is x2 ∈ A0 such that g(x2) = z2, we conclude that d(z2, Tx1) =
d(gx2, Tx1) = 4AB then by assumption (d) and Definition 1.7, gx1 � gx2. Since inverse of g is increasing,
it follows that x1 � x2. In a similar way, there is x3 ∈ A0 such that d(gx3, Tx2) = 4AB with x2 � x3.
Inductively, we construct a sequence {xn} ⊆ A0 such that

d(gxn+1, Txn) = 4AB ∀ n ≥ 0 (2.2)

with x1 � x2 � ... � xn � xn+1 � .... If there exists some n0 ∈ N such that gxn0 = gxn0+1, then
d(gxn0 , Txn0) = d(gxn0+1, Txn0) = 4AB implies that xn0 is a coincidence best proximity point of T . If we
define xm = xn0 for all m ≥ n0, then {xn} converges to a coincidence best proximity point of T . The proof
is complete. Assume that

d(gxn, gxn+1) > 0 ∀ n ∈ N. (2.3)

As for xn, xn+1, xn+2 ∈ A0, we have

d(gxn+1, Txn) = 4AB, d(gxn+2, Txn+1) = 4AB

for all n ∈ N. So by weak P-property of first kind, we obtain that

d(gxn+1, gxn+2) ≤ d(Txn, Txn+1). (2.4)

Now by Fg-weak contractive property of T we have

F (d(gxn+1, gxn+2)) ≤ F (d(Txn, Txn+1) ≤ F (Mg(xn, xn+1))− τ (2.5)

for all n > 0, where

Mg(xn, xn+1) = max(d(gxn, gxn+1), d(gxn, Txn)−4AB, d(gxn+1, Txn+1)−4AB,

d(gxn, Txn+1) + d(gxn+1, Txn)

2
−4AB)

≤max(d(gxn, gxn+1), d(gxn, gxn+1) + d(gxn+1, Txn)−4AB,

d(gxn+1, gxn+2) + d(gxn+2, Txn+1)−4AB,
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1

2
[d(gxn, gxn+2) + d(gxn+2, Txn+1) + d(gxn+1, Txn)]−4AB)

= max(d(gxn, gxn+1), d(gxn, gxn+1), d(gxn+1, gxn+2),

1

2
d(gxn+1, gxn+2) +4AB −4AB)

= max(d(gxn, gxn+1), d(gxn+1, gxn+2)).

That is,
Mg(xn, xn+1) ≤ max(d(gxn, gxn+1), d(gxn+1, gxn+2)). (2.6)

From (2.5) and (2.6), we have

F (d(gxn+1, gxn+2) ≤ F (max(d(gxn, gxn+1), d(gxn+1, gxn+2)))− τ (2.7)

for all n > 0.
If there exists some n0 ∈ N such that

max(d(gxn0 , gxn0+1), d(gxn0+1, gxn0+2)) = d(gxn0+1, gxn0+2)

that is, d(gxn0 , gxn0+1) ≤ d(gxn0+1, gxn0+2). Then by (2.7), we have

F (d(gxn0+1, gxn0+2)) ≤ F (d(gxn0+1, gxn0+2))− τ

a contradiction since τ > 0. Hence

max(d(gxn, gxn+1), d(gxn+1, gxn+2)) = d(gxn, gxn+1)

for all n > 0. So (2.7) implies that

F (d(gxn+1, gxn+2)) ≤ F (d(gxn, gxn+1))− τ

for all n > 0.
In particular, for all n ≥ 1, we have

F (d(gxn, gxn+1)) ≤ F (d(gxn−1, gxn))− 2τ ≤ F (d(gxn−2, gxn−1))− 3τ

≤ ... ≤ F (d(gx0, gx1))− nτ
(2.8)

for all n ∈ N.
Set αn = d(gxn, gxn+1), for n ∈ N. Then, αn > 0 for all n and taking the limit as n → ∞ in (2.8), we

get lim
n→∞

F (αn) = −∞. Thus, from (F2), we have lim
n→∞

αn = 0. From (F3) there exists k ∈ (0, 1) such that

lim
n→∞

αknF (αn) = 0. By (2.8), the following holds for all n ∈ N

αknF (αn)− αknF (α0) ≤ −αknnτ ≤ 0. (2.9)

Taking limit as n→∞ in (2.9), we get

lim
n→∞

nαkn = 0. (2.10)

From (2.10), there exists n1 ∈ N such that nαkn ≤ 1 for all n ≥ n1. So we have

αn ≤
1

n
1
k

(2.11)

for all n ≥ n1.
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Let m,n ∈ N such that m > n ≥ n1. By (2.8), we get

d(gxn, gxm) ≤d(gxn, gxn+1) + d(gxn+1, gxn+2)

+ d(gxn+2, gxn+3) + ...+ d(gxm−2, gxm−1) + d(gxm−1, gxm)

=αn + αn+1 + ...+ αm−1

=
m−1∑
i=n

αi ≤
∞∑
i=n

αi ≤
∞∑
i=n

1

i
1
k

.

By the convergence of the series
∞∑
i=n

1

i
1
k

, we get d(gxn, gxm) → 0 as m,n → ∞. This proves that {gxn}

is a Cauchy sequence in X. Using the condition (c), {xn} is a Cauchy sequence in X. By completeness of
X, there exists z ∈ X such that {xn} → z as n→∞. As xn ∈ A0 ⊆ A for all n, so z ∈ A . Since T and g
are continuous mappings, {Txn} → Tz and {gxn} → gz. Taking limit in (2.2) as n→∞, we conclude that
z is a coincidence best proximity point of g and T .

Remark 2.2. If we assume that CBT , the set of coincidence best proximity point of T is well ordered.
Then coincidence best proximity point of T is unique. Let x1, x2 ∈ CBT be two distinct coincidence best
proximity points of T . Using the weak P-property of the first kind and the given assumption, we obtain
that

F (d(gx1, gx2)) ≤ F (d(Tx1, Tx2)) ≤ F (Mg(x1, x2))− τ,

where

Mg(x1, x2) = max(d(gx1, gx2), d(gx1, Tx1)−4AB, d(gx2, Tx2)−4AB,

d(gx1, Tx2) + d(gx2, Tx1)

2
−4AB)

= max(d(gx1, gx2),
1

2
[d(gx1, Tx2) + d(gx2, Tx1)]−4AB)

≤max(d(gx1, gx2),
1

2
[d(gx1, gx2) + d(gx2, Tx2) + d(gx2, gx1) + d(gx1, Tx1)]−4AB)

=d(gx1, gx2).

This further implies that
F (d(gx1, gx2)) ≤ F (d(gx1, gx2))− τ,

a contradiction. Hence x1 = x2.

Remark 2.3. In Theorem 2.1, if g = IA ( an identity map on A), then we obtain best proximity point of
F -weak contraction mapping T . Furthermore, if Mg(x, y) = d(x, y), then we have best proximity point of
F -contraction mapping.

Example 2.4. Let X = R2. Define � on X as follows: (x, y) � (z, t)⇔ x < z, y < t. Then (X,�, d) is a
complete metric space with metric d defined as:

d((x1, y1), (x2, y2)) = |x1 − x2|+ |y1 − y2|.

Suppose that A = {(3, 2), (5, 6), (8, 9)} and B = {(4, 5), (6, 7), (9, 8)}. Then d(A,B) = 4AB = 2. So,
A0 = {(5, 6), (8, 9)} and B0 = {(4, 5), (6, 7), (9, 8)}. Define g : A→ A by

g(3, 2) = (3, 2), g(5, 6) = (8, 9), g(8, 9) = (5, 6).

Note that g is continuous, φ 6= A0 = g(A0), the triplet (A,B, g) satisfies the weak P-property. Define
T : A→ B as follows:

T (3, 2) = (9, 8), T (5, 6) = (4, 5), T (8, 9) = (6, 7).
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Obviously T is continuous, T (A0) ⊆ B0 and is proximal increasing. Also, T is Fg-weak contraction with
F (α) = ln(α). Only comparable points in A0 are u = (5, 6) � v = (8, 9). Indeed

d(Tu, Tv) =d(T (5, 6), T (8, 9)) = d((4, 5), (6, 7)) = 4,

d(gu, gv) =d(g(5, 6), g(8, 9)) = d((8, 9), (5, 6)) = 6,

d(gu, Tu)−4AB =d(g(5, 6), T (5, 6))− 2 = d((8, 9), (4, 5))− 2 = 6,

d(gv, Tv)−4AB =d(g(8, 9), T (8, 9))− 2 = d((5, 6), (6, 7))− 2 = 0 and

d(gu, Tv) + d(gv, Tu)

2
−4AB =

d(g(5, 6), T (8, 9)) + d(g(8, 9), T (5, 6))

2
− 2 = 4

gives Mg(x, y) = 6. Thus for 0 < τ ≤ ln(32) we have

τ + ln(4) ≤ ln(6).

Hence,
τ + F (4) ≤ F (6)

τ + F (d(Tx, Ty)) ≤ F (Mg(x, y)).

Also, there exists (x0, x1) ∈ A0 × A0 such that d(gx1, Tx0) = 4AB = 2. Thus all the conditions of
Theorem 2.1 are satisfied. Furthermore, we have

d(g(8, 9), T (8, 9)) =d((5, 6), (6, 7))

=d(A,B) = 2.

Hence (8, 9) is the coincidence best proximity point of g and T .

Example 2.5. Let X = [0, 1]× [0, 1]. Define � on X as follows: (x, y) � (z, t)⇔ x ≤ z, y < t. Thus (X,�)
is a partially ordered set and (X,�, d) is a complete metric space with metric d defined as:

d((x1, y1), (x2, y2)) = |x1 − x2|+ |y1 − y2|.

Let
A = {(0, x) : 0 ≤ x ≤ 1} and B = {(1, y) : 0 ≤ y ≤ 1}.

Then d(A,B) = 4AB = 1. Let A0 = A and B0 = B. Define g : A→ A by g(0, x) = (0, 2x
1+x). Obviously

g is continuous, φ 6= A0 = g(A0). Define T : A→ B as follows:

T (0, x) = (1,
x

2
) for (0, x) ∈ A.

The triplet (A,B, g) satisfies the weak P-property. Note that T is continuous, T (A0) ⊆ B0 and is
proximal increasing. Also, T is Fg-weak contraction with F (α) = ln(α). Note that, for 0 < τ < 1 and for
any comparable u = (0, x1), v = (0, x2) ∈ A0

d(Tu, Tv) ≤ e−τMg(u, v).

Hence, we have
τ + F (d(Tu, Tv)) ≤ F (Mg(u, v)).

Also, there exists (x0, x1) ∈ A0 × A0 such that d(gx1, Tx0) = 4AB = 1. Thus all the conditions of
Theorem 2.1 are satisfied. Furthermore, we have

d(g(0, 0), T (0, 0)) =d((0, 0), (1, 0))

=d(A,B) = 1.

Hence (0, 0) is the unique coincidence best proximity point of T .
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Any nondecreasing sequence {xn} in a partially ordered metric space X satisfy the following condition:
(H) If xn → x then xn � x.

Theorem 2.6. Conclusion of Theorem 2.1 also holds if we replace the continuity of T by condition (H).

Proof. Following similar arguments to those given in proof of Theorem 2.1, we deduce that {gxn} and {xn}
are Cauchy sequences in a closed subset A of X. There exists x ∈ A such that {xn} → x and {gxn} → gx.
Then by the given assumption, we have xn � x and gxn � gx. Note that x ∈ A0. Now Tx ∈ B0 gives that
d(gx, Tx) = d(A,B). Using Fg-weak contractive property of T we have

F (d(Txn, Tx) ≤ F (Mg(xn, x))− τ

for all n > 0, where

Mg(xn, x) = max(d(gxn, gx), d(gxn, Txn)−4AB, d(gx, Tx)−4AB,

d(gxn, Tx) + d(gx, Txn)

2
−4AB)

≤max(d(gxn, gx), d(gxn, gxn+1) + d(gxn+1, Txn)−4AB,

d(gx, Tx)−4AB,
1

2
[d(gxn, gx) + d(gx, Tx) + d(gx, gxn+1)

+ d(gxn+1, Txn)]−4AB)

= max(d(gxn, gx), d(gxn, gxn+1), d(gx, Tx)−4AB,

1

2
[d(gxn, gx) + d(gx, Tx) + d(gx, gxn+1) +4AB]−4AB).

Taking limit as n→∞, we get

lim
n→∞

Mg(xn, x) = d(gx, Tx)−4AB. (2.12)

Since

d(gx, Tx) ≤d(gx, gxn+1) + d(gxn+1, Txn) + d(Txn, Tx)

=d(gx, gxn+1) + d(A,B) + d(Txn, Tx).

Hence,

F (d(gx, Tx)− d(gx, gxn+1)− d(A,B)) ≤ F (d(Txn, Tx))

≤ F (Mg(xn, x))− τ.

Therefore

F (d(gx, Tx)− d(A,B)) = lim
n→∞

F (d(gx, Tx)− d(gx, gxn+1)− d(A,B))

≤ lim
n→∞

F (d(Txn, Tx)

≤ lim
n→∞

F (Mg(xn, x))− τ

=F (d(gx, Tx)− d(A,B))− τ,

a contradiction. Hence d(gx, Tx) = d(A,B).
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