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Abstract

In this paper, we study the nonlinear second-order impulsive g-difference equations with Sturm-Liouville
type, in which nonlinear team and impulsive teams are dependent on first-order gi-derivatives. We obtain
the existence and uniqueness results of solutions for the problem by Banach’s contraction mapping principle
and Schaefer’s fixed point theorems. Finally, we give two examples to demonstrate the use of the main
results. (©2016 All rights reserved.
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1. Introduction

The g-difference equations initiated in the beginning of the 20th century [I}, 10, 13} I7], is a very interesting
field in difference equations. In the last few decades, it has evolved into a multidisciplinary subject and plays
an important role in several fields of physics, such as cosmic strings and black holes [18], conformal quantum
mechanics [23], nuclear and high energy physics [16]. However, the theory of boundary value problems
(BVPs) for nonlinear ¢-difference equations is still in the initial stages and many aspects of this theory need
to be explored. The book by Kac and Cheung [I4] covers many of the fundamental aspects of quantum
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calculus. A variety of new results can be found in the papers [2, B 4] [, 6l [7, 8 1], 12, 24], 25] 26), 27] and
the references therein.

Impulsive differential equations serve as basic models to study the dynamics of processes that are subject
to sudden changes in their states. Henceforth, impulsive differential equations have gained considerable
importance due to their application in various sciences, such as control theory, population dynamics and
medicine and so on. For some recent results on the theory of impulsive differential equations, see [9] 15} 19} 21]
and the references therein. To the best of our knowledge, the study of BVPs for nonlinear impulsive g-
difference equation with Sturm-Liouville type is yet to be initiated.

Recently, in [22], C. Thaiprayoon, J. Tariboon and S.K. Ntouyas studied the separated boundary value
problem for impulsive gg-integro-difference equation:

D2 ( ) (t7 (t)7 (qux)(t)); ted, t+#tg,
Ax(tk) = I (z(tk)), k=1,2,---,m,
Dy x(tf) — Dy, 2(ty) = If(x(ty)), k=1,2,---,m,
2(0) + Dgyz(0) = 0, (1) + Dy, (1) = 0,

where J = [0,T],0 =ty < t1 < -+ <t < tmp1 =T, f: Jx R? = R, (Sp,z)(t ft (s)dg,s,
t € (tg,tor1], k=1,2,--- ,m, ¢ : J x J — [0,+00) is a continuous function, Ik,I* S C(R R) A (ty) =
z(t)) — x(ty), z(tf) = limy o+ 2(ty + h),0 < gy <1 for k=1,2,--- ,m.

Motivated by the work above, in this paper, we study the existence of solutions for a boundary value
problem with nonlinear second-order impulsive g-difference equations

D2 () (7 (t) DQkx(t))v tEJ, t?‘étka
Aa;(tk) = Ik(a:(tk) Dqu(tk)), k= 1, 2, e, M, (1 1)
ADQk:E(tk) - Ig(x(tk)?DQkx(tk))7 k= L,2,---,m, ’

aw(0) ~ BDgy(0) = 0, 52(1) +7Dy,x(1) =0,

where J = [0,1],0 =t <t < <t < <y, < 1 = 1,Jy = [to,tl],Jk = (tk,tk+1] for k =
1,2,---,m, f : JXR? = Risa continuous function, Iy, I} € C(R? R), Az(t) = z(t})—z(tk), ADg,x(ty) =
Dgx(t)) — Dy, ,x(ty), z(t}) = limy,_,o+ x(ty + h), Dg.x(t)) = limy, o+ Dgx(ty + h), 0 < g < 1 for
k=1,2,---,m, «, 3,0,v are given nonnegative constants and 63 + da + va # 0.

We deal with the existence and uniqueness of solutions for BVP by using the Schauder’s fixed
point theorem and Banach’s contraction mapping principle and obtain multiplicity results which extend and
improve the known results.

2. Preliminary results

In this section, firstly, let us recall some basic concepts of gx-derivative and gx-integral ([21]). For a fixed
k€ NU{0}, let J := [tg, tg+1] € R be an interval and 0 < g < 1 be a constant.

Definition 2.1. Assume f : Jp — R is a continuous function and let ¢ € Ji. Then the expression

) — flaet + (1 — qr)te)
(1 —qr)(t —tx) ’

is called the gg-derivative of function f at ¢.

Dqk-f(t) = t # t, Dqkf(tk) = thi% Dqkf(t)-

Note that if t;, = 0 and g, = ¢, then Dy, f = D, f, here D,f is the well-known g-derivative of function
f(t) defined by
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Definition 2.2. Let f : J, — R is a continuous function, we call the second-order gi-derivative ng f
provided Dy, f is gj-differentiable on J;, with ng f=Dg,. (Dy,f): Jy = R. Similarly, we define higher order
qx-derivative Dy f: Jp — R.

Definition 2.3. Assume f : Jp — R is a continuous function. Then the gx-integral is defined by
t o]
F(8)dges = (1= qu)(t — tx) Y qiflapt + (1 = qf)t),
123 n=0
for t € Ji. Moreover, if a € (tx,t) then the definite gx-integral is defined by
t t a
/ f(s)dg,s = f(s)dg,s — f(s)dg,s.
a t 173

Note that if tx = 0, g = ¢, then the gg-integral reduces to g-integral

/0 F(5)dgs = (1— ) S g" F(a™)
n=0

for ¢ € [0, 00).

Lemma 2.4. If z(t) is a solution of (1.1, then for any t € Jp,k=0,1,2,--- ,m,

m+1 tE s m
2(t) = — (m + 1) [ ( / f(ra(r), Dy 1w<7>>qunqu1s+ZIk<x<tk>,Dqu<tk>>)
tp—1 Jtp—1 =1
m+1 th
F3_ 00147 [ S0 Dyl

m

+ Z (1= tr) + ) L ((tr), Dqu(tk))}

k=1 (2.1)
tr s
S ([ 1) D w5+ Golte), D))
0<tk<t te—1 Y g1
ty
2 3 ([ Ao Do)+ o), D)) ) ¢~ )
0<tk<t tk—1
/ f(7,2(7), Dy, (7)) dg, Tdg, 8,
tr Jig
U}’Lth EO<0(‘) = 07 U)hle'f’e 771 = m, 772 = m
Proof. For t € Jy, using go-integral for the first equation of (1.1)), we get
Dgyx z(t) qux / f(s,a( qux( ))dqo ) (2.2)
which leads to .
1
DQOQU(tl) = qua:(O) + f(s,x(s), qux(s))dqos' (2.3)

0
For t € Jy, we obtain by go-integrating (2.2]),

t S
£(t) = 2(0) + Dy (0}t + /0 /0 £ (7, 5(7), D () gy Tdly5.
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Using ax(0) — BDg4,x(0) = 0, we have

ﬁ+at

z(t) = / / (1, 2(7), Dgox(T))dgyTdg, s

In particular, for ¢ = tq,
2(ty) =2 AR / ! / F (7. 2(r), Dy (7))o 7dg . (2.4)
For t € Ji = (t1,12], qi-integrating (1.1]), we have
Dy, x(t) = Dyz(t]) + tltf(s,x(s),Dqla:(s))dqls.
From the second impulsive equation of , we get

Dg,x(t) =Dg,z(0) + 1 f(s,2(s), Dgg(s))dges + IT ((t1), Dg, z(t1))
. 0 (2.5)
+ } f(s,2(s), Dy, (5))dy, 5.

Applying ¢i-integral to (2.5) for t € Jq, we have

x(t) :w(ti—) + [quxm) + 0 1 f(sax(s)vDQOw(S))dQOs + Iik<x(t1)7DQ1x(tl))](t - tl)
¢ s (2.6)
+ [ [ Fra(e). Dyt dy s

Using the second impulsive equation of (1.1)) with (2.4) and (2.6]), we have

o) =2 Da(0) + [ [ 10 0(0) Do)y s + Iy (o(tr), Dy ()

n [ [ 1(602(5), Dage(9)ys + 1 o), D) ¢ - 1)
n / tsfm(r),Dqlmm)dqndms.

Repeating the above process, for t € J we have

(1) :MD% / [ Fra(r), Dy (7)) g gy 5+ T (t), Dar(t)))
0<tk<t te—1 S k-1
= ST ([ £(5,0(5), Dy y5(5))dgy 5+ T (2(th), Day(ta)) (¢ — 1) (2.7)

o<tp<t 7thk—1
t S
+ [ [ 1t alr), Dyalr))dy s
tr Jitg

For t = 1, we obtain

x(l) /B_{—a Dy +Z k S f(ra(r ) qk— 1w(7))ko—1Tko—1S+Ik(x(tk)7DQkx(tk)))

th—1 Jlk—1
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+Z . f 5, .’L‘ ) qr— 1x(3))d%718+I;(w(tk)7D%x(tk)))(1 _tk)
/ f(r,z am 2(7))dg,. Tdg,, S
tm Jtm
It is easy to see that
ti
Dy x(t) =Dgox(0) + > ([ f(s,2(5), Doy ,#(s))dgy 5 + I ((tr), Dgw(tr)))
o<tp<t 7 tk-1 (2.8)

f(s;2(s), Dg,x(s))dg, s

For t = 1, we obtain

m+1l gy m
qux(l) :DQO$(0)+ Z /t f(87m(8)7DQk—1x(7))d¢1k—18+le(x@k)?D%x(tk))'
k=17 th—1 k=1
Applying the boundary condition 6z (1) + vD,,, x(1) = 0, we obtain
m+1 e s m
D,,x(0) = —« / f(r,x(1), Dy, _,x(7))dg,_,Tdg, S+ Zlk(x(tk) D, x(ty))
q0 5/3_{—60[‘}"}/04 R qk—1 qk—1 qk—1 — ? qk
m+1 t
+ Z (1 —tx) +) ) f(s,2(s), Dg,_,x(s))dg, s

k—1

m

+2ﬁu—m+wmmm¢mwm]
k=1

Q

Setting n1 = m, N2 = s5rsetoa and substituting the value Dg,z(0) into [2.7), we get 2.1) as

requested. This completes the proof. O

We consider a Banach space PC(J, R) with the norm |[|z| = max{||z|lec, [|[Dg, 2|}, and || - [|oc =
sup{| - |,t € J,t # tx.},z € PC(J,R), where PC(J,R) ={z: J — R : z(t) is continuous everywhere except
for some #;, at which x(t;) and z(t; ) exist and z(t)) = (ty), k=1,2,--- ,m}.

Define an integral operator 1" : PC(J, R) — PC(J, R) by

m+1 g s m
TWF—%+W[( [ .hm>q“wm%n%ﬁ+zhmm0Mm@

te—1 k=1
m+1 tr
+ Z 1 _tk +7) \ f(S x( ) Qr— 1x(3))ko—1S
k-1
m

+Z (1= ty) + NI (tk),Dqkﬂf(tk))}

tr s
(/’ f¢z<>qk@v»%hn%hﬁ+@uvaMM%»>
0<tp<t le—1

tk—1

+ Z ( - 1f $,2(s), Dg,_, (S))qu1S+I;:(x(tk),Dqu(tk))>(ttk)

0<trp<t

t S
+/ (7, 2(r), Dy (7)) dgy gy 5,
ty Jtg
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and
m+1 g s m
Dy, Tr(t) = [ ( / ARG 1x<7>>qunqu1s+;1k<x<tk>,0qu<tk>>)

m—+1 th

+ 300 =t +3) | F2(6), Dy, 2(6))doc 19

©360— t) + I ), Dqkw@k»} (2.10)
k=1

b 3 ([ 106009 Dy 65+ Tioltn), D))
0<t <t k—1

t
f(s,2(s), Dg,x(s))dg,s.
k
Obviously, T is well defined and x € PC(J, R) is solution of BVP (|1.1)) if and only if x is a fixed point
of T.

Theorem 2.5 ([20]). (Schaefer’s fized point theorem) Let T be a continuous and compact mapping of a
Banach space X into itself, such that the set E = {x € X : x = A\Tx for some 0 < X\ < 1} is bounded. Then
T has a fized point.

3. Existence and uniqueness results

Throughout this paper, we adopt the following assumptions:
(Hy) f(t,x,y) € O(J x R?, R), and there exist L;(t), L2(t) € C(J, R") such that

|f(t,21,91) — f(t,22,92)| < La(t)|z1 — x2| + La(t)|y1 — 2l

for each t € J and (z1,y1), (v2,v2) € R%.
(Hp) I, I} € C(R?, R) and there exist four positive functions Ls(t), L4(t), L5(t), Le(t) € C(J, RT) such
that

[Te(w1,91) — Ii(z2,y2)| < La(t)|z1 — 22| + La(t)|y1 — vol,
(w1, 91) — g (w2, y2)| < Ls(t)|w1 — 22| + Le(t)|y1 — y2l,

for each (z1,v1), (w2,y2) € R?, k=1,2,--- ,m. And Let L = max;es(L3(t) + L4(t)), L* = maxyej(Ls(t) +

Le(t)).
(Hs) f(t,x,y) € O(J x R?, R), and there exist two positive constants L1, Ly such that

‘f(tv xlvyl) - f(t>$2>y2)| < L1|$1 - .%'2| + L2|y1 - y2|)

for each t € J and (z1,y1), (v2,v2) € R%.
(Hy) Iy, I} € C(R? R) and there exist four positive constants L3, L4, L5, Lg such that

|Ik(x17y1) - Ik(x%y?)‘ < L3|I’1 - xQ’ + L4‘y1 - y2’7
(i (w1,91) — i (22,92)| < Ls|o1 — 22| + Lelyr — 92l

for each (x1,%1), (72,92) € B2, k=1,2,--- 'm
(Hs) f(t,x,y) € O(J x R?, R), and there exist three functions p(t), q(t), h(t) € C(J, R") such that

|f(t 2, y)| < p()|x| + q(®)]y] + h(t),
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for each t € J and (z,y) € R?.
(He) I, I} € C(R?, R) and there exist positive constants ag, by, ¢k, dg, e, fr such that

[Tk (2, y)| < aglz] + bely| + ex and I (2, y)| < cxlz] + dilyl + fr,
for each (z,y) € R% k =1,2,--- ,m, and note
a=> ap, b= by, C—ZCk, d= de, e—zek, f= ka-
k=1 k=1 k=1 k=1
(H7) f(t,x,y) € O(J x R?, R), and there exists a constant N > 0 such that
[f(t, 2, y)| < Nlxf,

for each t € J and (r,y) € R2.
(Hs) Ix, I} € C(R%* R) and there exist two positive constants My, M, such that

[z, y)| < My and | (z,y)| < Ma,

for each (z,7) € R? and k =1,2,--- ,m
(Ho) f(t,z,y) € C(J x R?, R), and there exists a constant My > 0 such that

|f(t,ac,y)] < M07
for each t € J and (z,y) € R?.
At the same time, we set
m+l g s mAl gy
=S [ [ @) LDy s Na= 3 [ (L) + Lal)d s
k=1 Yth—1 JlE—1 =1 Jth—1
e s m—+1 e
-3 [ [ o0 amyda s p= Y [ 00+ als)dy s,
te—1 Jlp—1 k=1 7Ythk—1
. /tk [ by e T /tk R
W) Ay Tdg, s - dgy,_, 1+ grs

k=1

In this section, we will apply various fixed point theorems to BVP ((1.1)). First, we give the uniqueness
result based on Banach’s contraction principle.

Theorem 3.1. Assume that (Hi) and (H2) hold. In addition, if A < 1 holds, then the impulsive qy-

difference equation BVP (L.1)) has a unique solution, where A = (1 + 12)[0Q + v(Na + mL*)| + Q,Q =
Ni+ No+m(L+ L7).

Proof. let us set Ki = sup;cs|f(,0,0)|, Ko = sup{|I(0, O)\ k=1,2,---,m} and K3 = sup{|[;(0,0)] :
k=1,2,--- ,m}. We choose a suitable constant by r > 1=, where A < e <1 and A* = (91 + 72)(6Q" +
v(K1 +mK3)) +Q*, QF = Kiv+mKsy + K1 + mKs.

Now, we show that T B, C B,, where B, = {x € PC(J,R) :|| = ||[< r}. For each x € B,, we have

Ta(t)] 3sup{
teJ

m—+1 e

+ Z (1—tg) +7) f(s,2(5), Dg,_,x(s))dg, 5

tk—1

—(771+n2t[<m+1 / " f(ra(r), Dy lxw))qu_nqu_lﬁfjfk<x<tk>,Dqu<tk>>)

b1 k=1
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—i—Z (1 = tx) + V) (2(tk), Dy, x(tk))
k=1

+ 3 </t:k " flra(r), Dy a(r))dy, leqk1s+Ik(m(tk),Dqu(tk))>

th—1

" Z ( to— 1f8 #(5); Dy 1x(8)>d<1k—15"‘I;(x(tk),Dqu(tk)))(t—tk)

}

m-+1 th
s<m+n2[( / / (£ (r.2(r), Dyy_,2(7)) — F(7,0,0)| & | £(7.0,0))dgy_, g, 8

4 [ [ 1) Dyl dy 7
tr Jtk

3 4) /t:kl(lf(s #(5), Dy () = £(5,0,0)| + 1£(5.0,0) )y,
+i(5+7) (T (e(t0): Dy a(6) ~ F0.0) + (0,0))
2‘1( [ ] 05601, Do) = 0,00+ 0.0y 7 13
I(o(t0). Dy (t1)) = 50.0)| + |10.0)
kZ( / (505, Dy 0(5) = £(5.0.0) + 175,00l 5
I (elt0). Dya(t) = 10,0+ |7£0,00D ) 1 = )
/ | 52(0). Dy 2() = £7.0.0) +15(7.0.0) g 7y
<(m1 4 n2) [ < mﬂ/t:kl/tk 1 (L1 (7) + Lo(7))dg,_,7dq, 1s+K1n§m
+ m((Ls(t) + La(t))r + Kg))
+(5+’y)( mﬂ/t:kl Ly(s) + La(s))dgy_,s + K1 + m(Ls(t) + Le(t ))T—FK;»,)}

[ T (t, — t1)?
+"”Z (LI(T)+L2(T))qu717qu715+Kl Z v
k te—1 Jtk—1 1 k-1

+ m((Lg(t) + L4(t))'f‘ + KQ)

m

3 [ (E06) 4 Loy + Ky ml(Ls(0) + Loy + Ko)
k=1"te—1

<[(m + m)(6(N1 + No + m(L + L*)) + v(Nz +mL*)) + N1 + Ny + m(L + L*)]r
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=+ [(771 =+ 772)((5(K1’U +mKy + Ky + ng) =+ ’y(Kl + ng)) + Kiv+mKy + Ky + ng]
=Ar+ A" <A+1—-e)r<m,

and

" [ (mﬂ / © f(r,5(r), Dy 2(7))dgy lrqu_ls+kacc(tk),Dqu(tk)))

Dy T (t) sSup{ -
teJ te—1 k=1

+ th
+ Z (6(1 =) +7) f(s,2(s), Dg,_,2(5))dg,_,$

1 te—1

(5(1 — 1) + )T (1), Dqkwk»]

b
Il

NE

_l’_

3

1

( " f(s.2(5). Dy 1x<s>>qu_ls+I:<x<tk>,Dqu<tk>>)

th—1

m-+1 ty
m[( / / (£, 2(7), Dy ,2(7)) — F(7,0,0)] + £ (7, 0,0) )y ,7dgs 15

+
(]

0<tp<t

f(s, z(s), Dg,(s))dg, s

_l’_

e =

(L((te). Dy (1)) — T(0.0)] + |14 0. o>r>)

m+1 1
+ ;(5+7)/tk l(lf(s ,2(s), Dy, x(s)) = f(5,0,0)[ +[£(s,0,0)|)dg, _, 5
+ kil@ + )5 (2 (tr), Do (i) — 1;:(0,0)| + !IFS(O,O)D}

m t
+;§I (/tk 1(!f(s y4(5), Dy, x(s)) = f(5,0,0)[ +[£(s,0,0))dg,_, 5
+ (IIZ(fE(tk) Dy, (tx)) — I5(0,0)] + IIZ(0a0)|)> (1—tx)

(‘f(s x( ) qk— 1‘7:(8))_f(37070)‘+’f(57070)|)de8

( ’”“ / [ (=t
(L1 (1) + La(7))dg,_,7dg, 5+ K1 Y~
th—1 J k1 A 1 1+ qr—1

T m((Ls() + La(O)r + K2>)

<n2

\

m+1 t
L+ / (Li(8) + Lo())dge 5+ K1 + mi(Ls(t) + Lot >>r+K3>]

m+1 t
oy / (La(3) + La(s))dgy_,5 + Ky + m((Ls(t) + Lo(t))r + Ks)
k=1 "tk-1

<[m2(6(N1 + Na+m(L + L*)) + v(Na +mL*)) + Ny + mL*|r
+ [n2(0(K v+ mKy + Ky + mKs) + v(K1 + mKs)) + Ky + mKs3|
<Ar + A*
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<(A+1—¢)r
<r.

Hence, we obtain that T'B, C B,.
Now, for x,y € PC(J, R) and for each t € J, we have

Ta(t) - ()!<771+772t[<m+1 / / (r,2(7), Dy, 2(7)) = £ (7, 4(), Dgy (7)) ldgy 7y 15

+Z|Ik (t4), Dy (ts)) Ik<y<tk>,Dqky<tk>>|)

m+1

+ Z 1 - tk + i /t ) |f(5a$(5)7DQk—1x(8)) - f(suy(s)vDQk—1y(S))|ko—1S

m

#3200 )+ et D) B (w(t0), Do (0|

#5100 Da (o))~ £ 4(0) Do 57

0<trp<t

T (th), Dyr(tr)) — Tuy(te), Dqky<tk>>|>

ti
# 30 ( o), Dae ) = £, D ()

O<tr<t

+ [ (2(te), Doy (te)) — I (y(tr), DQky(tk))|> (1 —tr)

" / [ 1$(0.27). D7) = 1), Do)y

<tm+m)[3( 3 (m+// (L) Lol iy m(Lofe) + La(0) )= ]
() (m/ (La(s) + La(6))do 5+ m(Ls(0) + Lo(0) )l =]
N (mH// (L) + Lol m(Lofe) + La(0) )= ]

m+1 th
+< /tk 1 (L1(s) + La(s))dg,_, s +m(Ls(t) + Le(t ))>|Vﬂfy||

<[(m + n2)(562 + (N2 +mL")) + Qll|z — yll < Allz —yl| <[lz -yl
and

[ Dy, T (t) — Dy, Ty(t)]

m—+1 t
sw—nﬂ[( / / (ry(7), Dy y2(r)) — F(roy(r), Dy 107 gy 7y

+Z|Ik (t4), Dgy(ty) — Ik<y<tk>,Dqky<tk>>\)
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+
—_

m

+ (6(1 —tg) + ’Y)/ ' |f(s,2(5), Dgp_,2(8)) — f(8,9(5), Dgp_, y(5))|dg,_, 8

te—1

+ 2 00 =) + M (x(tr), Doy (tr)) = Tx(y(tr); Dy (tr))]

(=71

B
Il
—_

Y / " F(5,2(5), Day12(3)) — £(5,9(), Dy (5))lday_.8

o<tp<t Ytk—1

+ U (@ (tr), Doy (te)) — Tp(y(th), Do,y (tr))])

If(S» 2(s), Dg,(s)) = f(s5,y(s), Do y(s))|dgy.5

Tn4—1

Sng[ // (La(7) + Lo(r)dge gy +m(Ls(t) + La@®))l|z — y]

m—+1 e
(6+7) Z/t (L1(5) + La(s))dg,_,5 +m(La(t) + Lo(t)]} — y]

m+1

+(Z/k (La(s) + La(s))dg, s +m(Ls(t) + Lo(t))) |z = ]|
k=17 tk=1

= [1200Q +y(N2 + mL")) + Na +m L[|z -y
<Az =yl <[l —yll.

Therefore, we obtain that |7z —Ty|| <|| x —y ||, so T" is a contraction. Thus, the conclusion of the theorem
follows by Banach’s contraction mapping principle. This completes the proof of Theorem O

Corollary 3.2. Assume that (Hy) and (Hy) hold. In addition, if Ay < 1 holds, then the impulsive qy-
difference equation BVP (1.1) has a unique solution, where Ay = (n1 + n2)[0Q1 + v(Na + m(Ls + Lg))] +
Q1,Q1 = N1+ Na+m(Ls+ Ly + L5 + Lg).

Corollary 3.3. Assume that (Hs) and (Hy) hold. In addition, if A2 < 1 hold, then the BVP (1.1) has a
unique solution, where Ao = (N1 +n2)[0Q2 + (L1 + Lo +m(Ls+ Lg))] + Q2,Q2 = (L1+ Lo2)(v+ 1) +m(Ls +
Lys+ Ls + Lg).

The next existence result is based on the Schaefer’s fixed point theorem.
Lemma 3.4. Assume that (Hs) and (Hg) hold. Then T is completely continuous.

Proof. The proof consists of several steps.

(i) By the continuity of f, Ij and I}, it is easy to get 7" is continuous.

(ii) T maps bounded sets into bounded sets in PC(J, R). Let B, = {x € PC(J,R) : ||z|| < r} be a
bounded set in PC(J, R) and = € B,. Then we have

rTa:<t>|s<m+n2[(mﬂ/t:'“l/t“ F(r,2(r), Dy (7)) ldgy. 7dgy. 1s+2|fk (1), qutk))\)

1

m

+

60— 1) + ) / (5, 2(5), Dyy_,(5))ldgy_,

tr—1

(=71

S - ) + )T (), Dqu<tk>>|]

i

1
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(/t:kl/tk 1 (m,2(7), Dy, lx(T))\ququk1s+\Ik(x(tk),Dqu(tk)),)

+ Z </tk 1 |f(s,2(8), Dg,_,(5))|dg,_, 5 + |I;(I(tk)7Dqu(tk))|) (1—t)

/ / |F(r.2(r), Dy (7)) ldy, 7,5
m+1 th
S(771+772 |: ( / / )ko—1le1k—1S
tp—1 Jtk—1

th m m
/ / gy, Tdg;,_ 15+T2(ak+bk ‘|‘Z€k>
te—1 Jtp—1 k=1 k=1
m+1 m+1

tk 123
+ (6 +)(r /t s)+aq(s dg, - 1S+Z/t dgy_,
k—1 k—1

m

+(0+7) TZ (ck +dy) + ka)]
k=1

k=1
ti m+1 tr s
/ / 7))dg,_Tdg, 15 + Z/ / h(7)dg,_,Tdg, 5
tg—1 Jip—1 k=1 Yth—1 Jlk—1
+7r Z(ak“’bk) Zek
k=1 k=1
m+1l g m+1l g m m
w3 [ ) + ) ls+2/ M)y 5+ 7D ek di) + D fe
k=1 "tr—1 b1 k=1 k=1

<[(m+mn)0(p1+p2+a+b+c+d) +v(p2+c+d)+pi+pr+a+b+c+dr
+[(m +m2)(0(h1+ha+e+ f)+~y(ha+ f))+h1+ha+e+ fl=Tr+I":= M,

and

m+1 th
qukau)rSm[a( / / (r. (7). Dy, 2(7)) gy gy ls+ZrIk (te). Dqu<tk>>|)
k—1 k—1

m—+1 t
30601 1) +7) / 1F(5,2(5), Dgy,2(5)) g,
k=1 b1

+ 3 (01 = tg) + )L (x(tr), Dy (ty,))]
k=1

+Z </tk 1 s),Dqk_lx(s)ﬂqu_ls—l—|IZ($(tk)’qu€x(tk))|>

+ / (5, 2(5), Dgyp2(5)) g5

m+1 th
S772|: ( / / )dtIk—1Tko—13
th—1 Jtk—1

tr m
/ / dg, Tdg, 15+T2ak+bk ‘|‘Z€k)
te—1 Jtk—1
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m—+1

T T
(5+7)< Z(Ck‘f‘dk) f:fk)}

k=1 k=

m+1l g m+1l g m m
+7“Z/ (p(s) + q(s))dg, 13+Z/ g5+ (ck+di)+ > fr

k=17 tk—1 b1 k=1 k=1

<[2(6(p1+pa+a+btctd +y(p2+c+d)+ps+ctdr
+ [m2(6(hy + ha + e+ f) +v(ha + f)) + ha + f] = Tor + T, = Mo,

where T' = (1 +12)[0Q3 +7(p2 +c+d)|+Q3, Q3 =pr+p2+a+btc+d, T* = (m+m2)[0Q5+v(ha+ f)] +
Q35, Q5 =hi+hy+e+ f. And T'g = n2[0Q3 +y(p2 +c+d) +p2 +c+d, TG = n2[0Q5 + v(ha + f)] + ha + f.
Obviously, M > My. Thus | Tz| < M.

(iii) 7" maps bounded sets into equicontinuous sets of PC(J, R).

Let 71,79 € J; € (ti,ti+1) for some i € {0,1,2,--- ,m} and B, be bound set of PC(J, R) as before. Then
for x € B,, we have

[Tz (o) — T ()|

m—+1 t
972\72—71\[5< // (r, (7). Dy (7))l dgy 7y 1s+2uk (1) Dqkmk))r)
k—1 k—1
m

(61— 1)+ ) / (5, 2(5), Dy, (5))ldgy_, 5

te—1

+
[y

e
Il
—

_l’_

NE

(51 — 1) + DI (x(t), Dquuk»@

e
Il
—

TP Z ( 1560060 D 7D+ FiGolta). D0

’f(Tax(T)aDQix(T)”d‘th(hS - /t 1 . |f(7,2(7), Dg;x(7))|dg, 7dyg,; 8

t; t;
<na|me — 7| [5(rp1 +hi+r(a+d)+e)+(+v)(rpa+ha+r(c+d) + f)]
3
+ |7 —m|(rpa + he+r(c+d)+ f) + |72 — 7'1]/ |f(7,2(7), Dg,(7))|dg,7 = 0, (172 —71 —0),
t;

where ¢ € [min{7, 72}, max{ry, 7 }], and

>

T1<tp<To th—1

/ f S CC qu$ dQZS_/ f S "L’ D‘hx( ))dQZ

tk

| Dy T(12) = Dy, Tax(m)| <

F(5,2(5), Dgy,(8))dgy 5+ 1;;<x<tk>,Dqkw<tk>>)'

< / ), Dgy(5))dgy 5
< / )] + () D (5)] + h(5)) gy
< / dqzs—i—/m h(s))dys| =0,  (72—m1 —0).




C. Yu, J. Wang, Y. Guo, J. Nonlinear Sci. Appl. 9 (2016), 2615-2630 2628

As a consequence of the Arzeld-Ascoli theorem, we can conclude that 7' : PC(J,R) — PC(J,R) is
completely continuous. This proof is completed. O

Theorem 3.5. Assume that (Hs) and (Hg) hold. Suppose further I' < 1 holds, then BVP (1.1) has at least
one solution, where I' = (N1 +1n2)[0Qs +v(p2 + ¢+ d)] + Q3,Q3 =p1 +p2 +a+ b+ c+d.

Proof. In view of Lemma it is easy to know that 7" is completely continuous. It is clear that z € PC(J, R)
is a solution of BVP ([1.1)) if only if x is a fixed point of T
Next, we show that the set

E={zxe€PC(J,R) :x =X Tz for some 0<)\<1}

is bounded, which is independent of A. Let x € E, then z(t) = \T'z(t) for some 0 < A < 1.
By (Hs) and (Hg), that for each ¢ € J, by (ii) of prove in Lemma we have

[z(t)| = |\Tz(t)| < |Tz(t)] < Tllf +T7,

and
[Dgy(t)| = [ADg, Tx(t)| < [Dg, T (t)] < Toll]| + T,

therefore,

(8] < Tflaf| + T
Hence,

*
< = M.

o]l < —— = My
This show that the set E is bounded. By Theorem we obtain that BVP (1.1]) has at least one solution.
This proof is completed. O

Corollary 3.6. Assume that (Hg) and (H7) hold. In addition, if I'y < 1 holds, where I'y = (m1 +12)[0Q4 +
YN+c+d)]+Qs,Qr=Nw+1)+a+b+c+d. Then the BVP (1.1)) has at least one solution.

Corollary 3.7. Assume that (Hs) and (Hg) hold. In addition, if T's < 1 holds, where T'y = (n1 + n2)[0(p1 +
p2) + vp2] + p1 + p2. Then the BVP (1.1) has at least one solution.

Corollary 3.8. Assume that (H;) and (Hg) hold. In addition, if T's < 1 holds, where I's = N[(n1+n2)(d(v+
1)+ ) +v+1]. Then the BVP (1.1) has at least one solution.

Corollary 3.9. Assume that (Hg) and (Hg) hold. Then the BVP (1.1) has at least one solution.

4. Example

Example 4.1. Consider the following BVP for second-order impulsive g-difference equation:

D2 w(t) = 3?1((')%&;'3) + 525 In(1 + | D, (1)), teJ=10,1],t#t,
Aﬂj(tk) = % + ﬁef‘D%‘”(tk)h ty = Tk()a k= 1727 T 797 (41)

ADgx(ty) = §tan ' (Flz(te))) + 1521 Dgex(te)l,  th=15 k=1,2,---,9,
2(0) = D2 (2(0)) = 0, (1) + D1 (x(1)) = 0.

w

Here, g, = 34% (k=0,1,2,---,m), m =9 and f(tafL'aDka) = 38(11110(ft‘))3 + ﬁln(l + ‘DQk:E’)v Ik(vaQkx) =

g(l(iﬂzl) + mhre 1 Putl I (z, Dy x) = §tan™!(&|2]) + 12| Dg,z|. Obviously, V¢ € J, (z1,11), (z2,12) € R2,
we nave

1 2
|f(t, (z1,91)) — f(t, (22,52))] < m@l — T2| + m\yl — Y2,
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I ~1 —
[k (z1,91) — Ik(22, y2)| < 90|$1 z2| + 102|y1 Yal,
|IZ($1,y1) - [Z(xQ,yQ)‘ = 90|.C61 - 1‘2’ + 02|y1 Yal.
Then, L1 = wig, Ly = 525, L3 = g5, La = o4z, Ls = g5, Le = 15> and v = 188U Clearly, A, ~

0.89006 < 1. By Corollary - we obtain that BVP (4.1)) has a unique solution.

Example 4.2. Consider the following BVP for second-order impulsive g-difference equation:

D2 2(t) = S PO ) tedt4t
qx 10(1+[Dq, z(E)]) ) ) J ks
D(t) = he sin(le(te))) + J (1 + Dy a())F +Fr, = k=124 (12)

ADqkz(tk) k arctan(|z(tg)]) + 5,6%|Dqka:(tk)| + 4%, ty = gjk =1,2,3,4,
12(0) — Dlw( )=0, z(1)4+ Diz(1l)=0.
8 4

—2t
Here, gy = 725 (k=0,1,2,3,4), m=4d,a == 1,6 =~ =1, and f(t,z,D,,) = ﬁ%ln(lﬂxb,

1 . :
Ir(z, Dy, ) = 157 sin(|z]) + 55 (1 + | Dy, z)5 + 2%, Ii(x, Dg,,) = 1o7 arctan(|z|) + g | Dy, x| + 7. Obviously,
we have

1
76t D)l < 751l
1 1 1
e Du) = el gl D+ g1
1
‘Ik(:v D%)‘ Ok‘x|+5k+1‘DQkx‘+
Therefore, N = 10, ar = (l)k, by, = ﬁ, cp = 41k, dp = 5,6%, e = 2%, fr = i We can find that
n + 12 = 3, a=c= 110101010, b=d= %, v = 341452010 Clearly, I'1 &~ 0.9008 < 1. By Corollary we obtain

that BVP . ) has at least one solution.
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