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Abstract

In this paper, we investigate the expressions of solutions and the periodic nature of the following systems
of rational difference equations with order four

T _ Yn—3 _ Zn—3 2 _ Tn—3
n+l = iliynznflxn72yn737 yn+1 o iliznwnflyn72zn737 ntl = ilixnynflzn72$n737

with initial conditions x_3, z_2, T_1, %0, ¥—3, Y—2, ¥—1, Yo, 2—3, 2—2, 2—1 and zg which are arbitrary real
numbers. (©2016 All rights reserved.

Keywords: Difference equations, recursive sequences, stability, periodic solution, system of difference
equations.
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1. Introduction

The goal of this paper is to obtain the form of the solutions and the periodicity character of some systems
of rational difference equations

T _ Yn—3 _ Zn—3 2 _ Tn—3
n+l = +ltynzn—1Tn—2Yn—3’ Ynt+1 = +ltzpnxn—1Yn—22n—3"° n+l = +1txnyn—12n—2Tn—3"°

with initial conditions, which are arbitrary real numbers.
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Difference equations appear naturally as discrete analogues and as numerical solutions of differential and
delay differential equations having applications in biology, ecology, economy, physics, and so on. Although
difference equations are very simple in form, it is extremely difficult to understand thoroughly the behaviors
of their solution, see [IH4], [6H8|, [1T], 13} 15, 19, 20, 22 24, 25] 27, 31, 32] and the references cited therein.
Recently, a great effort has been made in studying the qualitative analysis of rational difference equations
and rational difference equations system, see [4H31] [33] 34].

Din et al. [§] investigated the qualitative behavior of the following competitive system of rational
difference equations

x _ aitfizn _ az+fBoyn—1 )
n+l1 artbry, 0 Intl az+bazn

Elsayed et al. [15] studied the form of the solutions and the periodicity of the following rational systems
of rational difference equations

Tn—5 Yn—5

Intl = 1-zn—s5yn—2"’ Ynt1 = +ldyn—s5Tn—2"

Grove et al. [19] studied the existence and behavior of solution of the rational system

b
Tpt+1 = ﬁ + Un? Yn+l = = + -

Tn yn
The behavior of positive solutions of the following system

Tn—1 Yn—1
Tnt+l = 1+zp—1yn’ Yn+1 = I4+yn—12n’

were studied by Kurbanli et al. in [24].
Ozban [25] has investigated the positive solution of the system of rational difference equations

byn—3

— a —
xn-ﬁ-l - Yn—3" yn+1 - xnfqynfq.

Also, Touafek et al. [27] studied the periodicity and gave the form of the solutions of the following
systems
Tn+l = 7%_1&’&%), Ynt+1 = ‘yn_l(ftnlixn)'

Elabbasy et al. [11] obtained the solution of particular cases of the following general system of difference
equations

T — a1+a2yn b1zn—1+bazn _ C1Zn_1+4+C22n
1l = Gtastn—12n’ I T Bamnyntbazngn—1 "t T GEn1yn-1+Catn_1YntCsnyn

. _ Yn—3 _ Zn—38 _ Ln—3
2. On the systems: ni1 = 1Eynzn_1@n_20n_3’ I+l = TEzna, 1un_22n 5’ “?+1 = TEznyn_12n_20n_s

In this section, we study the solutions of the system of three difference equations in the following form

T Yn—3 Zn—3
S Ty, 1@ —2yn—3° I T T2z 1gn 2203
Tn—3 —
ot S, n=0,1,.., (2.1)

with nonzero real initial conditions x_3,x_2, T_1, g, Y—3, Y—2, Y—1, Y0, 2—3, 2—2, Z—1, 20

Theorem 2.1. Suppose that {xy, yn, z2n} are solutions of system (2.1)), then for n =0,1,2,..., we see that

- H (1+12iadgl) (1+(12i+4)adgl) (1+(12i+8)adgl)
T12n-3 = @ |1 [T 12i+1)adgl)(1+(12i+5)adgl) (11 (12i+9)adgl) *

b H (14(12¢+1)behm) (14(12i+5)behm) (14 (12i4+9)behm)
T12n-2 = (1 (12i+2)behm) (1+(12i+6)behm) (1+(12i+10)behm) ’
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" (14 (1264-2) e fRo) (14-(12i46)e fro) (14(12i+10)c f ko)

Ti2n—1 = € H +(12i+3)cfko) (1+(12i+7)cfko) (1+(12i+11)c ko)’
d +(12i43)adgl) (14(12i+7)adgl) (14+(12i+11)adgl)

T12n = H +(12i+4)adgl) (1+(12i+8)adgl) (1+(12i+12)adgl) ’

1—[ (14(12i+4)behm) (14(12i4-8)behm) (1+(12i412)behm)
T12n+1 = (1+behm (1+(12i+5)behm) (1+(12i+9)behm) (11 (12i+ 13)behm) *

_ f (14cfko) 1—[ (14+(12i4-5)cfko) (14-(12i4-9)cfko) (14-(12i4-13)cfko)
T12n+2 = 1+2cfko (1+(12i46)cfko) (14 (12i410)cfko) (1+ (12i+14)cfko) *

_ g (142adgl) H +(12i4-6)adgl) (1+(12i+10)adgl) (14 (12i+14)adgl)
T12n+3 = "1+ 3adgl) F(12i+7)adgl) (1+(12i+11)adgl) (1+(12i+15)adgl) ’

h (143behm) nH (1+(12i+7)behm) (14(12i411)behm) (14 (12i+15)behm)
T12n+4 = “(144behm) L (F(12i48)behm) (1+(12i+12)behm) (1+(12i416)behm)

_ k (1+4cfko) +(12i+8)cfko)(14+(12i+12)cfko) (1+(12i+16)cfko)
L12n+5 = [Aicfko)(1+5cfko) H +(12i49)cfko) (14 (12i+13)cfko) (1+(12i+17)cfko) *

I (1+adgl)(14+5adgl) H (14(124+9)adgl) (14+(12i+13)adgl) (14+(12i4+17)adgl)
L12n+6 = (142adgl)(1+6adgl) (1+(121+10)adgl)(1+(12z+14)adgl)(1+(121+18)adgl)

_ m (142behm)(14+6behm) 1—[ (14+(12i+10)behm) (14 (12i4+14)behm) (1+(12i+18)behm)
T12n+7 = (1+3behm)(1+7behm) (1 (12i+11)behm) (14 (12i+15)behm) (1+(12i+19)behm) ’

o (143cfko)(1+Tcfko) 1 +(12i4+11)cfko) (14(12i+15)cf ko) (14(12i4+19)cfko)
T12n+8 = (1+4cfko) (1+8cfko) 1:[ +(12i+12)cfko) (1+(12i+16)cfko) (1+(12i+20)cfko) ?

. H (14(12¢)behm) (14(12i4+4)behm)(1+(12i48)behm)
Y12n-3 = € (1+ (12i+ 1)behm) (14 (12i+5)behm) (1+(12i+9)behm) °

o (14(12¢+1)cfko) (14 (12i4+5)cfko) (14 (12i+9)cfko)
Yizn—2 = f H (14 (12i42)cfko) (1+(12i+6)cfko) (1+(12i+10)cfko) ’

_ (1+(12i+2)adgl) (14+(12i4+6)adgl) (14 (12i+10)adgl)

Yizn-1 =9 H (T+(12i+3)adgl) (1+(12i+7)adgl) (1+(12i+11)adgl) *
-} (14(124+3)behm) (14(12i4+7)behm) (1+(12i411)behm)
Yion = H (T+(12i+4)behm) (1+(12i+8)behm) (1+ (12i+ 12)behm) *

k" (1204 4)efho) (14 (12i48)cf ko) (14 (12i+12)c ko)

Y12n+1 = [Txcfko) H (1+(12i45)cfko) (1+(12i49)cfko) (1+(12i+13)cfko) ?
fL:

! (1+adgl) H (14+(12i+5)adgl) (14+(12i+9)adgl) (14+(12i+13)adgl)
Y12n+2 = [T12adgl) (1+( 121+6 Yadgl) (1+(12i+10)adgl) (1+(12i+14)adgl) ’

o (1+2behm) (14(12¢+6)behm) (14(12i+10)behm) (14 (12i+14)behm)
Y12n+3 = (1+3behm H (IF(12i47)behm) (1+(12i+11)behm) (14 (12i+15)behm) ’

_ o (143cfko) (14(12¢+7)cfko) (14(12i+11)cfko) (1+(12i+15)cfko)
Yi2n+4 = 1+4cfko H (14(12i+8)cfko)(1+(12i+12)cfko) (14+(12i+16)cfko) ?

_ a (1+4adgl) nﬁl (1+(12¢+8)adgl) (14(12i4+12)adgl) (14(12i+16)adgl)
Y12n4+5 = [Txadgl)(1+5adgl) _ (1+(12i+9)adgl) (1+(12i+13)adgl) (1+(12i+17)adgl) ’

b (14behm)(1+5behm) H (14(12i+9)behm) (14(12i4+-13)behm) (1+(12i417)behm)
Y12n+6 = (11 2behm)(1+6behm) (1+(12i+10)behm) (1+(12i+14)behm) (1+(12i+18)behm) ’

_ ¢ (142¢fko)(14+6¢fko) +(12i410)cfko) (14+(12i+14)cfko) (14(12i+18)cfko)
Y12n+7 = (1+3cfko)(1+7cfk:o H +(12i+11)cfko) (1+(12i+15)cfko) (1+(12i+19)cfko) *
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_d (143adgl)(147adgl) H (14(12i+11)adgl) (14 (12i+15)adgl) (14(12:+19)adgl)
Y12n+8 = " dadgl)(1+8adgl) (1F(12i+12)adgl) (1+(12i+16)adgl) (1+(12i+20)adgl) ’

and

k (14(124)cfko)(14(12i+4)cfko) (1+(12i+8)cfko)
“12n—3 = H 1+ (12i+1)cfko)(1+(12i+5)c ko) (1+(12i+9)c ko) ?

_ H (1+(12i+1)adgl) (14+(12i+5)adgl) (1+(12i+9)adgl)
“12n—2 = (1+(12i+2)adgl) (1+(12i+6)adgl) (1+(12i+10)adgl) ’

= (14 (12i4-2)behm) (14-(12i4-6)behm) (1

f12n—1 =M H +(12i+3)behm) (1+(12i+7)behm)(1

=0

(12i4+10)behm)
(12¢+11)behm)’

+
+

_ (14+(12i+3)cfko) (14+(12i+T)cfko) (14 (12i+11)cfko)
Zl12n = 0 H (1+(121+4 cfko)(1+(12i+8)cfko)(1+(12i+12)cfko) ’

— a
F12n+1 = (Ttadgl) Ho

+(12i4+4)adgl) (1+(12i+8)adgl) (14+(12i+12)adgl)
+(12¢45)adgl) (1+(12:+9)adgl) (14+(12i+13)adgl)

b (14+behm) not (14+(12i+5)behm) (14 (12i4+9)behm) (1+(12i+13)behm)

212042 = 11 2behm) (1 (12i46)behm) (1+ (12i+10)behm) (1+(12i+14)behm) *

i=0
¢ (142¢fko) " (14+(12i46)c ko) (1+(12i-+10)c fko)(14+(12i+14)c ko)
+

Z12n+3 = T(113cfko) Ho (A (12i47)cfko)(1+(12i+11)cfko) (1+(12i+15)cfko) *

=

d (1+3adgl) H (14(12i47)adgl) (1+(12i+11)adgl) (1+(12i+15)adgl)
“12n+4 = (13 4adgl) (1+(12i48)adgl) (1+(12i+12)adgl) (1+(12i+16)adgl) ’

e (14+4behm) (14+(12i48)behm)(1

. H (12i4+12)behm)(1
212045 = (Tibehm)(1+5behm) L1 (T (12i19)behim) (1
1=0

(12¢+13)behm)(1

(12i+16)behm)
(12¢+17)behm)’

+ +
¥ ¥

_f (efko)(1+5cfko) 11 (14+(12i49)cfko)(1+(12i+13)cfko) (14+(12i+17)cfko)
Z12n+6 = “(T42cfko)(1+6¢ ko) 1:[ (1+(12i+10)cfko) (1+(12i+14)cfko) (1+(12i+18)cfko) ’

g (14+2adgl)(1+6adgl) H (1+(12i+10)adgl) (14(12i+14)adgl) (1+(12i+18)adgl)
F12n+7 = “(133adgl)(1+7adgl) . o (1F+(12i+11)adgl)(1+(12i+15)adgl) (1+(12i+19)adgl)
1=

h (143behm)(1+7behm) ”13[1 (14(12i+11)behm)(1

B + (12i+15)behm)(1
Z12n+8 = ~(1+4behm)(1+8behm) (1+(12i+12)behm) (1

(12i+16)behm) (1

(12¢+19)behm)
(124+20)behm)*

+ +
— + +

where x_3 =a, v—2=b, x_1 =c¢,x9=d, y-3 = e, y—2:f; Y-1=9, Yo="h, z3=k, 22 =1, 2.1 =

—1
m, zo=o0 and [[ A; =1.
i=0

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. Then
we have

o k (1+4cfko) (14(12¢+8)cfko) (14(12i+12)cfko) (1+(12i+16)cfko)
L12n—=7 = [3cfko)(1+5cfko) H (1F(12i49)cfko) (14 (12i+13)cfko) (1+(12i+17)cfko) *

I (14+adgl)(1+5adgl) H2 (14+(12i49)adgl) (14(12i4+13)adgl) (1+(12i4+17)adgl)
LT12n—6 = (112adgl)(1+6adgl) 11 (TFH(12i+10)adgl)(1+(12i+14)adgl)(1+(12i+18)adgl)’
1=0

_ m (142behm)(1+6behm) H
T12n=5 = (1 3behm)(1+7behm) (1+(12i+11)behm)

(14(124+10)behm) (14(12i414)behm) (1+(12i418)behm)
(14(12¢+15)behm) (14+(12:+19)behm)

o (143cfko)(1+7cfko) = (14(12i+11)efko) (14(12i4+15)cfko) (1+(12i4+19)cfko)
T12n—4 = “(AFdcfko)(1+8cfko) zl:[(] (1+(12i412)cfko) (1+(12i+16)cfko) (14 (12i+20)cfko) ’

(12i4+12)adgl) (1+(12i4-16)adgl)
(12i4+13)adgl) (1+(12i4+17)adgl) ’

—2

_a (l4+4adgl) o (1+(12i+8)adgl)(1

Y12n—7 = [Tadgl)(1+5adgl) ‘Ho (1 (12i+9)adgl) (1
el

+
+
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__ b (14+behm)(1+5behm) H (14(12¢+9)behm) (14-(12:+13)behm) (14 (12i4+17)behm)
Y12n—-6 = (T3 2behm)(1+6behim) (1F(12i+10)behm) (1+(12i+14)behom) (1+(12i+18)behm) ’

¢ (142cfko)(146¢fko) n-2 (14+(12i+10)cfko) (1+(12i414)cfko) (1+(12i418)cfko)
Y12n—5 = “033cfko)(1+7cf ko) 1:[0 (14+(12i+11)cfko) (1+(12i+15)cfko) (1+(12i+19)cfko) ?

.

d (14+3adgl)(1+7adgl) 1—[ (1+(12i+11)adgl) (1+(12i415)adgl) (14-(12i4-19)adgl)
Y12n—4 = "1 4adgl)(1+8adgl) (1+(12i+12)adgl) (1+(12i+16)adgl) (1+(12i+20)adgl) ’

[\

.

[\

n—

e (14+4behm) (14(12¢+8)behm) (14(12i+12)behm) (14 (12i4+16)behm)

F12n—T = (TFbehm)(1+5behm) HO (1+(12i49)behm) (1+(12i+13)behm) (1+(12i+17)behm) *

n—2

~

f (1+cfko)(14+5cfko)

_ (1+(12i+9)cfko) (1+(12i+13)c f o) (1+(12i+17)c ko)
F12n—6 = “(152¢fko)(1+6¢fko)

(14(12¢+10)cfko) (14(12i+14)cfko) (1+(12i+18)cfko) *

.
o

1+2adgl)(1+6adgl) 2 14+(12i+10)adgl) (1+
H

_ (12i+14)adgl) (1+(12i+18)adgl)
F12n—5 = (1+3adgl)(1+7adgl) +

(
(14(12¢+11)adgl) (1+(12i+15)adgl) (14+(12i+19)adgl)

h (14-3behm)(1+7behm) H (1+(12i+11)behm) (14 (12i+15)behm) (14 (12i+19)behm)
Z12n—4 = “(1Fdbehm)(1+8behm) (1F(12i+12)behm) (1+(12i+16)behom) (1+(12i+20)behm) *

Now, it follows from Eq. ) that

Y12n—7
1+ y12n—7212n—5T12n—6Y12n—4
( a (1+4adgl) ’ﬁz (1+(12i+8)adgl)(1+(12i+12)adgl)(1+(12i+16)adgl)>
(1+

T12n—-3 =

(I+adg)(1+5adgl) L1 (T+(12i+9)adgl) (1+(12i+13)adgl) (1+(12i+17)adgl)

a (14+4adgl) (1+(12¢+8)adgl) (14+(12i+12)adgl) (14 (12i416)adgl
H

L+ (1+adgl)(14+5adgl) (14+(12¢+9)adgl) (14+(12i+13)adgl) (1+(12i4+17)adgl)

g (142adgl)(1+6adgl) H (1+ 12¢4+10)adgl) (14(12i+14)adgl) (14+(12i+18)adgl)

(1+3adgl)(l+7adgl (14+(12i4+11)adgl) (14-(12i415)adgl) (14-(12i+19)adgl)

1 (14+adgl)(145adgl) nH2 (14+(12i49)adgl) (14+(12i4+13)adgl) (1+(12i4+17)adgl)

(1+2adgl)(1+6adgl) - 0 (1+(12¢+10)adgl) (1+(12i+14)adgl) (14 (12i+18)adgl)
1=

d (143adgl)(1+Tadgl) nlzf (14+(12i+11)adgl) (14(12i4+15)adgl) (14 (12i4+19)adgl)
(1+4adgl)(1+Sadygl) (1+(12i+12)adgl) (1+(12i+16)adgl) (1+ (12i+20)adgl)

a(1+4adgl)(1+8adgl) <H (14(12i+8) adgl)(1+(12z+12)adgl)(1+(122+16)adgl)>

1=0

n—2
(1+adgl) 1+5adgl)(H 1+ 122+9)adgl)(1+(121+13)adgl)(1+(12i+17)adgl)>
=0

2
H 14(12i+20)adgl)

/—\

X

n— n—2
(14-8adgl) < I (1+(121+20)adgl)> +adgl < II (1+(12i+8)adgl)>

=0 =0
n—2
a(1+4adgl)(1+8adgl) < (14(12i+12)adgl) (1+(12i+16)adgl) (1+(12i+20)adgl)

.
Il
o

1
(1+(12n—4)adgl)+adgl

jam

(1+adgl)(145adgl) < (1+(12i+9)adgl)(1+(12i+13)adgl)(1+(12i+17)adgl)>

Il
=}

7

n—2
<a(1+4adgl)(1+8adgl) < IT (1+(12i+12)adgl)(1+(12i+16)adgl)(1+(12i+20)adgl)>>
=0

n—2
<(1+adgl)(1+5adgl)(1+(12n—3)adgl) < H (1+(12i+9)adgl)(1+(12i+13)adgl)(1+(12i+17)adgl)))
i=0

H (14+124adgl) (14 (12i+4)adgl) (1+(12:+8)adgl)
=@ 1] 2 1) adgl) (11 (12i+5)adgl) (14 (12i+9)adgl) -
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Also, we see that
212n—T7
b
1+ z19n—7T12n—5Y12n—6212n—4

Yan—2 =

n—2

e (14+4behm) T (1+(12i+8)behm) (1+(12i+12)behm) (1+(12i+16)behm)

(1+behm)(14+5behm) _ (1+(12¢+9)behm) (14 (12i413)behm) (14 (12i+17)behm)
Yin=2= e (1+4behm) n2 (14(12i+8)behm) (14(12i4+12)behm) (1+(12i416)behm)
(1+behm)(1+5behm) zH (14+(12:+9)behm) (14(12i4+13)behm) (1+(12i4+17)behm,)

0
m (14-2behm)(1+6behm) — (1+(12¢+10)behm) (1+(12i4+14)behm) (14(12i+18)behm)
(14+3behm)(1+Tbehm) H (14+(12¢+11)behm) (14(12i4+15)behm) (1+(12i4+19)behm)

3

1=0

1+ -
b (1+behm)(1+5behm) H2 (14(12¢+9)behm) (14-(12i4+13)behm) (1+(12i417)behm)
(14+2behm)(1+6behm) o (1+( 121+10)behm)(1+(121+14)behm)(1+(121+18)behm)

n—2

<h (14-3behm) (14 7behm) H (1+(12H—11)behm)(1+(12H—15)behm)(1+(12H—19)behm)>

(1+4behm)(1+8behm) (14+(12¢+12)behm) (14 (12i+16)behm) (14 (12i+20) behm)

1=0

n—2
(e(1+4behm)(1+8behm)) ( H (1+(12i+12)behm)(1+(12i+16)behm)(1+(12i+20)behm)>
1=0

(1+behm)(1+5behm) <H (14+(12i+9) behm)(1+(122+13)behm)(1+(122+17)behm))
e

<"1:[ 1+(12i+8) behm)>

X n—2 —
((1+8behm)) < [ +(12i+20)behm) >+behm< [T a+@2i+8) behm)>

=0 3

n—2
(e(14+4behm)(14-8behm)) ( H (1+(12i+12)behm)(1+(12i+16)behm)(1+(12i+20)behm)>
i=0

n—2
(1-behm)(1+5behm) ( I1 (1+(12i+9)behm)(1+(12i+13)behm)(1+(12i+17)behm))
1=0

n—2
<H (1+(12i+8)behm)>
1=0

n—1 n—2
< II (1+(12i+8)behm)> +behm < II (1+(12i+8)behm)>

=0 =0

X

n—2
(e(14+4behm)(1+8behm)) ( H (1+(12i+12)behm)(1+(12i+16)behm)(1+(12i+20)behm)>
i=0

n—2
(1+behm)(1+5behm) < H (1+(12i+9)behm)(1+(122’+13)behm)(1+(122’+17)behm))
i=0

n—2
(H (1+(12z‘+8)behm)>

=0

X n—2
< I (1+(12i+8)behm)> ((14(12n—4)behm)+behm)

1=0

n—2
(e(1+4behm)(1+8behm)) < H (1+(12i+12)behm)(1+(12i+16)behm)(1+(12i+20)behm)>

— i=0
- n—2
(14+behm)(1+5behm)(14(12n—3)behm,) < H (1+(12i+9)behm)(1+(12i+13)behm)(1+(12i+17)behm)>
i=0

(14+(124)behm) (14+(12i4+4)behm) (1+(12i48)behm)
=e€ H (1+(12z+1)behm)(1+(12z+5)behm)(1+(12z+9)behm)’

and

z _ T12n—7
12n-3 1+T12n—7Y12n—5212n—6T12n—4
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k (1+4cfko) T (14+(12¢+8)cfko) (1+(12i+12)cfko) (1+(12i+16)cfko)
(14+cfko)(1+5cfko) U (14(12¢+9)cfko) (14(12i+13)cfko) (1+(12i+17)cfko)
— =0
k (1+4cfko) n? (14(126+8)cfko) (14+(12i4+12)cfko) (1+(12i+16)cfko)
(1+cfko)(14+5cfko) 1:[ (1+(122+9)cfk0)( +(12i+13)cfko)(1+(12¢+17)cfko)
¢ (142cfko)(14+6¢fko) = (14+(12:+10)cfko) (14 (12i+14)cfko) (1+(12:+18)cfko)
(143cfko)(1+Tcfko) zl;[ (14+(12¢+11)cfko)(14(12i4+15)cfko) (1+(12i+19)cfko)

n—2

1+
<f (Ltefko)(Lt5efko) "] (1+(121+9)cfko)(1+(12z+13)cfk0)(1+(12z+17)cfko))
(14+2cfko)(1+6¢fko) i:() (1+(12i+10)cfko) (1+(12i+14)cfko) (1+(12i+18)cfko)

n—2

o (14+3cfko)(1+Tcfko) H (14+(12i+11)cfko) (14 (12i+15)cfko) (14(12i+19)cfko)
(1+4cfko)(1+8cfko) (14+(12:+12)cfko)(1+(12i4+16)cfko) (1+(12i+20)cfko)

1=0

n—2
(k(14+4cfko)(14+8cfko)) ( H (1+(12i+12)cfk0)(1+(12i+16)cfk0)(1+(12i+20)cfk0)>

=0

- n—2
(14+cfko)(1+5cfko) < H (1+(12i+9)cfko)(1+(12i+13)cfko)(1+(12i+17)cfk0)>

1=0

n—2
<H (1+(12i+8)cfko)>

=0

n—1 n—2
< I (1+(12i+8)cfko)> +(cfko) < I (1+(121’+8)cfko)>

i=0 i=0

X

n—2
(k(14+4cfko)(14+8cfko)) < H (1+(12i+12)cfk0)(1+(12i+16)cfk0)(1+(12i+20)cfk0)>

=0

- n—2
(14+cfko)(1+5cfko) < H (1+(12i+9)cfko)(1+(12i+13)cfko)(1+(12i+17)cfko)>
i=0

n—2

II (1+(12i+8)cfko))

=0

n—2
(1+(12n4)cfko)<H (1+(12i+8)cfko)> +(cfko) <H (1+( 121+8)cfko)>

i=0 =0

X

n—2
(k(1+4cfko)(14+8cfko)) < H (1+(12i+12)cfk0)(1+(12i+16)cfk:0)(1+(12i+20)cfko)>

=0

n—2
(14-cfko)(145¢fko) < I (1+(12i+9)cfko)(1+(12i+13)cfko)(l+(12i+17)cfko)>
1=0

n—2
(H (1+(12i+8)cfk:o)>

% =0

n—2
<H (1+(12i+8)cfko)> (14+(12n—4)cfko+cfko)
1=0

n—2
(k(1+4cfko)(14+8cfko)) < II (1+(12i+12)cfko)(1+(12i+16)cfk:o)(1+(12i+20)cfko)>
=0

n—2 Y
(14+cfko)(1+5cfko)(14+(12n—3)cfko) < H (1+(12i+9)cfko)(1+(12i+13)cfko)(1+(12i+17)cfko)>
i=0

n—1
k H (14(128) e fko) (1+(12i44)cfko) (14 (12i+8)cfko)

1=0

Z12n—-3 = 771 .
H (14(12i4+1)cfko) (14(12i+5) c fko) (1+(12i+9)cf ko)
=0
Also, we can prove the other relations. This completes the proof. O

Lemma 2.2. Let {xy, yn ,2n} be positive solutions of system (2.1), then {x,},{yn} and {z,} are bounded
and converges to zero.

Proof. 1t follows from Eq. (2.1) that

Yo < Yn—3; Ynt1 = Fns < Zn-3
n— n+1 — n—
1+ Yn2n-1Tn—2Yn—3 ’ 1+ 2p®n-1Yn—22n—3 ’

Tn4+1 =
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Tn—3
Zn+l1 = < Tp-3.
1+ Znyn—12n—2Tn-3
Thus
Tn+5 < Yn+1s Yn+5 < Zn+1; 2n4b5 < Tptl = Tp4bs < 2n—3; Yn+5 < Tn—3; Zn+5 < Yn—3
= Tn+9 < Yn+5 < Tn—3; Yn+9 < Zn+5 < Yn—3, 2Zn+9 < Tn+s < 2p—3-
Then the subsequences {Zi2p+i}nrg, ¢ = —3. — 2,—1,0,1,2,...,8, are decreasing and bounded from

above by M = max{z_3,x_2,2_1,%0,...,xg}. Also, the subsequences {yion+i}reo and {zi2n+i}o, @ =
-3.—-2,-1,0,1,2,...,8, are decreasing and bounded from above by L = max{y_3,y_2,...,ys} and N =
max{z_3, z_2, ..., 28 }, respectively. This completes the proof. O

Lemma 2.3. If x;, yi, 2z, i = —3,—2,—1,0, are arbitrary real numbers and let {xy, yn, zn} be solutions of
system (2.1), then the following statements are true.

(i) If x—3 = a = 0, then we have Ti2n—3 = Y12n+5 = Z12n+1 = 0, Ti2n = Y12n+8 = Z12n4+4 = d, T12p+6 =
Y12n+2 = Z12n—2 = | and T12p43 = Y12n—1 = Z12n+7 = §-

(i) If x_9 = b = 0, then we have Tizn—2 = Yi2nt6 = Z12n+2 = 0, Ti2p+1 = Yi2n-3 = Zi2n+5 = €,
T12n44 = Y12n = Z12n+8 = I and T12p47 = Y12n4+3 = Z12n—1 = M.

(ili) If x—1 = ¢ = 0, then we have 12,1 = Y12n47 = 212043 = 0, Ti2n42 = Yi2n-2 = 212046 = fs
T12n45 = Y12n+1 = 21203 = k and T12n48 = Y12n14 = 2120 = O.

(iv) If zg = d = 0, then we have T12, = Y12n48 = 212044 = 0, T120-3 = Y12n45 = 212041 = @, T12p43 =
Y12n—1 = 212047 = g and T12n46 = Y12n4+2 = 212n—2 = L.

(v) If y—3 = e = 0, then we have Ti2p+1 = Yi2n-3 = Zi2n+5 = 0, T12n47 = Yi2n43 = Z12n—1 = M,
T12n—2 = Y12n4+6 = Z12n42 = b and T12p44 = Y120 = Z12n4+8 = h.

(vi) If y_o = f = 0, then we have Tizn+2 = Yi12n-2 = Zi2n+6 = 0, Ti2n+5 = Yi2n+1 = Z12n—3 = Kk,
T12n+8 = Y12n+4 = R12n = O and T12n+7 = Y12n+3 = R12n—1 = M.

(vii) If y-1 = g = 0, then we have Ti2p+3 = Yi2n—1 = Zi2n+7 = 0, Ti2n46 = Yiznt2 = Zi2n—2 = I,
T12n—3 = Y12n+5 = Z12n+1 = @ and T12, = Y12p+8 = Z12n+4 = d.

(viii) If yo = h = 0, then we have Tizpta = Y12n = 212048 = 0, T12n4+7 = Y12n43 = Z12n—1 = M, Tizp—2 =
Y12n+6 = 212n+2 = b and 12,41 = Y12n—3 = Z12n45 = €.

(ix) If z—3 = k = 0, then we have Tign+5 = Yiznt1 = Zi2n-3 = 0, Ti2n42 = Yizn—2 = Z12n+6 = [,
T12n+8 = Y12n+4 = R12n = O and T12n—1 = Y12n+7 = R12n+3 = C.

(x) If z—9 = 1 = 0, then we have Tiznt6 = Yizn+2 = 212n—2 = 0, T12n43 = Yi2n—1 = Z12n47 = G,
T12n—3 = Y12n45 = Z12n+1 = @ and T12p = Y12n48 = Z12n+4 = d.

(xi) If z-1 = m = 0, then we have Ti2p+7 = Yi2nt3 = Z12n—1 = 0, Tiznt1 = Yi2n—3 = 212045 = €,
T12n+4 = Y12n = 212048 = h and x12,—2 = Y12n4+6 = Z12n42 = b.

(xii) If zo = o = 0, then we have T12n+8 = Yi2nt4 = 2120 = 0 and Tizn42 = Yi2n—2 = Zi2n46 = [,
T12n45 = Y12n+1 = 212n—3 = K, T12p—1 = Y12n47 = 212043 = C.

Proof. The proof follows from the form of the solutions of system ([2.1]). O
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Theorem 2.4. The solutions of the system

Yn—3 Zn—3 — Tn—3
Tn+l = Ty szn_1an_oyn’ I = T2 szn_ivn_2zn’ “"t1 = T, 3un_12n_o2n’ (22)

are given by the following equations

(—14+12iadgl)(—14(12i4+4)adgl)(—1+(12i4+8)adgl)
T12n-3 _< ) a H (=1+(12i+1)adgl)(—1+(12i+5)adgl) (—1+(12i+9)adgl) ’
- n-l (—14(12i+1)behm)(—1+(12945)behm)(—14(12i+9)behm)
Ti2n-2 =0 o (—1+(2i2)behm)(—1+(12i+6)behm) (—1+(12i+10)behm) ’
1=
e 1 (12i42) e fko) (— 14+ (12i46)c fro) (— 1 +(12i+10)c fo)
L12n—1 = € ‘Ho( T+(12i+3)cfko) (—1+(12i+7)cfko) (—1+(12i+11)cfko) °
7=
—d not (=1+(12i+3)adgl) (—=14(12i47)adgl) (—14+(12i+11)adgl)
L12n = L4 T2 Dadgl)(~T+(127+8)adgl) (~ 1+ (12+12)adgl)
- +(12i44)behm) (—14(12i+8)behm)(—1+4(12i4+12)behm)
T12n+1 = 1+behm Ho +(12i+5)behm)(—1+(12i+9)behm)(—1+(12i+13)behm)’
F (—14cfko) "OF (= 14+(12i45)cf ko) (—1+(12i+9)c ko) (— 1+(12i+13)cfko)
T12n+2 = “(“112cfko) 1:[0 —1+(12i+6)cfko) (—1+(12i+10)cfko) (— 1+ (12i+14)cfko) *

g (—1+2adgl) "I (—14+(12i4+6)adgl) (—1+(12i+10)adgl) (— 1+(12i+14)adgl)

T12n+3 = ( 1+3adgl) H (—1+(12i+7)adgl) (—1+(12i+11)adgl) (—1+(12i+15)adgl) ’

~
=]

__ h (—143behm) n-t (—14(12i+7)behm)(—1+(12i+11)behm)(—1+(12i+15)behm)
T12n+4 = ~(—I1dbehm) ‘Ho (—1+(12i48)behm) (—1+(12i+12)behm)(— 1+ (12i+16)behm) ’
1=
_ k (—1+4cfko) not (—14+(12i48)cfko)(—14(12i+12)cfko) (—1+(12i+16)cfko)
L12n+5 = ~ (Titefko)(—1+bcfko) 'Ho (—1+(12i+9)cfko) (—1+(12i+13)cfko) (—1+(12i+17)cfko) ’
1

I (—14adgl)(—14+5adgl) ”ﬁl (—14(12i+9)adgl) (—14(12i4+13)adgl) (—1+(12i+17)adgl)
L12n+6 = “1+2adgl)(—1+6adgl) - 0 (—1+(12i+10)adgl) (—1+(12i+14)adgl) (—1+(12i+18)adgl) *
1=

_ m (—142behm)(—14+6behm) 1—[ —14(12¢+10)behm)(—1+4(12i4+14)behm)(— +(12i+18)behm)
T12n+7 = T(=T113behm)(—1+7behm) —1+(12i+11)behm) (—1+(12i+15)behm) (—1+(12i+19)behm) *

o (—143cfko)(—1+T7cfko) - (=14(12i+11)cfko)(—1+(12i415)cfko) (—14(12i+19)cfko)
L12n+8 = “(“itdcfko)(—1+8¢f ko) HO (—1+(12i+12)cfko) (—14(12i+16)c fko) (— 1+ (12i+20)cfko) *
1=

n-t (—14(12:)behm)(—1+(12i4+4)behm)(—1+(12i+8)behm)

Y12n—-3 = (_1)n€ zl;[() (—1+(12¢4+1)behm)(—14(12i+5)behm)(—1+(12i4+9)behm)’

_ M (14 (12i41) e f ko) (—1-+(12i45) e fho)(— 1+(12i+9)cf ko)

Y12n—2 b (CTHI2i42)e ko) (~ T+ (12i+6)c ko) (- T+ (12i+10)c ko)
B ”Hl 14 (12i42)adgl) (14 (12i+6)adgl) (— 14 (12i+10)adgl)
Yizn-1=9 L1 TH(2i3)adgl)(—1+ (124 Nadgh) (~1+(12i+ 11)adgl)
_ " (14 (1204 8)behm) (— 14(12i4+ T)behm) (— 1+ (124 11 )behm)
Yion = — (—14+(12i+4)behm)(—1+(12i+8)behm)(— 1+ (12i+12)behm)’
N 1:[ (121+4)cfko)( +(12i+8)cfko)(71+(12i+12)cfko)
Yion+1 = == 1+cfko +(12i+5)cfko) (—1+(12i+9)cfko) (—1+(12i+13)cfko) ?

_ 1 (=1+adgl) H —14-(12i+5)adgl) (=14 (12i+9)adgl) (—14+(12i+13)adgl)
Y12n+2 = T12adgl) (—1+(12i+6)adgl) (—14(12i+10)adgl) (—1+(12i+14)adgl) ’

_ m (—142behm) nHI (—14(12i+6)behm)(—1+(12i4+10)behm)(—1+(12i+14)behm)
Y12n+3 = “(C133behm) 11 (CTF (12007 behm) (—1+(12i+11)behm)(— 1+ (12i+15)behm) ’

_ o (—=143cfko) nt (=14(12i+7)cfko)(—1+(12i4+11)cfko) (—14+(12i+15)cfko)
Y12n+4 = T(“T1dcfko) 'Ho (—1+(12i+8)cfko) (—1+(12i+12)cfko) (—1+(12i+16)cfko) ’
1=
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a (—1+4adgl)

n_l (12i+16)adgl)

I (—1+4(12i+8)adgl)(—1+(12i+12)adgl) (— 1+

Y12n+5 = ~ [Titadgl)(—1+5adgl) b (FTH(120+9)adg]) (—T+(12+13)adgl) (—1+(12+1T)adgl)
_ b (=1+behm)(—1+5behm) —14(12i49)behm)(—14(12i413)behm)(—1+(12i4+17)behm)
Y12n+6 = [“T12behm)(—1+6behm) H (—1+(12i+10)behm) (—1+(12i+14)behm) (—1+(12i+18)behmn) *
_ ¢ (=142cfko)(—1+6¢fko) n-t (=1+(12i+10)cfko)(—14+(12i+14)cfko) (—14(12i4+18)cfko)
Y12n+7 = T(C1F3cfko)(—1+7cf ko) il:[O( T+ (12i+11)cfko) (—1+(12i+15)cfko) (—1+(12i+19)cfko) *
d (—143adgl)(— 1+ Tadgl) " (=14 (12i-+11)adgl)(—1+(12i+15)adgl)(—1-+(12i+19)adgl)
Y12n+8 = “(T1dadgl)(—1+8adgl) z,1:[0( 1+(12i+12)adgl) (—14(12i416)adgl) (— 1+ (12i+20)adgl) ’
. (=14(124)cfko)(=1+(12i+4)cfko) (—14(12i+8)cfko)
Z12n—-3 = ( )nk H —14+(12i+1)cfko)(—1+(12i+5)cfko) (—14+(12i+9)cfko) *

(11204 1) adgl) (—1+(12i+5)adgl) (—1+(12i+9)adgl)

n
Zion—2 =1 ]
i=0
n

(—1+(12i+2)adgl) (— 1+ (12i+6)adgl) (—1+(12i+10)adgl) *

o (—1+(12i42)behm)(—1+(12i+6)behm)(—1+(12i+10)behm)

zizn—1 =m []

(—14+(12i+3)behm)(—1+4(12i47)behm) (—1+(12i+11)behm)’

=0
_ " (C14(12i43) e f ko) (14 (12i+T) e f ko) (— 14 (12i+11)cfko)
“l12n =0 L (T (12t 4)e Ro) (— T+ (1204 8)c o) (~T+(12i+ 12)cfFo)
1=
_ a nﬁl (=1+(12i+4)adgl) (—14(12i4+8)adgl) (—14+(12i+12)adgl)
F12n+1 = T (Tltadgl) - o (1 (12i45)adgl) (= 1+(12i+9)adgl) (~T+(12+13)adgl)’
1=
_ b (—1+behm) nﬁl (=1+(12i+5)behm)(—14(12i4-9)behm) (—1+4(12i+13)behm)
F12n+2 = “T112behm) - o (—1+(2i46)behm)(—1+(12i+10)behm) (~1+(12i+14)behm)
1=
e (—142cfko) "I (14 (12i46)c ko) (—1-+(12i4+10)cf ko) (—1+(12i+14)c ko)
Fl2an+3 = ( T+3cfko) 0( T+(12i+7)cfko) (—1+(12i+11)cfko) (—1+(12i+15)cfko) ’
1=
_d (—143adgl) nnl —14+(12i+7)adgl)(—1+(12i4+11)adgl) (—14+(12i+15)adgl)
Fl2n+4 = ( T+4adgl) (—1+(12i+8)adgl) (—1+(12i+12)adgl) (— 1+(12i+16)adgl) ’
_ e (—1+4+4behm) nﬁl (—1+(12i+8)behm)(—14(12i+12)behm) (—1+(12i4+16)behm)
F12n+5 = T (Titbehm)(—1+bbehm) - 0 (—14(12i+9)behm) (—1+(12i413)behm) (— 1+ (12i+17)behm) *
1=
_ f (=14cfko)(—145cfko) H —1+(12i+9)cfko) (=14-(12i+13)cfko) (=14 (12i4-17)cfko)
Z12n+6 = “1t2cfko)(—1+6cfko) (—1+(12iF10)cfko) (—1+(12i+14)cfko) (—1+(12i+18)cfko) *
_ g (—142adgl)(—1+6adgl) nHI (=1+(12i+10)adgl) (—14+(12i4+14)adgl) (—14+(12i+18)adgl)
P12n4+7 = (11 3adgl)(—1+Tadgl) . H (—1+(12i+11)adgl) (—1+(12i+15)adgl) (—1+(12i+19)adgl) ’
1=
_ h (=143behm)(—1+T7behm) H —14(12i+11)behm) (—1+(12i+15)behm) (—14(12i+19)behm)
Z12n+8 = T(“itdbehm)(—1+8behm) (—1+(12i+12)behm)(—1+(12i+16)behm) (—1+(12i+20)behm) ’

-1
where [] A; = 1.
1=0

Yn—3

Zn—38 Tn—38

3. On the systems: x, 1=

Tl4ynzn_

1Tn_2Yn—3 Ynt1= +l-z,@pn_1Yn_22n_3’ ZFnt1=

+l-2nyn_12n_2%Tn_s

In this section, we study the solutions of the system of three difference equations in the following form

Yn—3
1+yn2zn—1Tn—2yn—3’ Yn+1 =

Tpt+1l =

with nonzero real initial conditions.

Theorem 3.1. Suppose that {xy, yn, zn} are solutions of system (3.1)), we see that

a (1+2adgl)™
(—14adgl)™ (1+adgl)?n>

T12n—-3 =

Zn—3 _ Tn—3 —
1—2nTn-1Yn—22n-3" Fntl = —1—Znyn—12n—2Tn-3" n= 07 17 v
(=1)"b (14-behm)?™ (14-3behm)™

T12n—2 = (1+2behm)?" )

(3.1)
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¢ (14+2cfko)™

T12n—-1 = (

—14+cfko)™ (14+cfko)?n>

(—=1)"e (14+2behm)?"

Tim+1 = (14+behm)2n+1 (14+3behm)™?

g (142adgl)™ !

T12n+3 = (

—1+4adgl)™ (14adgl)2n+1>

k (14+2cfko)" !

T12n+5 = —

(—1+cfko)" 1 (1+cfko)2nt1’
(—1)"m (14-2behm)?"+1

Tlon+7 = (14+behm)2n+1 (143behm)"H1’
(=)™ e (14+2behm)?™

Yi2n—3 = (14+behm)2™(1+3behm)™

g (14+2adgl)™

Yion—1 = (

—1+adgl)™(1+adgl)?™’

k(1+2cfko)™

Yion+1 = —

— =

(=14cfko)*t1(1+cfko)2n>
1)"m (142behm)2n+1

Y12n43 = [ behim)2n (1+3behm)n 1

a (1+2adgl)™

1+adgl)**+1(14+adgl)?n+1>
¢ (14+2cfko)™

—1+4cfko)"t1(14-cfko)2n+1>

k (1+2cfko)™

—1+cfko)™(1+cfko)?™’

1)™ m (1+2behm)3"

Z12n—1 = (T behim)2n (1+3behm)™’

a (142adgl)™

Yien+s =
Yian+7 = 7
F12n—3 = |
(,
Z12n41 = —
Z12n+3 = —

(—1+adgl)" (1+adgl)?n+1>
¢ (142cfko)™

(_

(—=1+cfko)*(14cfko)2n+1>
1)?*tle (1+2behm)?7+1

F12n+5 = (TTbehim)2nF2(1+3beham)™ *

g (142adgl)"+!

212n+7

T (F1+adgl)"(1+adgl)2n+2>

n=20,1,2...

T12n =

T12n+2

T12n+4

d (—1+adgl)™ (1+adgl)*"

_f

(1+2adgl)™ ’
(=14cfko)" " (14cfko)?"

(1+2cfko)™ )

_ (=D)™h (14behm)>™ (14-3behm)™ !

T12n+6 = —

T12n+8

Y12n—2 =

Yi2n =

Yion+2 =

Y12n+4
Y12n+6
Y12n+8

212n—2

(1+2behm)?n+1 ?

I (—1+adg)"*! (14adgl)®"*1

(1+2adgl)nt1 )

o (—14cfko)" ! (1+4cfko)?t!

(14+2cfko)ntl )

f (=14cfko)™(14cfko)?™

(1+2cfko)™ ’

(—=1)"h (1+behm)?" (1+3behm)™

(1+2behm)2n ’

I (1+adgl)?>"t1(—1+adgl)™

o (—

(1+2adgl)n+1 )
14-cfko)™ (14cfko)?n+1!

(1+2cfko)nt1 )

_ (=) (1+behm)?™*+2(143behm)™

Z12n =

Z12n+2 =

212n+4

212n+6

_d

(1+2behm)2n+1
(—1+adgl)” (1+adgl)?"+2

(1+2adgl)n+1 )

1 (—1+adgl)™(1+adgl)?™

o (—

(1+2adgl)™ )
1+cfko)™ (14cfko)?™

(142cfko)™ ’

(—=1)"*t1b (14+behm)?? 1 (143behm)”

_d

(1+2behm)2n+1
(1+adgl)?™t1(—1+adgl)™

(1+2adgl)™ ’

_ [ (=1+cfko)" ! (14cfho)*"+1

212n+8 =

(-1

(142cfko)™ )

9

9

)"t (14+-behm)?? 1 (143behm)™ 1

(14+2behm)2n+2

)

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. We

have

T12n—7 = —

T12n—5 =

Y12n—7 =

Y12n—5 =

Z12n—7 =

212n—5 = —

k (14+2cfko)™

Now, it follows from Eq. (3.1)) that

X

l (—14adgl)™ (1+adgl)®>"—!

(—1tcfko)” (1tcfko)zn—1° T12n—6 = — (1+2adgl)™ )
—1)""*m (142behm)“" ™ o (14cfko 1+cfko)”"
(=1)" 1 (1+2behm)?n~! _ o (I+efko)" (1+efko)*m !
(14+behm)2n—1 (1+3behm)™’ T12n—4 = (14+2cfko)™ ’
a (1+2adgl)™ ! — (=1D)™b (1+behm)?™(14-3behm)™—1
(—1+4adgl)™(1+adgl)?—1> Y12n—6 = (1+2behm)2n—1
c (14+2cfko)™ 1 __d (=1+adgl)"~!(14adgl)®"
(—1+cfko)(14cfko)?n—1> Yion-4 = (14+2adgl)™ ’
(—1)"e (1+2behm)?"—1 _ f (=1+cfko)*(14cfko)?—1
(14+behm)2n (1+3behm)n—1> F12n—6 = (14+2cfko)™—1 ’
g (142adgl)™ _ (=1)™h (1+behm)3"— 1(1—&-3behm)
(—1+adgl)™—1(14adgl)?™> Fl2n—4 = (1+2behm)?n
— Yi2n—4
12n 14+y12n—4T12n-3212n—2Y12n—1
—d (—14adgl)” ' (14adgl)?>"
(14+-2adgl)™
—d (—1+4adgl)™ ' (14+adgl)?"™ (1+2adgl)
1+ (1+2adgl)™ (— 1+adgl (14adgl)?n
I (—1+adgl)™(14+adgl)?™ g (142adgl)™
(14+2adgl)™ 1+adgl (14adgl)2n

)
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(—d (—1+adgl)* 1 (14+adgl)?™ ) (—d (—1+adgl)™(14+adgl)?"™ )

(1+2adg)™ (1+2adgl)™
— {1 +( ——adgl__ )} - (M)
_ d (~1+adg)" (1+adg)®"
- (142adgl)™ ’
_ Z12n—3
Yion+1 = 1—2z12n—3Y12n—2%12n—1%12n
k (14+2cfko)™
((—1+cfko)n(1+cfko)2”)
= ( k (142¢fko)™ ) (f (—1+cfko)"(1+0fk0)2n
1— (=14cfko)™ (1+cfko)*™ (1+2¢fko)™
( ¢ (142¢fko)" ) <O (_1+ka0)”(1+cfko)2n>
(—1+cfko)™ (14cfko)m (1+2cfko)™
(=1)"k (142cfko)™
((kcfko)n(ucfko)%) (=1)"k (1+2cfko)"
= (1—cfko)  (I—cfko) ™I (1+cfko)?™
_ T12n—3
212n+1 =

—1—%12n—3212n—2Y12n—1T12n

a (1+2adgl)™
. ((—I-I—adgl)" (1+adgl)2">
- ( a (1+2adgl)™ ) (z (—1+adgl)”(1+adgl)2">
1 (—1+adgh)™ (1+adgl)?™ (14+2adgl)™
< g (14+2adgh)™ ) (d (—14adgl)™ (1+adgl)2”>

(—1+adgl)™(1+adgl)?™ (14+2adgl)™
(142adgl)
. (—1+adgl)™ (14adgl)?™ ) _ a (142adgl)™
- (1+adgl) —  (—1+adgl)" (1+adgl)?n+1-
Also, we can see that
_ Y12n—3
1241 = 19y, 52120 2212019120
(=)™ e (14-2behm)3"
(14+behm)2™ (1+3behm)™
(=)™ e (14+2behm)3" (—1)"b (1+behm)?" (1+3behm)™
1+ (1+behm)2n (1+3behm)™ (142behm)2™
(=)™ m (14-2bhm)?" (=1)™h (14+behm)?" (1+3behm)™
(14+bhm)2n (143bhm)™ (1+2behm)2n
(=)™ e (14+2behm)3"
- (14+behm)2n (1+3behm)™ _ (=1)" e (1+2behm)?"
- (14+behm)  (1+behm)2n+1(143behm)n
_ 212n+1
Yi2n+5 = T ai2n 31202212041
(14+2adgl)
. " (—1+adgl)”™ (1+adgl)?n+1
- __d (14adgl)?>" ! (—14adgl)" g (142adgl)" !
1— (1+2adgl)™ (=14adgl)™ (1+adgl)?n+1
I (14+adgl)?"*+1(—14adgl)™ . a (142adgl)™
(1+2adgl)n+1 (—1+adgl)™ (1+adgl)?n+1
B a (1+2adgl)™
B (—14adgl)" (1+adgl)?n+1 a (1+2adgl)™
= (1—adgl) = 1+adg1)"+1 (1+adgl)2n+1
. a (14+2adgl)™
- (_1+adgl)2n(1+adgl)2n+1 9
T12n
212n+6 = ot

—1=T12n+5Y12n+4212n+3T12n+2

<_f (flJrcfko)"+1 (1+cfko)?™ )

(14+2¢fko)™

( k (14+2cfko)™ 1 ) ( —14cfko)™(1+cfko)?nt1

e ( 1+kao)n+1 (1+kao 2n+1 1+20fko)n+1

_ ¢ (142cfko)™ ) ( f (=14cfko)™T? (1+cfko)2">
(—1+cfko) (1+cfko)2n+1 (14+2cfko)™
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< £ (=1+cfko)™ ™! (1+cfk;o)2"> < f (—14cfko)" ! (1+cfko)2")
o (142cfko)™ o (14+2cfko)™
= & - —1—cfkotcfko
71+(1—T-fc-f(;60) 1+cfko
_f (71Jrcfko)"‘"1(lJrcfko)Z"*'1
- (1+2cfko)™ :
Also, we can prove the other relations. This completes the proof. O

Theorem 3.2. Assume that {,, yn, zn} are solutions of the system

T — Yn—3 — Zn—3 z — Tn—3
ntl —14yn—32n—1Tn—2yn’ Yn+1 1—2n_3Tn—1Yn—22n’ n+1 1—zn_3Yyn—12n—2xn’

then forn=20,1,2,..., we see that

o a (1—2adgl)®" b (—=1+behm)™ (14+behm)"
T120=3 = (1 adgl)® (—1+3adgl)"’ -2 = (T 2behim)" ’
. c (—1+42cfko)™ _d (=1+adg)®" (=143adg))™
201 = (T ko)™ (14cfko)™’ 120 = (1—2adgl)" ’
. e (14+2behm)™ _ I (—14cfko)>" T (14-cfko)™
T12n+1 — (—1+behm)”+1 (1+behm)2n’ T12n+2 — (—1+2€f]€0)n+1 )
_ g (—14+2adgl)*"+! _ _h (14-behm)?" 1 (—14-behm)™
T12+3 = T 30dgh) T (—14adgl)?n T12n+4 (1+2behm) i1 )
. k (—142cfko)™ 1 (=14adgl)?"*? (—143adgl)"
x12n+5 - (_1+ka,o)n+1 (1+ka‘0)2n+l ) x12n+6 - (—1+2adg[)2n+1 9
. m (1+2behm)" 0 (—14cfko)® 2 (14cfko)”
$12n+7 - (—1+behm)"+1 (1+behm)2n+1 9 x12n+8 - (_1+chko)n+l bl
. e (14+2behm)™ _ f (=14cfko)®>*(14-cfko)™
Yion—3 = (—14+behm)™ (1+behm)2™ Yion—2 = (—14+2cfko)™ )
_ g (1—2adgl)?™ _ h (=1+behm)™(14+behm)?"
Yi2n—1 = Tixadgl)zn (—1+3adgl)™ Yion = (1+2bchm)™ ’
_ k(—1+2cfko)™ _ 1 (=14+adgl)?>**1(—1+3adgl)™
Yi2n+1 = (—1tcfko) T L (1tcfko)™ ? Yi2n+2 = (—1+2adgl)Zn+1 )
o m (142bem)™ _ o (=14cfko)® 1 (14cfko)™
Y12n+3 = (—1tbem)™ (1+bem)2n 1> Y12n+4 = (—1+2cfko)™ )
_ a (—142adgl)?"+1! _ b (=1+4behm)" T (1+behm)?"+!
Yiont+5 = — Titadgl) 2 2(— 11 3adgl)™ Y12n+6 = (1+2behm)" g
o c (=142cfko)n*1! _d (=14adgl)"t*(—=1+3adgl)?"+!
Yion+7 = — (—1+cfko)2n (1+cfko)™’ Y12n+8 = (1—2adgl)2nT2 )
_ k (—1+2cfko)™ _ I (=14adgl)®>"(—1+3adgl)™
F12n—3 = (Titcfko)2" (1tcfko)™’ Z12n—2 = (1—2adgl)" )
_ m (14+2behm)™ o (=14cfko)?*(14cfko)™
A12n—1 = (—1+behm)™(14+behm)2n > F12n = (—142cfko)™ ’
_ a (1—2adgl)®" _ b (=1+4behm)" 1 (1+behm)?"
Z12n+1 = (“1+adg))®™ T (—143adgl)™’ R12n+2 = (1+2behm)™ ’
_ ¢ (=1+2cfko)"*?! _d (=143adgl)"+!(—1+adgl)®™
F12n+3 = (Titefko)2nti(1tcfko)n Z12n+4 = (—1+2adgl)Zn+1 )
_ e (1+2behm)™+1 _ f (=14cfko)?>" 1 (14cfko)™T1
F12n4+5 = (“itbehm)n I (1+behm)2nT1 F12n4+6 = — (—1+2cfko)n¥1 ;
_ g (—1+2adgl)?"+1 _ h (=1+behm)™ 1 (14-behm)?+1
Z12n+7 = [Titadgl)2n+ 1 (—1+3adgl)" 1> “12n+8 = (1+2behm) "1 :
Theorem 3.3. Let {x,, yn, zn} be solutions of the system
_ Yn—3 _ Zn—3 _ Tn—3
Int+l = —1+yn—32n—1Tn—2Yn’ Ynt1 = —1l—zpn_3Tn—1Yn—22n’ Fntl = —1=Zp_3Yyn—12n—2Tn’
then we get
a (—142adgl)™ b (—1+behm)?™ (1+behm)™
i g — 0 ) ( )2 (1-behm)

xr _9 =
(71+adgl)2" (1-+adgl)™’ 12n—2 (—1+2behm)™ )
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_(=D™ ¢ (142¢fko)™ d (—1+adgl)®™ (1+adgl)™
T1n-1 = (14-cfko)®™ (1+3cfko)™’ T12n = (—14+2adgl)™ ’
o e (—142behm)™ _ (=D)L (4cefko)®™ T (143cfko)™
T1o2n+1 = (—1+behm)2nF T (1+behm)™’ T12n+2 = (1+2¢fko)27 1 )
_ g (—142adgl)™ h (—=14behm)?+1 (14-behm)™
3512n+3 - (71+adgl)2"+l (1+adgl)"’ x12n+4 ( 1+2behm) 9

_ (=1)"k (142cfko)?"H1 _ 1 (=l4adgh)* " (14adg)™*
Z12n+5 = (1+cfko)2"*2 (143cfko)n’ T12n+6 = (—14+2adgl)™ )

_ (=1)"m (1—2behm)"T? _ (=D"0 (14cfko)™ ! (143cfko)*?
T12n+7 = [Titbehm)2nF2 (1+behm)" T12n+8 = (1+2cfko)Zn+2 )

_ e (—1+2behm)™ _ (=D)"f (1+cfko)®™(14+3cfko)™
Y12n=3 = [Tibehm)?" (1+behm)™ * Y12n—2 = (1+2cfko)2m )

_ g (—142adgl)™ h (—14+behm)?™ (1+behm)™
Yi2n—1 = Tiadgh)? (1+adgl)™ * Yion = (—1+2behm)™ )

_ (=D k(142cfko)?™ _ I (14adgh)"*1(—1+adgl)*"
Yion+1 = (T+cfko) 2 I (1+3c ko)™ ? Y1on+2 = (—I+2adgl)™ )

_ (=D)™m (1—2bem)"*1 _ (=D)"*lo (14cfko)?™ (1+3cfko)” 1
Y12n+3 = (—1+bem) 2" I (1+bem)™ ’ Y1on+4 = (1+2cfko)Zn+1 >

. a (—1+2adgl)"+? b (=14+behm)? 1 (1+4+behm)"+1
Y12n+5 = (—1+adgl)Z" I (1+adgl)" 1> Y12n+6 = (—1+2behm)" 1 )

_ (=D)"c (14-2cfko)?nt1 _d (=14adgl)?™ 1 (1+adgl)™+!
Y1on+7 = (1+cfko)ZnFI(143cfko)nT1° Y12n+8 = (—1+2adgl)n+1 )

(=)™ (1+2cfko)?™ 1 (=14adgl)?™(14-adgl)™
Z12n—3 = (14cfko)2n(1+3cfko)™? F12n-2 = (—1+2adgl)™ ’

. m (—142behm)™ _ (=" (1+cfko)?"(14+3cfko)™
F12n—1 = (—1+behm)2™(1+behm)™’ F12n = (14+2cfko)2m ’

_ a (—142adgl)™ _ b (=1+4behm)?>" T (1+behm)"
Z12n+1 = (“1+adg)®™ (1+adgl)n+1’ 12n+2 = (—1+2behum)n 1 )

_ (=1)"t1c (14-2cfko)2nt1 _ __d (=1+adgl)®>*1(14adg)™
212n+3 = (1+cfko) 2™ (1+3cfko)™F1> Z12n+4 = (—1+2adgl)n+1 )

o e (—1+2behm)™ _ (=D"f (1+cfko)?*t2(14+3cfko)™
Z12n4+5 = T (Titbehm) 2T (1+behan) 1 212n+6 = (1+2cfko)2n+1 )

_ g (—142adgl)™ ___ h (=14behm)**+2(1+behm)"
F12n+7 = T (Titadgl) 2 1 (1+adgl)n Tl 212n+8 = (—112behm)n+1

Theorem 3.4. Let {x,, yn, 2n} be solutions of the system
Yn—3 An—3 _ Tn—3
Intl = Ty, s 1@ ayn Il = T2, aan1gn_22n "M T STz, ayn_12n_2wn’

then we see that

. "H (14+12iadgl) (1+(12i+4)adgl) (1+(12i+8)adgl)
L12n—3 = @ 0 (1+(12i+1)adgl) (1+(12i+5)adgl) (1+(12i+9)adgl) ’
1=l

=b —14(12i+1)behm) (— 14(12i+5)behm) (— 1+ (12i+9)behm)
e H (—T+(12i+2)behm) (—1+(12¢+6)befem) (—1+(12i+10)behm)
Ti2p-1 = C ]:[ (1204 2)cf ko) (~1+(12i+6)c ko)(— LH{(12i+ 10)c/ ko)

+(12i43)cfko) (—1+(12:+7)cfko)(—1+(12i+11)cfko)

—d (14-(12i4-3)adgl) (14-(12i+7)adgl) (1+(12i4-11)adgl)
Ti2n = H (T+(12i+4)adgl) (1+(12i+8)adgl) (1+(12i+12)adgl) *

”1:[1 14(12i+4)behm) (—1+(12i48)behm) (—1+(12i+12)behm)

14+(12i+5)behm)(—1+(12i4+9)behm) (—14(12i+13)behm)

Ti12n+1 = (- l+behm

_ f (=14cfko) —14(12i+5)cfko)(—1+(12i49)cfko) (—14+(12i+13)cf ko)
L12n+2 = ~ (“1t2¢fko) H —1+(12i+6)cfko) (—1+(12i+10)cfko) (—1+(12i+14)cfko) ’

_ (14+2adgl) H (14(12¢+6)adgl) (14+(12:+10)adgl) (14 (12i+14)adgl)
L12n+3 = (1+3adgl) (A+(12i47)adgl) (1+(12i+11)adgl) (1+(12i+15)adgl) ’
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h (—143behm) —14(12i+7)behm)(—14(12i+11)behm)(—14(12i+15)behm
z - H
12n4+4 = = T("T1¥4behm) (—1+(12i+8)behm) (—1+(12i+12)behm) (—1+(12i+16 ) behm) ’

_ k (=144cfko) +(12i48)cfko) (—14+(12i+12)cfko)(—1+(12i4+16)cfko)
L12n+5 = (“itcfko)(—1+5cfko) H +(12i49)cfko) (—1+(12i+13)cfko) (—1+(12i+17)cfko) *

s
O

1 (1+adgl)(1+5adgl) n-l (14+(12i49)adgl) (14+(12i+13)adgl) (14+(12i+17)adgl
I ¢

L12n+6 = ~ (1+42adgl)(1+6adgl) 1+(12H—10)adgl)(1+(121+14)adgl)(1+(121+18)adgl)
___ m (=142behm)(—1+6behm) 1:[ +(12i410)behm) (—14(12i+14)behm)(—1+4(12i+18)behm)
L12n+7 = ( 1+3behm)(—1+Tbehm) 1. +(12i4+11)behm)(—14(12i+15)behm)(—1+(12i4+19)behm)
_ 0 (=143cfko)(=14Tcfko) 1:[1 +(12i4+11)cfko)(—14(12i+15)cfko)(—1+(12i4+19)cfko)
T12n+8 = ( 1+4cfko)(—1+8cfko) 1. +(12i4+12)cfko)(—1+(12i+16)cfko)(—1+(12i4+20)cfko)
_ H —14(12¢)behm) (—1+4(12i+4)behm)(—14(12i4-8)behm)
Y12n-3 = —€ (- 1+ (12i41)behm)(—1+(12i+5)behm)(—1+(12i+9)behm)’

—14+(12i+1)cfko) (—1+4(12i+5)cfko) (—1+(12i+9)c fko)
Yizn—2 = f 1:[ 1+ (12i+2)cfko) (—1+(12i+6)cfko) (—1+(12i+10)cfko)

+(12i4-2)adgl) (1+(12i46)adgl) (14(12i+10)adgl)

( )
1+(12:+3)adgl) (1+(12i+7)adgl) (1+(12i+11)adgl) *

Y12n—1 = g
i=0

Yion = h

g
not (=1+(12i4+3)behm)(—14(12i+7)behm)(—1+(12i411)behm)
11;10 (—14+(12i+4)behm)(—1+(12i48)behm)(—1+(12:+12)behm)’

_ k L (C14(12044)c ko) (= 14 (12i48)c o) (— 1 +(12i+12)c ko)
Y12n+1 = ~ "1t cfko) H (—1+(12i+5)cfko) (—1+(12i+9)cfko) (—1+(12i+13)cfko) *

(14+adgl) H (14+(12¢+5)adgl) (14 (12i+9)adgl) (14-(12i+13) adgl)
Y12n+2 = 1+2adgl (1+( 121+6 Yadgl) (1+(12i+10)adgl) (1+(12i+14)adgl) *

— m (—142behm) Hl (—14(12i4-6)behm)(—1+(12i+10)behm)(—14(12i+14)behm)
Y12n+3 = “(—143behm) L (CTF20 ) behm) (= TH(12i+1T)behim) (= 1+ (12i+15)behim)

_ o (—=1+43cfko) not (—=14+(12i+7)cfko)(—14(12i4+11)cfko) (—1+(12i+15)c fko)
Y12n+4 = T(“T1dcfko) 'Ho (14 (12i+8)cfko) (—1+(12i412)cfko) (—1+(12i416)cfko) ’
i

_ a (14+4adgl) (14(124+8)adgl) (14+(12i+12)adgl) (14+(12i4+-16)adgl)
Y12n+5 = (1+adgl) T+5adgl) H (1+(12i49)adgl) (1+(12i+13)adgl) (1+(12i+17)adgl) ’

b (“1tbehm)(~1+5behm) " (—14(12i+9)behm)(— 1+ (12i+13)behm) (— 1+ (12i+17)behm)
Y12n+6 = ~ ("1 2behm)(—1+6behm) 1:[0 (—1+(12i+10)behm) (—1+(12i+14)behm) (—1+(12i+18)behm) *

¢ (=142¢fko)(—1+6cfko) —1+(12i4+10)cfko) (—14+(12i+14)cfko) (—1+(12i+18)cfko)
Yion+7 = — (CT1F3cfko) (—1+7cfko) H (—1+(12i+11)cfko) (—14(12i+15)c fko) (— 1+ (12i+19)cfko) *

_d (143adgl)(14+7adgl) (14(12¢+11)adgl) (14 (12i+15)adgl) (14(12:+19)adgl)
Y12n+8 = ~ "1 dadygl)(1+8adgl) 'Ho (1F(12i412)adgl) (1+(12i+16)adgl) (1+(12i+20)adgl) ’

1=
L (—1+(124)cfko)(—1+(12i+4)cfko) (—1+(12i+8)cfko)

Fl12n-3 = — H (—1+(12i+1)cfko) (—1+(12i+5)cfko) (—1+(12i+9)cfko)’

- H (14(12i+1)adgl) (14+(12:4+-5)adgl) (14 (12i4+9)adgl)
F12n—2 = (1+(12i+2)adgl) (1+(12i+6)adgl) (1+(12i+10)adgl) *

= —1+(12i+2)behm) (—14-(12i4-6)behm) (—1+(12i4-10)behm)

F12n—1 =M H (=14 (12i+3)behm)(—1+(12i+7)behm)(— 1+ (12i+11)behm)’

1:[1 +(12i+3)cfko) (— +(12i+7)cfko)(71+(12i+11)cfko)

+(12i+4)cfko)(—1+(12i+8)cfko)(—14+(12i+12)cfko)

Z12n =
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H (14(12i+4)adgl) (1+(12i+8)adgl) (14(12i+12)adgl)
Fl2n+1 = (1+adgl) — (14(12i+5)adgl) (1+(12i+9)adgl) (1+(12i+13)adgl) *
_ b (=1+behm) H —1+(12i+5)behm) (—14-(12i+9)behm) (=14 (12i4-13)behm)
Fl2n+2 = T 1+2behm (—1+(12i+6)behm)(—1+(12i+10)behm) (— 14 (12i+14)behm) ’
_ ¢ (=142cfko) nHI (=14(12i+6)cfko)(—14(12i4-10)cfko) (—14(12i+14)cfko)
?12n+3 = (—1+3cfko) 0 (—=14+(12i+7)cfko)(—14(12i+11)cfko)(—14(12i+15)cfko)
1=
_d (1+3adgl) H +(12i47)adgl) (1+(12i+11)adgl) (14 (12i+15)adgl)
#2n+4 = T (U3dadgl) 1L (T3 (128)adgl) (T (12i+12)adgl) (1+(12i+16)adgl)
_ e (—1+4behm) nﬁl (=14(12i48)behm) (—14(12i412)behm) (—14-(12i+16)behm)
Z12n+5 = (—14+behm)(—1+5bbehm) . 0 (—14+(12i+9)behm)(—1+(12i4+13)behm) (—1+(12i+17)behm)
1=
[ (=14cfko)(—1+5cfko) H (—=1+(12i+9)cfko)(—14(12i+13)cfko) (—14(12i+17)cfko)
F12n+6 = “112cfko)(—1+6¢ ko) (—1+(12i+10)cfko) (—1+(12i+14)cfko) (— I+ (12i+18)cfko) *
. _ g (142adgl)(146adgl) 1—[ (14+(12¢+10)adgl) (14(12i+14)adgl) (14-(12i+18)adgl)
12047 = "1 ¥3adg)(1+7adgl) . 0 (1+(12i+11)adgl) (1+(12i+15)adgl) (1+(12i+19)adgl) *
1=
_ h (=143behm)(—14Tbehm) nﬁl (=1+(12i+11)behm)(—14(12i4+15)behm)(—1+(12i4-19)behm)
Z12n+8 = T(1fdbehm)(—1+8behm) . O( 1+(12i+12)behm)(—1+(12i+16)behm) (— 14 (12i420)behm) *
1=
-1
where [] A; = 1.
i=0
Yn—3 Zn—3 Tn—3

4. On the system: x, 41 = Titvs

In this section, we study the solutions and periodicity of the following system

Yn—3

Zn—3

Tpt+1 =

with nonzero real initial conditions.

—1+ynzn—1Tn—2yn—3°~ Yn+1 =

z
—14+2nTn—1Yn—22n-3"

Tn—3

T —14TnYn—12n—2Tn—3"

Theorem 4.1. The solutions of system (4.1) are given by the following formulas

7 - __a
120-3 = i adg)™

Ziom = d (—1+ adgl)™
T12n+3 = (_Hai]iwa

Tronte =1 (=1 +adgl)*™*?,

— €
Y12n-3 = (TTibehm)snt1s

ZTion—2 =0 (=1 + behm)3"

yion = h (=14 behm)gn,

_ m
Y12n+3 = (71+behm)3”+1’

Y12n+6 = b (—1 + behm)3"+2,

P _ k
12n—-3 — (—1+cfko)3n>

Z1on = 0 (=1 4 cfko)™™

— Cc
F12n4+3 = (Titcfko)3ntls
212n+6

forn=20,1,2,... .

= f (=1 + cfko)*"*2,

= z =
n—1Tn—2Yn—3 "’ Ynt1 = T1+zn®n_1Yn_22n_3’ nt+l = T14znYn_12n_2%Tn_3

(4.1)

P11 = i efho)™
T12n41 = [SThehmyP T Tiontz = f (=1 +cfko)™ ™,
Tionta = h (=14 behm)*"*1 T12n45 = W,
Tiont7 = (_Hbe%, Tiomps = 0 (=1 + cfko)>™ 2,
Yion—o = f (=1 +cfko)®>" !, Y12n—-1 = W,
Yiznt1 = W, Yiznt2 =1 (=1 + adgl)>*,
Y1on+a = 0 (=1 + cfko)*™ ™, Y12045 = “iTadgl
Y12047 = (TiTcfRo)R Yiznts = d (=1 + adgl)®**?,
Zion—o = (=1 + adgl)®", Z12n—1 = W,
219n41 = W, Zionge = b (=1 + behm)3" 1,
Ziopta = d (=1 + adgl)3”+1, 219045 = W,
21on+7 = W, Z1ongs = h (=1 4 behm)®" 2
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Lemma 4.2. The solutions of system (4.1) are unbounded except in the following two theorems.

Theorem 4.3. System (4.1) has a periodic solution of period twelve, iff adgl = behm = cfko = —2 and it
will take the following form

{‘TN} = {.17_3,1'_2,33_1,5[,'0, Z2-3,2-2,2-1,20,Y-3,Y-2,Y-1,Y%0,L-3,L-2,T—1, L0, } )
{yn} = {y-3,9-2,9Y-1,Y0, T—3, T2, 1, %0, 2-3, 2-2, 21, 20, Y=3, Y=2, Y1, Y0, --- } »
{Zn} = {2_3, 2-2,2-1,20,Y-3,Y-2,Y-1,Y0, -3, L—-2, T -1, L0, 2—3, Z—2, Z—1, 20, } .

Theorem 4.4. System (4.1) has a periodic solution of period four, iff x—; = y—; = z—;, i = 0,1,2,3,
adgl = —2 and will be in the form {x,} = {yn} = {zn} = {x_3,2_92,2_1,20,2_3,7_2, ...}

5. Numerical examples
Here we consider some numerical examples for the previous systems to illustrate the results.

Example 5.1. We consider numerical example for the difference equations system (2.1)) with the initial
conditions x_3 = 0.5, x_9 = 0.11, z_; = —0.28, xg = 1.3, y_—3 =03, y_2o =2, y_1 = 0.2, yp =5, 2_3 =
0.8, 29 =04, z_1 = —0.1 and z9 = 0.7, (see Figure[1)).

Example 5.2. We assume the system of difference equation (2.2) with the initial conditions z_3 =
0.5, r—9 = 0.11, r—1 = 0.28, o = —1.3, Yy—3 = 0.21, Y—o2 = 0.52, Yy—1= 0.2, Yo = 0.31, Z_3 = —0.6, Z—2 =
0.4, z_1 = —0.1 and 29 = 0.7, (see Figure .

Example 5.3. We consider the difference system (3.1) with the initial conditions x_3 = 0.5, x_o =
0.11, x—1 =—-0.28, 20 =13, y_3=0.21, y o =2, y_1 =0.2, y9g =0.75, 23 =0.6, 2.9 =04, z_; = —0.1
and zp = 0.7, (see Figure [3).

Example 5.4. Suppose that the initial conditions are x_3 =5, x_9o = —6, z_1 = 0.8, z9p = =3, y_3 =
—7, y—2=4, y1 =07,y = -3, z2-3 =5, z_9 = —20/105, z_; = —1/63 and zy = 1/8, for the system
(1), (see Figure ).

x(n),y(n),Z(n)
x(n),y(n).Z(n)

Figure 1: Plot of the system ({2.1)). Figure 2: Plot of the system ({2.2)).
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Figure 3: Plot of the system (3.1)). Figure 4: Plot of the system (4.1)).
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