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Abstract

This paper introduces the notions of pseudo null curves in Minkowski 4-space. Meanwhile, some geometri-
cal characterizations and the singularities of pseudo null hypersurfaces and pseudo hyperbolic hypersurfaces,
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1. Introduction

Minkowski space is a real vector space with a symmetric bilinear form. And Minkowski space form with
the positive curvature is called de Sitter space. We know that de Sitter 3-space is a vacuum solution of
the Einstein equation and an important cosmological model for physical universe [2 [4, [7]. The Euclidean
rectifying curves have many interesting geometric properties. In Minkowski 3-space, the rectifying curves
have similar geometric properties as in the Euclidean 3-space. However, in Minkowski 4-space, it is more
interesting for the rectifying curves using the null frame vector. The pseudo null hypersurfaces and pseudo
hyperbolic hypersurfaces are two of those rectifying surfaces. The authors have considered the geometrical
properties of spacelike curves and spacelike surfaces in Minkowski space [5]; Bilici obtained the geometrical
properties of involutes of spacelike curves in Minkowski 3-space [I]. In particular, when the Frenet frame
along a spacelike or a timelike curve contains a null vectors, such curve is said to be a pseudo null curve.
The Frenet equations of a pseudo null curve, lying fully in R‘{, are given in [6 [I1]. However, most of
papers and books are studying the geometrical properties of spacelike curves without any null Fernet frames
in Minkowski 4-space. In this paper, we consider the pseudo null hypersurfaces and pseudo hyperbolic

Email address: sunjg6160@163.com (Jianguo Sun)
Received 2015-06-19



J. G. Sun, J. Nonlinear Sci. Appl. 9 (2016), 2577-2589 2578

hypersurfaces, which are generated by pseudo null curves on de Sitter 3-space, as the most elementary case
for the study of the singularities of pseudo hyperbolic hypersurfaces in non-flat Lorentzian space forms.

On the other hand, singularity theory, which is a direct descendant of differential calculus, is certain
to have a great deal of interest to say about geometry, equation, physic, astronomy and other disciplines
[3, B, [, O, 10]. In general, the current theory always does not allow for singularities. However, it is
unavoidable in some real life circumstances. Thus, we apparently need to understand the ontology of
singularities if we want to research the nature of space and time in the actual universe. At present, the
studying of singularities is mainly concentrated in general surfaces [3|, 5, 8l [9]. The authors considered a
classification of the singularities of lightlike surfaces with co-dimensional two for generic space-like curves on
de Sitter 3-space and a geometric characterization of the singularities [5], which motivate us to investigate
the differential geometry of pseudo null curves. The most interesting case is the contact of pseudo null
curves with hyperbolic 3-space. We consider the geometric characterizations of pseudo null curves and the
singularities of pseudo null hypersurfaces and pseudo hyperbolic hypersurfaces in this paper.

The remainder of this paper is organized as follows: Section [2| reviews some basic notions about the
Minkowski space and gives the main results about the classifications of singularities (Theorem and
Theorem . Section |3| considers some height functions on pseudo null curves. Also, the versal properties
of those height functions are used to prove Theorem [2.1] and Theorem [2.2]in Section [4] Section [5] gives the
generic properties of pseudo null curves on de Sitter 3-space to introduce the stability of singularity. In the
last section of this paper, we supply an example to explain the singular of pseudo null hypersurfaces and
pseudo hyperbolic hypersurfaces of pseudo null curves, respectively.

We shall assume that all the maps and manifolds in this paper are C'°°, unless the contrary is explicitly
stated.

2. Preliminaries and the main result

Let R* = {(x1, 22,73, 24)|2; € R (i = 1,2,3,4) } be a 4-dimensional vector space. For any two vectors
x = (21,72,23,24) and y = (y1,%2, Y3, y4) in R*, the symmetric bilinear form of x and y is defined by

(x,y) = z1y1 + T2Y2 + T3Y3 — TaVa-

(R%,(,)) is called 4-dimensional Minkowski space and written by Rj.

A vector x in R} is called a spacelike vector, a null vector or a timelike vector if (x,x) is positive,
zero or negative, respectively. The norm of & € R} is defined by ||x|| = (sign(z)(z, x))'/?, where sign(a)
denotes the signature of & which is given by sign(x)=1, 0 or -1 when x is spacelike, lightlike or timelike
vector. For any two vectors « and y in R‘ll, we say x is pseudo-perpendicular to y if (x,y) = 0. For vectors
x = (v1,79,73,74), Y = (y1,Y2,Y3,v4) and z = (21, 29, 23, 24) in R}, we define a vector x Ay A z by

€1 €y €3 —e€4
Tr1 T2 I3 X4

Yy Y2 Y3 Ya
Z1 k2 Z3 Z4

)

where (e, ez, e3,e4) is the canonical base of R‘ll. One can easily show that
(a,x Ny A z) = det(a,x,y, z).
In R‘ll, we introduce some typical manifolds,

de Sitter 3-space S} = {x € R} | (z,x) = 1},
hyperbolic 3-space e = {x € R‘ll | (x,x) = —1},
lightcone LC* = {x € R‘ll \ {0} | (x,z) = 0},
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we call S3, H? LC* the pseudo spheres in Minkowski 4-space. For a vector v = (v, ve,vs,v4) € LC*, if
vg = 1, vector v is denoted by v.

Let v : I — R} by () = (z1(t), 22(t), 23(t), 24(t)) be a regular curve in R} (i.e.,4(t) # 0 for any t € I),
where I is an open interval. For any ¢ € I, a curve « is called spacelike curve, null (lightlike) curve or
timelike curve if (4(t),4(t)) > 0, {(¥(t),%¥(t)) = 0 or (¥(t),¥(t)) < 0, respectively. The arc-length of a non
null curve ~y(¢) measured from ~(to) (to € I) is

t
s(t) = [ l7(@®)lldt.
to
The parameter s is determined as ||5/(s)|| = 1 for a non null curve, where v/(s) = (dv/ds)(s). For a curve
~(s) on de Sitter 3-space, we call curve v(s) be pseudo null curve if its tangent vector ¢(s) = ~/(s) is spacelike
vector, the normal vector m;(s) and the binormal vector ma(s) are null vectors. The pseudo-orthonormal
frame of pseudo null curve ~(s) is {7y(s), t(s), ni(s), na(s)} satisfying

H = 2200+ (o) + r(5hals)

t'(s) = —y(s) + ni(s) + x(s)na(s),

n)(s) = —k(s)(s)t(s) + 7(s)ni(s), (2.1)
nhH(s) = —t(s) — 7(s)na(s),

where £(s) = (t'(s),n1(s)) and 7(s) = (n)(s), n2(s)).
Let v : I — S} be a pseudo null curve, we define two maps, one is L : I x R x R — R} by

L(s, u,m) = v(s) + pni(s) + nna(s).

We call the image of L the pseudo null hypersurface associated to the pseudo null curve +(s); the other is
L:IxR—H?by

~ 2

L(s. 1) = (s) + () = ~mo(s).

We call the image of L the pseudo hyperbolic hypersurface on hyperbolic 3-space. And it is obvious that the
pseudo hyperbolic hypersurface is a special pseudo null hypersurface when un = —2.

Let F: S} — R be a submersion and f : I — S} be a pseudo null curve. We say that f and F~1(0)
have k-point contact at t = tg if the function g(t) = (F o f)(t) satisfies g(to) = ¢'(tg) = --- = g* V(o) = 0
and g (tg) # 0. We also say that f and F~'(0) have at least k-point contact at t = tq if the function
g(t) = (F o f)(t) satisfies g(to) = ¢'(to) = --- = g%V (ty) = 0. The main results as following:

Theorem 2.1. Let v(s) be a pseudo null curve on de Sitter 3-space with k'(s) — 27(s)k(s) # 0 for Vs € I.
vo = L(s0, f0,M0) and osculating sphere LC(vo) = {u € S3 | (u,vg) = 1}, we have the following,
1. ~(s) and LC(vg) have at least 2-point contact for sg.
2. v(s) and LC(vg) have at least 3-point contact for sy if and only if
/ p—
- n1(s0) + /{/(so) 37(s0)k(s0)
K'(s0) — 27(s0)k(s0) K'(s0) — 27(s0)k(so

)nz(So)
and o(s) = 7(s)K"(s) + (26(s) + 7/(s) — 72(s))K'(s) — 2k(s)7(s)7'(s) — 2K(s)7T3(s) # 0. Under this

condition, the germ of image L at L(so, po,n0) is diffeomorphic to the cuspidal edge C x R. (Fig.

) 7(s0)

vo = (50
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3. v(s) and LC(vgy) have at least 4-point contact for so if and only if

7(s0)
K'(s0) — 27(s0)k(s0)

and o(s) = 0,0'(s) # 0, where o(s) is a new geometry invariant, which can effect the singularities of
the hypersurfaces. Under this condition, the germ of image L at L(so, 1o, no) is diffeomorphic to the
swallowtail SW. (Fig. [2).

K (s0) — 37(s0)k(s0) (s0)
K'(s0) — 27(s0)K(s0) 21%0

vo = ¥(s0) + n1(so) +

When the condition «/(s) — 27(s)(s) = 0, we have the following result.

Theorem 2.2. Let v(s) be a pseudo null curve on de Sitter 3-space, vy = I/[:(So,,u()) € H? and hyperbolic
osculating sphere LC(0g) = {u € S} | (u, ) = 1} we have the following,

1. ~v(s) and EE(QAJO) have at least 2-point contact for sg.

2. 4(s) and ZE(@O) have at least 3-point contact for sg if and only if

B0 = ~(s0) + 1+ Qigjﬁ(so)nl(s()) N 1F \/12+ 8”(5)712(30)

and 5(s) = £'(s) — 2k(s)7(s) = 0,5(s) # 0,k(s) # 0. Under this condition, the germ of image L at
L(so, po) is diffeomorphic to the cuspidal edge C x R. (Fig.

3. v(s) and f@(f)o) have at least J-point contact for sg if and only if

1 ¥ /1 +8k(s0)

. 1+ +/1+ 8k(s
( O)nl(So) + 5 na(so)

Vo = 7(80) + 2/%(80)

and o(s) = a'(s) = 0, g(s) = £"(s) — 12x(s)7(s)7'(s) +A4I€(S)T3(S) — k(8)7"(s) — Kk(s)T(s)7"(s) #
0,k(s) # 0. Under this condition, the germ of image L at IL(so, o) is diffeomorphic to the swallowtail
SW. (Fig.
Remark 2.3. When ~(s) be a pseudo null curve on de Sitter 3-space with the curvature k(s) = 0, by the
same methods in [6], we know the curve v(s) is a plane curve, and ~(s) has only one order contact with
hyperbolic 3-space.
Here C' xR = {(z1, 2, 23) | 21 = u, 13 = #0223 = v'/3} is the cuspidal edge and SW = {(z1, z9,z3) |
z1 = 3ut + w?v, o = 4ud + 2uv, x5 = v} is the swallowtail.

Figure 1: cuspidaledge

Figure 2: swallowtail
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3. Pseudo null height function and pseudo hyperbolic height function

The section is to construct a germ of family of functions F : I x R} — R with parameter space R}, such
that the germ at sy of the subset in question is the bifurcation set or discriminant of the family, and to
show that the family of functions is a versal deformation of the germ at sy of the function h(s) defined by
hy(s) = H(s,v).

Let v(s) be a pseudo null curve on de Sitter 3-space, we define a function H : I x Rf — R by

H(S,’U) = <7(5)7’U> -1,

which is called pseudo null height function of ~4(s). Denoted h,(s) = H(s,v) for any fixed vector v € R}.
Also, we can define three functions to describe the contact relationship between pseudo null curves and
pseudo spheres: pseudo de Sitter height function H : I x S3 — R by

H(s,ﬁ) = <7(S)75> -1,

pseudo lightcone height function H : I x LC* — R by

H(Svﬁ) = <7(S)76> -1

pseudo hyperbolic height function H:IxH >R by

Proposition 3.1. Suppose v(s) be a pseudo null curve on de Sitter 3-space with r/(s) — 27(s)k(s) # 0 for
Vs € I and v € R}. Then,

1. hy(s) = hl)(s) =0 if and only if there exist two real numbers p,n such that v = ~(s) + pni(s) + nna(s).
2. hy(s) = hl(s) = hl(s) =0 if and only if v = y(s) + uni(s) + (1 — k(s)u)na(s).
3. hy(s) = hl,(s) = hl(s) = h£,3)(s) =0 if and only if

7(s)

v="(s)+ K (s) — QT(S)H(S)nl

and o(s) = 7(s)K"(s) + (2k(s) + 7/(s) — 72(s))K/(s) — 2K(8)7(8)7'(5) — 2k(s)T3(s) # 0.
4. hy(s) = hl(s) =hll(s) = hQ(JS)(s) = hq(fl)(s) =0 if and only if

7(s)
K'(s) — 27(s)k(s)

v="~(s)+

and o(s) =0,0'(s) # 0.

Proof.

1. Supposing there are four real numbers \,w, i, n satisfying v = My(s) +wt(s) + pni(s) + nna(s) € R}, we
obtain w = 0 and A = 1 by hy(s) = hl,(s) = 0. Therefore, the assertion 1 follows.

2. The easy computation is that
hu(s) = (=7(s) + ma(s) + K(s)na(s), My(s) + wt(s) + pma(s) + nna(s)) =0, (3.1)

we can obtain —1 + k(s)u +n = 0. Hence, the assertion 2 holds.
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3. Basing on the above assumption and using Equations (2.1]), we have

R (s) = (=7/(s) + ni(s) + K (s)nals) + w(s)ny(s), v)
= (r(s)na(s) + (K'(s) = K(s)7(s))ma(s)), v)

/ (3.2)
(s)n+ (k'(s) — K(s)7(s))

Substituting the formula 1 — k(s)u +n = 0 into Equation 1’ we can obtain p = m and

_ K/(s)=37(s)K(s)
= T —2r(s)r(s) "

4. By the Equations (2.1)) and (3.2, we have

R (s) = ((7'(s) + 7" (s))ma(s) + (K" (s) = 26 (s)7(s) — K(3)7'(5) + w(5)72(8))ma(s), v),

K(5) + (26(s) + 7' = 72(5))K/(5) — 26(5) 77" (5) — 28(s)7°, (3.3)

+
_|_

=0
By assertion 3,
o(s) = 7(s)K"(s) + (26(s) + 7'(s) — T2(5))K'(s) — 2k(5)7(s)7'(s) — 2k(5)T3(s) = 0

and o’(s) # 0.
When r/'(s) — 27(s)k(s) = 0, k(s) # 0, we can consider the other contact relation. O

Proposition 3.2. Suppose v(s) be a pseudo null curve on de Sitter 3-space and v € H?, for Vs € I. Then,

1. hy(s) = 0 if and only if there exist three real numbers X, ju, 0 such that v = (s)+At(s)+pn(s)+nna(s)
and 1+ N2 + pun = —1.

~

2. hy(s) = h.(s) = 0 if and only if v = ~y(s) + pmi(s) + (1 — k(s)p)na(s) and pn = —2.
3. hy(s) = Rl (s) = B(s) = 0 if and only if

= ~(s)+ 1+ 2/1(—2)8%(8) na(s) + 1F 12—|- 8k(s) na(s)
and o(s) = K'(s) — 2k(s)7(s) # 0.
4. ho(s) = /ﬁ;(s) = /ﬁg(s) = ES,S)(S) = 0 if and only if
v = ~(s) + 1+ 2:;(—2)8/4,(8) na(s) + 1F 12+ 8k(s) na(s)

5. hy(s) = hl(s) = h/(s) = ﬁq(,g)(s) = ﬁS,“)(s) =0 if and only if

N 1+ \/1+8/<c(s)n1(s>+ 1+ /14 8k(s)

2k(s) 2

v =(s) na(s)

and o(s) =0a'(s) = 0,5(3) = Kk"(s) — 126(s)T(s)7'(8) + 4K(3)73(s) — K(s)7"(s) — K(s)T(s)T"(s) # 0.

The proof is the same as the proof of Proposition we omit it here. Meanwhile, we can obtain the
similar propositions for the pseudo de Sitter height function and pseudo lightcone height function.
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4. Singularities of pseudo null hypersurfaces and pseudo hyperbolic hypersurfaces

In this section, we study the geometric properties of pseudo null hypersurfaces and pseudo hyperbolic
hypersurfaces of pseudo null curves on de Sitter 3-space. Meanwhile, we use some general results on the
singularity theory for families of function germs [3]. These properties will be stated following.

Proposition 4.1. Suppose v(s) be a pseudo null curve on de Sitter 3-space, the following assertions are
established,

1. The singularities of L(s, ,n) and L(s, ) are the set {(s,pu,n) | 1= —1+ r(s)u,s € I} and {(s, p) |

o= &%ﬁi’“(s)’&(s) # 0}, respectively.

2. If vy is a constant vector, then v(s) € LC(vo) and uk'(s) — 7(s) = 0.

3. If vy € H3 is a constant vector, then v(s) € 35(60) and one can obtain T(s)K'(s)+72(s)k(s)+2k"2(s) =
0.

4. If 5y € LC* is a constant vector, then v(s) € LC(vg) = {u € S} | (u,vy) = 1} and one can obtain
7(5)K/(8) + 72(s)k(s) + k%(s) = 0.

5. If vg € S} is a constant vector, then v(s) € fé(?}o) = {u € S} | (u,%) = 1} and one can obtain
K'(s) — k(s)T(s) =0 or 7(s) = 0.

Proof.
1. Since L(s, u,n) = v(s) + pni(s) + nma(s), we have

IL(s, 11,m)/0s = ~'(s) + pmy(s) + nna(s),
= (1 = s(s)p — n)t(s) + ur(s)ni(s) — n7(s)na(s),

(4.1)
8]]"(87 1y U)/aﬂ =ny (8)7
OL(s, p,n)/On = ma(s).
The above three vectors are linearly dependent if and only if n = —1 + k(s)u. Hence, the assertion (1) is
complete.
2. For two smooth functions v,7 : I — R, we define a mapping f,, : I — R? by
fon(s) = (s) + v(s)ni(s) + n(s)na(s).
Supposing vy = L(sg, v,n) is constant, we have
dfvy(s) _ / ' _ / _ /
gs =YV (s) Hrs)m(s) + v (s)n1 — (k(s)u(s)) nz + (1 = k(s)u(s))ns,
= (V/(s) +v(s)r(s))na(s) + [(k(s)n(s)) — 7(s) + v(s)r(s)7(s)In2(s), (42)

=0.

One obtains vk/(s) — 7(s) = 0 and (v(s),vo) = 1. Hence, ~(s) is belonged to LC(vp) and vk'(s) — 7(s) = 0.

3. Ifvg € H3 and pu = ,:,((?), one can obtain that the formula 7(s)’(s)+72(s)k(s)+2K"%(s) = 0 is established.

The other two cases are the same as assertion 3. Thus, we omit them here. O
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Let F : (R x R",(s0,xp)) — R be a function germ. We call F' an r-parameter unfolding of f, where
f(s) = Fyy(s,x0). We call f(s) has Ay-singularity at so if f®)(sg) =0 for all 1 < p < k and f*+1)(sq) #£ 0.
We say that f(s) has Asg-singularity at s if f®)(sg) = 0 for all 1 < p < k. Let F be an unfold-
ing of f and f(s) has Ag-singularity (k > 1) at sgp. Denote the (k — 1)-jet of the 0F/0z; at so by
FE=D(OF 02;) (s, 20)(s0) = E?;llaﬂ(s—so)j fori=1,2,...,7. Then F is called a (p) versal unfolding if the
(k —1) x r matrix of coefficients a; has rank (k—1)(k—1 < ). Under the same as the above, F'is called a
versal unfolding if the & x r matrix of coefficients (ag;, oj;) has rank k(k < r), where ag; = (0F/0x;)(s0, zo).
Let function germ F : (R x R", (sg,z9)) — R be an unfolding of f, we now introduce three important sets
concerning the unfolding. The unfolding set of F' is given by

F
Qr = {(s,z) € R x R" | there exists s,z Withaa—(s,:p) = 0}.
s
The discriminant set of F' is given by
r . . oF
Dr = {x € R" | there exists s withF'(s,z) = 8—(3,3:) = 0}.
s

The bifurcation set of F' is the critical value set of the restriction to Qp is given by

. , ., OF O*F
Br = {x € R" | there exists s Wlthg(s,x) = ﬁ(s,m) = 0}.

And the main theorems are following [3],

Theorem 4.2. Let F': (R xR", (s0,29)) = R be an r-parameter unfolding of f(s) which has Ay-singularity
at sq.

(1): Supposing F is a versal unfolding of f,

1. If k =1 then Dy is locally diffeomorphic to {0} x R"~1,
2. If k = 2 then Dr is locally diffeomorphic to C' x R" 2,

3. If k = 3 then Dr is locally diffeomorphic to SW x R"™3, a point o € R" is called a fold point of
a map germ f: (R",xg) = (R", f(x0)) if there exist diffeomorphism germs ¢ : (R", xg) — (R",0)
and v : (R™, f(xo)) — (R",0) such that o ¢(z1,...,2.) = (21,...,00_1,22).

(2): Supposing that F is a(p) versal unfolding of f,

1. If k =2 then (so, o) is the fold point of 7 |g, and Br is locally diffeomorphic to {0} x R" 1,
2. If k = 3 then Bp is locally diffeomorphic to C' x R" 2,

By the Proposition the discriminant sets of the height functions are given by

Dy ={v="(s) + Aini(s) | s, \; € R,i = 1,2},

Dy = {0 =7() +1m1(s) = ma(s) | 5.0 € B,
Dy = {v = (s) + pna(s) - im(s) |5, u € R},

and the bifurcation set of H is given by
By ={v =7(s) + pni(s) — (1 — s(s)u)na(s) [ s, € R}.

For those height functions H JH, H , H, we can consider the following theorems as [3].
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Theorem 4.3. Let H(s,v) be pseudo null height function of pseudo null curve vy(s) and v € Dy. If hy, has
Apg-singularity at s (k =1,2,3), then h is a versal unfolding of h,.
Proof. We denote
~(s) = (x1(5), zo(s), £3(5), 24(s)) and v = (v, v2, v3,v4) € RY,

then

H(s,v) = (v(s),v) — 1 = x1v1 + 2ov2 + x3v3 — 404 — 1. (4.3)
Thus,

(8H/8vl)(s, U) = :L‘l(z = ]-a 2, 3)? (aH/8U4)(87 U) = — T4,
O(DH [9v:)s(s,v) = (i = 1,2,3), D(H /Dus) 9 (s, v) = —,
O*(OH/0v;))0?s(s,v) = ! (i = 1,2,3),0*(0H/dvy)/0?s(s,v) = —x].

Let (z}s + (1/2)z!s?) F (vi/va)(z]{s + (1/2)2/s*) be the 2-jet of OH/dv; at so.
The condltlon for (p) versal can be checked as follows:

(1): By Proposition h has the Aj-singularity at sq if and only if v = y(s) + uni(s) + (1 — uk(s))n

2(8),

when h has Aj-singularity at s, we require the 1 x 4 matrix (z1,z2,x3,z4) to have rank 1, which

always does since ~(s) is regular.

(2): It also follows from Proposition [3.1|that h has A>g-singularity at sg if and only if v = ~y(s) + uni(s) +
(1 — pr(s))nz(s) and o(s) = 7(s)K" () + (26(s) + 7'(s) — 72(8))K'(5) — 2k(8)7(8)7'(5) — 2K(5)T3(5) # 0,

when h has A>o-singularity at sp, we require the 2 x 3 matrix

I xl
xe b
T3 Th

to have rank 2, which follows from the proof of the case (3).

(3): By Proposition h has the As-singularity at sg if and only if v = y(s) + pni(s) + (1 — pk(s))na(s)
and o(s) =0, o/(s) # 0 and
S (50, v0) + 52 (5 ) (50, v0) = G- (s0,v0) + as<§f)<so, v0)(s — 50) + 5 5= (32 ) (50, v0) (5 — 50)?
= ap,i + o1,i(s — so) + 3a2,:(s — $0)%,
(4.4)
when h has As-singularity at sg, we require the 4 x 4 matrix
Qo1 Q2 (03 Qo4 T1 X2 T3 —T4
g | o a2 ay g | 3:’1 xh Ty —1y
- - 4 ! /!
Qo1 Qigg (23 Q94 ] @y ay -
Q31 032 033 O34 xy wy ay zy’
to be nonsingular. Thus,
detA = det(y(s0),7'(s0),7"(s0), 7" (s0)),
= (v(s0) AY'(50) A" (50),7" (s )> (4.5)
= 7(s) — ()K" (s) + K (s)7(s) #
Which implies that the rank of A is 4, which finishes the proof. O

Theorem 4.4. Let ﬁ[(s, v) be pseudo hyperbolic height function of pseudo null curve v(s) and v € Dg.

/f;g has Ay-singularity at s (k= 1,2,3), then H is a versal unfolding of E@
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Proof. We denote
~v(s) = (z1(5), 22(s), 3(5), 24(5)) and © = (Ty, Uy, T3, 04) € HO,
then ~
H(s,v) = (v(s),v) — 1 = 2101 + x2Us + 303 — 2404 — 1. (4.6)
Thus,

(OH [0%;)(s,v) = z; F (0:/04) 24,
O(OH |9;)/05(5, D) = o} F (0;/04)},
0%(0H 07;)/0%s(s,B) = ] F (0:/T4)2},

where Ty = ++/02 + 02 + 02 + 1 (i = 1,2,3), so the 2-jet of dH /Iv; at s is
(x}s + (1/2)1:;'32) F (0 /vg) (2l s + (1/2)1‘232).

The condition for (p) versal can be checked as follows:
(1): 1 has the A;-singularity at so if and only if & = ~(s) + puni(s) — %ng(s), when h has A;-singularity at
S0, we require the 1 x 3 matrix (z1 F (V1/04) 24, x2 F (V2/04)x4, x3 F (V3/04)x4) to have rank 1, which
it always does since ~(s) is regular.

(2): It also follows from Proposition [3.1| that 7 has Aso-singularity at sg if and only if ¥ = y(s) + puni(s) —

%ng(s) and 5(s) = 7(s)"(s) + (26(s) + 7/(s) — 72(8))K/(s) — 2(s)7(s)7'(s) — 2k(s)73(s) # 0, when h

has A>o-singularity at sg, we require the 2 x 3 matrix

a1 F (01/Va)ws @) F (01/04)7)
T F (@\2/@\4)334 .TIQ F (62/?)\4)1‘2
x3 F (Ug/04)xs b F (03/04))

to have rank 2, which follows from the proof of the case (3).

(3): % has the As-singularity at sg if and only if

v =7(s) + pna(s) — (2/p)na(s)

and o(s) = o'(s) = 0, when T has As-singularity at so, we require the 3 x 3 matrix

ap1 Qo2 3
A=| o1 a2 a3
a1 Qg2 23

to be nonsingular, where

o oH o 0H 102 OH
) ~ ~ _ 94 ~ o od ~ _ Lo od ~ - 2
37 (0H [0v;)(s,v0)(s0) 7 (s0,00) + 65(8@-)(50’”0)(5 s0) + 2623(6@-)(80’1’0)(8 50) )

1
=g, + CMM(S — So) + iagyi(s — 80)2.

One denotes that

A(i, g, k) = det | xi(s) ﬂcg(s) z(s)
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We have
detd = —(A(1,2,3) F CLA(4,2,3) F 2A(1,4,3) T 2 A(1,2,4))
N on Vg (48)
— (150 (B,7(5) A7 (5) A7(5))-
Since ¥ € D is a singular point, v = ~v(s) + uni(s) — %ng(s) and
Y(s) AY' () A" (s) = 7(s) A (8) A (=(s) + ma(s) + K(s)na(s)) (4.9)
= na(s) — K(s)ni(s). '
Therefore,
detA = £(1/00) ((3) + pma(s) — ~ma(s), ma(s) — w(s)ma(s))
K (4.10)
_ L LR()H () - 206 +70)
U4 7(8)(K'(s) — 27(s)K(s)) )
This completes the proof. O

Proof of Theorem 211 Let «(s) be a pseudo null curve on de Sitter 3-space with /(s) — 27(s)k(s) #
0. We define a function G : S — R by G(u) = (u,v) — 1. Then we have h,,(s) = G(v(s),vp), since
LC(vg) = G71(0) and 0 is a regular value of G. hy, has the Ag-singularity at sq if and only if v(s) and
LC(vp) have (k + 1)-point contact at sg. By Proposition and Theorems we get the results of
Theorem 2.1]

Proof of Theorem [2.2] Let «(s) be a pseudo null curve on de Sitter 3-space with x'(s) — 27(s)k(s) =
0. We define a function G : S? — R by G(u) = (u,®) — 1. Then we have E@O(S) = G(y(s), o), since
ﬁ(ﬁo) = (A}*I(O) and 0 is a regular value of G. ﬁ%(s) has the Aj-singularity at so if and only if v(s) and
fa(ﬁg) have (k + 1)-point contact at sg. By Proposition and Theorems we get the results of
Theorem 2.2

For the other two types of height functions H ,H, there are the same conclution as above, I omit
them here. By well-known uniqueness theorems which follow easily from the definition of versality [5], the
discriminant of the family is diffeomeomorphic to the discriminant of a standard versal deformation of a
function having the same type of singularity. Therefore, the generic properties of pseudo null curves are the
same as in [5].

5. Example
In this section, an example is given in order to verify the idea of Theorem [2.I] and Theorem [2.2]

Example 5.1. Let v(s) be a pseudo null curve on S defined by

— (Vg S 12— 42
’7(8) {3 S, 188 ) 7188 =+ }

with respect to a distinguished parameter s, (Fig. [3) the Frenet frames as following

V3 1 1
— A/ — ~ - _
t(S) - 7 (8) - \/g{ 3 9 95)07 95}5
ni(s) = {252v3 — 4v3s2 + o, L(os —3V3(252v3 — 4v/3s2 + p),

3, (18V3+V39)20VB-4vBs o} (5.1)
2 12s ) ’




J. G. Sun, J. Nonlinear Sci. Appl. 9 (2016), 2577-2589 2588

na(s) = {252v/3 — 44/35% — p,

1(0s — 3v/3(252v3 — 4V/3s% — ),
3 (18V344/35)252V/3—4/3s2—p (5.2)
§Q 12s ) 9}7

where p = 361/147 — 40552 — 2153 — Ts4, o = s* 4 8452 + 1620.
Hence, the curvatures r(s) = % and 7(s) = 459_13‘@?;2_63”36. Thus, the pseudo null
hypersurfaces (Fig. |3) (when n =1) as

L(s, 11,7) ={£3 + u(252\/§ —4V/35% + o) — n(252V/3 — 4V/3s% — ),
is —1+ u( (05 — 3v/3(252V3 — 4V/35 + o)) + n( (05 — 3V/3(252V/3 — 4V/35% — ),

18
3 (18\/_—|— V/35)252v/3 — 435> + o 3 (18v/3 +1/35)252/3 — 44/35% —
2+ (50~ D )+ (50— ),
s 2 125
1
— 5242
185 + 2+ (k+mn)ot,

the pseudo hyperbolic hypersurfaces on hyperbolic 3-space (Fig. 4 as

L(s, p) :{\/?gs + u(252v/3 — 4v/35% + ) — g(252\/5 — 4V/35% — p),

%s —1+ u( (05 — 3V/3(252V/3 — 4V3s% 4 p)) — %(%(Qs — 3V/3(252V3 — 4V35? — p)),
3 (18\/_ +1/35)252v3 —4V3s2 + . 2,3 (18V3 +/35)252V3 — 4352 — p
2+ nze- 125 )= Ge- 125 )

1 2
— 242 ~ 9ol
188+ + (1 u)}

Figure 4: the pseudo hyperbolic hypersurfaces on hyper-

Figure 3: the pseudo null hypersurfaces when n =1 bolic 3-space
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