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Abstract

The purpose of this paper is to prove some new coupled common fixed point theorems for mappings
defined on a set equipped with two S-metrics. We also provide illustrative examples in support of our new
results. Meantime, we give an existence and uniqueness theorem of solution for a class of nonlinear integral
equations by using the obtained result. (©2016 All rights reserved.
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1. Introduction and Preliminaries

In 2006, Mustafa and Sims [I4] introduced a new concept of metric spaces, which is a generalization
of metric spaces; briefly G-metric space. In 2007, Sedghi, Rao and Shobe [19] investigated the concept of
D-metric space proposed by Dhage[6], and introduced the concept of D*-metric spaces, pointed out the
basic properties of D*-metric space. Very recently, Sedghi, Shobe and Aliouche [20] extended the notions of
G-metric spaces and D*-metric spaces, proposed the concept of S-metric spaces as follow:

Definition 1.1 ([20]). Let X be a nonempty set and S : X x X x X — RT be a function, such that for all
z,y,z,a € X, we have the following:
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(S1) S(z,y,2) =0 =y =z
(S2) S(z,y,2) < S(x,z,a) + S(y,y,a) + S(z, z,a).
Then the function S is called a S-metric in X, the pair (X, .S) is called a S-metric spaces.

Remark 1.2. For each S-metric, it definitely is a G-metric, and each G-metric definitely is a D*-metric, vice
untrue, the counter-example can be found in [12].

In [20], the author introduced some basic properties in S-metric spaces, and showed a new common fixed
point theorem for contractive mapping in such spaces. Since then, many mathematicians such as Sedghi
and Dung[18], Afra [2, 3] and Hieu, Ly and Dung [I1] proposed several fixed point theorems under different
contractive conditions in S-metric spaces, which is a generalization of the results in [20]. In 2013, Chouhan
and Malviya [5] studied the expansive mappings in S-metric space, proved some new fixed point theorems.
Recently, Kim, Sedghi and Shobkolaei [12] introduced the concepts of weak commutativity and R-weak
commutativity mappings in S-metric spaces, and proved some new common fixed point theorems. Rahman,
Sarwar and Rahman [I5] established the common fixed point theorem of Altman integral contractive type
mappings by using the notion of p-weak commutativity mappings.

Many scholars such as Dung [7], Raj and Hooda [16], Dung, Hieua and Radojevié¢ [8], Raj and Hooda
[I7] and Afra [I] as well as Gupta and Deep [10] discussed the problems for common coupled coincidence
point and coupled common fixed point in S-metric spaces, obtained some new coupled common fixed points
theorems.

In 2013, Gu [9] discussed some coupled common fixed point problems in two G-metric spaces, and
prove some new coupled common fixed point theorems. Inspired by the above corresponding results, In
this paper, we study coupled common fixed point problems in two S-metric spaces and establish some new
coupled common fixed point theorems. Furthermore, we also provide illustrative examples in support of our
new results. As an application of our main result, we also prove the existence and uniqueness theorem of
solution for a class of nonlinear integral equations in S-metric spaces.

In this section, we first introduce some basic notions and known results.

Lemma 1.3 ([14]). Let (X,S) be a S-metric space, then we have S(x,z,y) = S(y,y,z) Vr,y,z € X.
Lemma 1.4 ([2,[16]). Let (X,S) be a S-metric space, then Vx,y,z € X, we have

S(z,x,z) <25z, z,y) + S(y,y, 2),
S(z,r,2) <28z, z,y) + S(z, 2,y).

Lemma 1.5. Let (X, S) be a S-metric space. Then, for all z,y,z € X it follows that:
(Uﬁ%%)<5@xw
(2) S(x,y,x) < Sz, 2,y);
(3) S(x,y,2) < S(x,2,2) + S(y,y,2);
(4) S(x,y,2) < S(x,2,y) + 5(2,2,y);
(5) S(x,y,2) < S(y,y,2) + S(z,2,2);
(6) S(a.x,2) < 2[S(y.y. 2) + S(y,y.2));
(7) S(z,y,2) < 5[S(x,2,9) + S(y,y,2) + S(z, 2, 2)].
Proof. First, it follows from (S2) and Lemma we can easily obtain (1)-(5). Now we prove (6) and (7)
also hold.

By virtue of Lemma and Lemma we have

25(z,x,2) = S(x,z,2) + S(z, 2,2)
< [25(z,2,y) + S(y,y,2)] + [25(2, 2,9) + S(z, 2, y)]
=3[S(y,y,2) + S(y,y, z)].

Consequently, S(z,z, z) < %[S(y,y, z) + S(y,y,2)]. Then we have (6).
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By virtue of (3)-(5) and Lemma then we have

35(x,y,2) <[S(z,2,2) + Sy, y, 2)| + [S(x, 2, 9) + 5(2,2,9)] + [S(y, y, 2) + 5(z, 2, 2)]
=2[S(z,z,y) + Sy, y,2) + 5(2,2,7)].
Which implies S(z,y,z) < 2[S(z, z,y) + S(y,y,2) + S(z,z,2)]. Thus (7) is obtained. O

Definition 1.6 ([2]). Suppose that {z,} is the sequence in S-metric space (X,S). {z,} is called to be a
S-Cauchy sequence in X, if
lim S(zn, zn, zm) =0 Va € X.

n,M—00
Definition 1.7 ([2]). A sequence {z,} is said to be S-convergent sequence in S-metric space (X,d), if
Jr € X satisfying the following condition

lim S(zp,xn,z) =0.

n—oo
Then the sequence {z,} is said to be S-convergent to x, noting lim,_,~ ,, = z, that is z,, — z(n — 00).

Lemma 1.8 ([2]). Let (X,S5) be a S-metric space and {x,} and {yn} be two convergent subsequence in X

such that lim x, = x, lim y, =y, thus we have
n—oo n—oo

lim S(mnaxnayn) = S(m,x,y).

n—oo

In particular, by taking y, =y, then we have
lim S(zp,xn,y) = S(z,x,y).

n—oQ
Definition 1.9 ([I4]). The S-metric space (X, d) is called to be S-complete, if each S-Cauchy sequence in
X is S-convergent to some point in X.

Definition 1.10 ([4]). An element (z,y) € X x X is called a coupled fixed point of the mapping
F:XxX—X,if Fl,y) =2, F(y,x) = y.

x)
Definition 1.11 ([13]). An element (z,y) € X x X is called a coupled coincidence point of mappings
F:XxX—>Xandg: X — X, if F(z,y) = gz, F(y,xz) = gy, and in this case, (gz, gy) is called a coupled
point of coincidence.

Definition 1.12 ([I3]). An element (z,y) € X x X is called a common coupled fixed point of mappings
F:XxX—>Xandg: X - X,if F(z,y) =gz =x,F(y,z) =gy = y.

Definition 1.13 ([I3]). Let X is a nonempty set. A pair of mappings F': X x X — X and g: X — X is
said to be w-compatible, if F(x,y) = gz and F(y,z) = gy, then we have gF(z,y) = F(gz, gy).

2. Main Results

Theorem 2.1. Let X be a nonempty set and S1, Sz are two S-metrics on X such that Sa(x,y,z) < Si(z,y, 2)
Vr,y,z € X. Suppose that the mappings F': X x X — X and g : X — X satisfy the following contractive
condition

S1(F(z,y), F(u,v), F(s,t))
<k1S2(gx, gu,gs) + k252(gy, gv, gt)

+ k3Sa(gx, gu, F(s,t)) + kaSa(gy, gv, F(t, s))

+ k5S2(g2, F(u,v), gs) + keS2(gy, F'(v, u), gt)

+ k7So(F(z,y), gu, gs) + kgSa(F(y, x), gv, gt)

+ koS2(gz, F'(u,v), F(s,1)) + k10S2(gy, F'(v, u), F (L, 5))
+ k11S2(F(z,y), gu, F(s,t)) + k12S2(F (y, x), gv, F(t, s))
+ k1382 (F (2, y), F'(u,v), g5) + k1aS2(F (y, z), F(v, u), gt)

(2.1)
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for all (x,y), (u,v), (s,t) € X x X, where k; >0 fori=1,2,---,14 with
0 <ki+ko+3(ks+ k4) + ks + ke + k7 + kg +2<k9 + k1o + k11 +k12) + ks + kg < 1. (2.2)

If F(X x X) C gX and gX is a Sy-complete subspace of (X, S1) then F and g have a unique coupled point
of coincidence (gx,gy) € X x X, which satisfy gr = F(x,y) = gy = F(y, x).

Moreover, if F' and g are w-compatible, then F and g have a unique common coupled fixed point of the
form (u,u) € X x X, satisfying u = gu = F(u,u).

Proof. Suppose that (x,y0) € X x X. Since F(X xX) C ¢g(X), 3(x1,y1) € X x X such that gx1 = F(z0,y0),
9y1 = F(yo, o). Similarly, I(x2,y2) € X x X, such that gre = T'(x1,v1), gy2 = T(y1,21). Continuing this
process, then we can construct two sequences {x,} and {y,} in X, defined by

9Tnt1 = F(Tn,yn)s 9Yn+1 = F(Yn, Tn) ¥n > 0. (2.3)
In " by taking (CL‘, y) = (’LL,U) = (xnyyn) and (Svt) = ($n+17yn+1)7 also by ‘ , We have

S1(gTnt1, 9Tna1, 9Tnt2) =S1(F (Tn, Yn)s F (Tns Yn)s F(Tnt1, Ynt1))

<k152(9%n, 9Tn, gTnt1) + k252(9Yns GYns GYn-+1)
+ k352(9%n, 9Tn, F(Tnt1, Yn+1)) + kaS2(9¥n, 9Yn, F(Ynt1, Tnt1))
+ k5 Sa(gn, F(fﬁna Yn), 9Tni1) + k6‘92(gym F(Yn,n), 9Yyns1)
+ k7S2(F(Tn, Yn), 9%n, 9Zns1) + k8 S2(F (Yn, Tn), 9Yns 9Yn+1)
+ k9 S2(gxn, F(xn, Yn), F(Tn+1, Ynt1)
+ k1052(9Yns F(Yn, Tn), F(Ynt1, Tnr1))
+ k11S2(F (20, Yn), 9Tn, F(Tnt1, Yn+1))
+ leSQ(F(yna $n)’ 9Yn, F(yn+la fEn-i—l))

<k152(9Tn, 9T, gTn+1) + k252(9Yns 9Yn, 9Yn+1)
+ k352(9n, 9Tn, 9Tn+2) + kaS2(9Yn, 9Yn, gyn+2)
+ k5S82(92n, 9Tn+1, 9Tn+1) + k6S2(9Yn, 9Yn+1, 9Yn+1)
+ k752(9Yn+1, 9Tns gTn+1) + ks S2(9Yn-+1, 9Yn, 9Yn+1)
+ k9S2(9Tns 9Tn11, gTnt2) + k1052(9Yn, GYn+1, gYn+2)
+ k1192(9Tn+ 1, 9%n; gTnt2) + k1252(9Ynt15 9Yns GYn+2)
+ k1352(9%n+1, 9Tn11, 9Tnt1) + k1452(9Yn+1, 9Ynt1, 9Yn+1)-

—~

~— — ~—

(2.4)

By using Lemma [1.3] Lemma (1), (2), (4), (5) and (6), it follows from (2.4]) that

S1(9%Tn+15 9Tn+1, 9Tns2) <k152(9%n, gTn, 9Tnt1) + k252(9Yn, 9Yn, GYn+1)

3
+ ks - 5[52(9%, 9%n, §Tnt1) + S2(9Tn41, 9Tni1, GTn42)]

3
+ k- 5152(9Yn, gyn: 9Yn+1) + 52(9Yn+1. 9Yn+1, GYn-2)]

+ k552(9%n, 9Tn, 9Tn11) + k652(9Yn, 9Yns gYn+1)

+ k7S2(9Yns 9%n, 9Tn+1) + ksS2(9Yn;s 9Yn, 9Yn+1)

+ ko[S2(9%n, 9Tn, gTn+1) + S2(9Tn11, gTn41, 9Tnt2)]
+ k10[S2(9Yn, 9Yn, 9Yn+1) + S2(9Yn+1, 9Yn+1, gYn+2)]
+ kll[SQ(gxna 9Tn, §Tny1) + S2(gxn+17gxn+17gwn+2)}
+ k12[82(9Yn> 9Yns 9Yn+1) + S2(9Yn+1, 9Yn-+1, 9Yn+2)]
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3
= <k1 + §k3 + ks + k7 + ko + k11> S2(9%n, 9T, 9Tni1)
3
+ <k2 + 5164 + ke + ks + k1o + k12> S2(9Yns 9Yn> GYn+1)
3
+ <2k3 + kg + 74?11) S2(gTnt1, 9Tnt1, GTn+2)
3
+ <2k4 + k1o + k12> S2(9Yn+15 9Yn+1, GYnt2)
3
< <k1 + §]€3 + ks + k7 + kg + kn) S1(9%n, 9%n, 9Tni1)
3
+ <k‘2 + §7€4 + ke + kg + k1o + k‘lz) S1(9Yn> 9Yn> GYn+1)
3
+ <2k3 + kg + k:11> S1(9Zn41,9Tnt1, gTni2)
3
+ (2k4 + k1o + ku) S1(9Yn+1> 9Yn+1, 9Ynt2)-
We can similarly prove the following result
3
S1(gYn+15 9Yn+1, 9Yn+2) < <k1 + ng + ks + k7 + ko + kn) S1(9Yn> GYn» 9Yn+1)
3
+ <k2 + §/€4 + ke + ks + k1o + k12> S1(9%n, 92, gTni1)
3
+ <21€3 + kg + kn) S1(9Yn+15 9Yn+1, GYn+2)
3
+ <27€4 + k1o + k12> S1(9Tn+1, 9Tni1, 9Tn12)-

It follows from and that
S1(9Tn+1, 9Tn+1, 9Tnt2) + S1(9Yn+1; 9Yn+1: GYn+2)
< <k1+2k3+k5+k7+k59+k11+k2+2k4+k6+k8+k10+k12> [S1(9%n, gTn, gTn+1)
+51(9Yn;> 9Yn> gYn+1))

3 3
+ <2k3+k9+k11 + 2k4+k10+k12> [S1(9Tn41, 9Tn11, 9Tnt2) +S1(9Ynit, GYnit, GYni2)]

12
= (Z kit o+ 2) [S1(92n, 9%, 92n11) + S1(gYn, GYn, GYn+1))]

3 3
+ <2k3+2/€4+k9+k10+k11 +k12> [S1(9%ni1; 9%ns1, 9%ng2) +51(9Yntts 9Ynits GYni2)]-

The above inequality (2.7]) implies that

S1(9Tn+1,9Tn+1, 9Tn+2) + S1(9Yn+1, 9Yn+1, GYn+2)
(Ziil i+ 5+ %*) [S1(9%n, 9Tn, 9Tn11) + S1(9Yn, 9Yn,> GYn+1)]
< .
B 1— (3ks+3ka+ko+kio+kii+ki2)

(2.5)

(2.6)
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Now by taking

(Z2iki+ + %)
1— (3ks + Ska + ko + k1o + k11 + k12)
combining this with , we get 0 < k < 1. Then becomes

k=

S1(9%Zn41,9Tn+1, 9Tn+2) + S1(9Yn+1, 9Yn+1, 9Yn+2)

(2.9)
< k[S1(9%n, 9Tn, gTni1) + S1(9Yn> 9Yn> 9Yn+1)]-
Applying the above inequality (2.9)) n times, we obtain
S1(9Tn,9%n, 9Tns1) + S1(9Yn> GYn, GYn+1
< k[S1(9Tn—1, 9Tn—1,9%n) + S1(9Yn—1, 9Yn—1, 9Yn)] (2.10)

< k%[S1(92n—2, 9Tn—2, 9Tn_1) + S1(9Yn—2; 9Yn—2, 9Yn—1)]
< - < E"[S1(g20, 970, 921) + S1(9Y0, 9Y0, 9Y1))-

Next we shall show {gz,}, {gyn} are S-Cauchy sequences in gX. Indeed, for any m,n € N, m > n, from

Lemma and ([2.10)), we have

S1(9%n; 9T, 9Tm) + S1(9Yns 9Yn, 9Ym)
<[2S81(92n, 9Tn, 9Tny1) + S1(9Tnt1, 9Tna1, 9Tm)]
+ [251(9Yn, 9Yns 9Yn+1) + S1(9Yn+15 9Yn+1, gYm)]
<[2S51(92n, 9Tn, gTny1) + 251(9Tn+1, 9Tn11, 9Tny2) + S1(9Tnv2, 9Tnt2, 9Tm))
+ [251(9Yn; 9Yn> 9Yn+1) + 251(9Yn+15 9Yn+15 9Yn+2) + S1(9Ynt2; 9Ynt2, 9Ym)]
§[2S1(gxn,gxn,gxn+1) + 2S1(gxn+17937n+179xn+2) + -+ 251(9Tm-1, 9Tm—1, 9Tm)
+ 51(9%m, 9Tm, 9Tm)] + [251(9Yn; 9Yn> 9Yn+1) + 251(9Yn+1, 9Yn+1, 9Yn+2)
+ - 4 251(9Ym—15 9Ym—1, 9Ym) + S1(9Ym> 9Ym» 9Ym)]
=[251(9%n, 9%n, gTny1) + 281(92Tn 41, gTnt1, gTnr2) + - + 251(9%m—1, 9Tm—1, 9Tm)]
+ [281(9Yn> 9Yn> 9Yn+1) + 281(9Yn+1, GYn+1, GYnt2) + - + 251(9Ym—1, 9Ym—1, 9ym)]
=2{[S1(9%n, 9%n, gTn+1) + S1(9Yn, 9Yns 9Yn+1)] + [S1(9Tn+1, 9Tn11, 9Tn12)
+S1(9Yn+1, 9Yn+1, 9Ynt2)] + - + [S1(9%m—1, 9%m—1, 9%m) + S1(9Ym—1, 9Ym—1, 9ym)]}
<2(K" + K" 4 -+ B [S1(g20, 920, 971) + S1(g%0, 9Y0, 9y1))]

=2k" ————[51(g20, 970, 91) + S1(990, 990, 931}

A

<77 51(920, 920, g1) + S1(9y0. 9y0, 9y1)].

It follows from the above inequality that

lim [S1(9Zn, 9Tn, 9Tm) + S1(9Yns 9Yns gym)] = 0.

7,1M—+00

Which implies that

lim Sl(gxnagxnagxm) = Oa

7,1M—+00

lim  S1(9Yn> 9Yn, 9Ym) = 0.
n,M—>00

Hence we obtain that {gz,}, {gy,} are S-Cauchy subsequences in ¢gX. Since g(X) is Sj-complete in X,
therefore gz, gy € ¢gX, which satisfy that {gz,} and {gy,} are Si-convergent to gx and gy, respectively.
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Next, we show that F' and ¢g have a coupled point of coincidence. By using (52), , Lemma
Lemma (3),(5), Definition Definition Lemma 1.8 and Lemma we can deduce

S1(9%nt1, 9Tny1, F(z,y))
=S1(F(zn,yn), F(wn,yn), F(z,y))
<k152(9%n, gTn, g) + k252(9Yn; 9Yn, 9y) + k3S2(92n, gn, F(,y))
+ kaS2(9Yns 9Yn, F(y, ) + k552(92n, F(Tn, Yn), 92) + k6S2(9Yns £ (Yn, Tn), gy)
+ k7S2(F(xna yn)v 9Zn, gx) + kSSZ(F(ym xn)uqynv gy) + kQSQ(gmnv F(xnv yn)> F(x, y))
+k1092(9Yns F(Yn, n), F(y, ©)) +k11S2(F(2n, Yn), 92n, F(2,y)) +k1252(F (Yn; 2n), 9yn, F(y, x))
+ k13582 (F (2, Yn ), F(2n, yn)s 92) 4+ k14S2(F (Yns n) s F(Yn, Tn), 9Y)
=k152(92n, 970, 9) + k282(9Yns 9Yn> 9y) + k3S2(92n, g0, F(2,y))
+ kaS2(9Yns 9Yn, F(y, x)) + k552(9%n, gTn+1, 97) + k6S2(9Yn, 9Yn+1, 9y)
+ k752(9Tn11, 9Tn, 9) + ks S2(9Yn+1, 9Yn, 9Y) + k9.S2 (90, gTn11, F(2,y))
+ k1052(9Yn, gYn+1, F(y, 7)) + k1152(92n+1, 970, F'(2,Y)) + k1252(9Yn+1, 9yn, F (y, 7))
+ k1352(9%n+1, 9%nt1, 97) + k8 S2(9Yn+1, 9Yn+1, 9Y)
<k152(9%n, gTn, g) + k252(9Yn; gYn, 9y) + k3S2(92n, gn, F(,y))
+ k452(9Yn, 9yn, F(y, 7)) + ks [S2(9Tn, 9Tn, 97) + S2(9Tnt1, 9Tn11, 97)]
+ k6 [S2(9Yn> 9Yn, 9Y) + S2(9Yn+1, 9Yn+1,9Y)]
+ k7 [S2(9%n, 9Tn, 9T) + S2(9Tnt1, 9Tn+1, 97)] + ks [S2(9Yn, 9Un, 9y) + S2(9Yn+1, 9Yn+1, 9Y)]
+ ko [S2(9Tn+1, 9Tnt1, 9Tn) + S2(9Tn, gTn, F(2,y))]
+ k10 [S2(9Yn-+1, 9Yn+1, 9Yn) + S2(9Yn, gyn, F'(y, ))]
+ k11 [S2(9%n, 970, 9Tnt1) + S2(9Tn41, gTns1, F(w,y))]
+ k12 [S2(9¥n, 9Yn> 9Yn+1) + S2(9Yn+1, gYnt1, F(y, x))]
+ k1352(9%n+1, 9Tn11, 92) + k1452(9Yn+1, 9Ynt1, 9Y)
= (k1 + ks + k7) S2(92n, gTn, g7) + (k2 + ke + ks) S2(9Yn, 9Yn, 9y)
+ (k3 + ko) S2(92n, gn, F(x,y)) + (k4 + k10) S2(9Yn, 9Yn, F'(y, )
+ (ks + k7 + k13) S2(9%n+1, 9Tn11, 97) + (ke + ks + k14) S2(9Yn+1, 9Yn+1, 9Y)
+ k1182(9n+1, 9Tn+1, F(2,9)) + k1252(9Yn+1, 9Yn+1, F(y, )
+ (ko + k11) S2(9Zn, 9Tn, gTny1) + (k1o + k12) S2(9Yn, 9Yns 9Yn+1)-

Taking limit as n — oo in (2.11]), combining this with Lemma we get

Sl(g:v,gx,F(x,y))
= lim Sl(g$n+1ag$n+1aF($)y))

n—oo

< (k1 + ks + kr) im Sy(gan, gn, go) + (k2 + ke + ks) Jim. So(9Yn, 9Yn, 9Y)
+ (k3 + ko) lim Sy(gn, gn, F(x,y)) + (ks + k10) Lm Sa(gyn, gyn, F'(y, x))

(2.11)

+ (ks + k7 + ki3) lim So(g9n+t1, 9%nt1, 9) + (ke! +ks + k14) im Sa2(9yn+1, 9Yn+1, 9Y)
+ kll lim SQ(ngH-lygxn-i-l? F(‘Ta y)) + kl? lim SQ(gyn-l-hgyn-‘rla F(y7 ZL’))
+ (kg + k11) lim So(g2n, 9Tn, gTnt1) + (k1o + k12) im So(gYn, 9Yn, 9Yn+1)

= (kl + k5 + k7> -0+ (kQ + kﬁ + ]{78) -0+ (k?) + kg) . SQ(QQE’,QQ?,F(.’E,Z/))
+ (kg + k10) - S2(g9y, 9y, F(y, x)) + (ks + k7 + k13) - 04 (k6 + kg + k14) - 0
+ k11S2(g9x, gz, F(x,y)) + k1252(9y, 9y, F(y, ) + (kg + k11) - 0 + (k1o + k12) - 0
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= (k3 + kg + k11) - S2(gx, gz, F(x,y)) + (ka + k1o + k12) - S2(9y, 9y, F(y, x))
< (k3 + kg 4 k11) S1(9, gz, F(x,y)) + (ks + k1o + k12) S1(9y, 9y, F(y, x)).

This implies that

Si(gx, gz, F(x,y)) < (ks + ko + k11) S1(gz, gz, F(x,y)) + (ka + k1o + k12) S1(9y, 9y, F(y,z)).  (2.12)
Similarly,

S1(9y, 9y, F(y, ) < (ks + ko + k11) S1(g9y, 9y, F'(y, ) + (ka + k1o + k12) S1(9z, 9z, F(z,y)).  (2.13)
Combining with yields

S1(9x, gz, F(x,y)) + S1(9y, 9y, F(y, x))
< (kg + kg + kg + k1o + k11 + ki2) [S1(gz, gz, F(x,y)) + S1(9y, 9y, F(y, x))] .

Then by (2.2)), we have 0 < ks + k4 + kg + k10 + k11 + k12 < 1, thus it is easy to verify that
Si(gz, gz, F(z,y)) + S1(9y, 9y, F(y,x)) = 0.

(2.14)

So that

Si(g9z, gz, F(z,y)) =0, Si(gy. g9y, F(y,z)) = 0.
That is gz = F(z,y) and gy = F(y,x), we prove that (gz, gy) is a the coupled point of coincidence of the
mappings g and F.

Now we prove the mappings ¢ and F have a unique coupled point of coincidence. Assuming that
A(z*,y*) € (X x X) is also a coupled point of coincidence of the mappings g and F, thus gz* = F(z*, y*)
and gy* = F(y*,x*).

It follows from that

Si(gz, gz, gz*) =S1(F(2,y), F(z,y), F (2", y7))

<k1Sy(gx, g, gx*) + k252(gy, 9y, 9y") + k3Sa(gx, g, F(x*, y*)) + kaSa(gy, 9y, F (y*, "))
+ ksS2 (g, Fx,y), 927) + ke S2(g9y, F(y, ), 9y*) + krS2(F (. y), gz, gz™)
+ ks S2(F(y, ®), 9y, 9y”) + koSa2(gx, F(x,y), F (27, y")) + k1052(gy, F(y, ), F(y*, 7))
+ k1182 (F(z,y), gv, F(z*,y")) + k12S2(F(y, ), gy, F(y*, ©*))
+ k13S2(F(z,y), F(2,y), 92%) + k1aS2(F(y, z), F(y, ), 9y")

=k152(9, gz, 92") + k252(9y, 9y, 9y™) + k3S2(g9, gz, 92™) + kaS2(9y. 9y, 9y")
+ k552 (g, gx, ga*) + ke S2(9y, 9y, 9y”) + k1S2(g, g, 9™) + ks S2(9y. 9y, 9y")
+ koS2 (g, gz, 927) + k10S2(9y, 99, 9y*) + k115S2(92, g2, 92*) + k1252(9y, 9y, 9y*)
+ k13S2(9, gz, 92*) + k1452(9y, 9y, 9y")

= (k1 + k3 + ks + k7 + ko + k11 + k13) Sa(92, gz, gz™)
+ (k2 + k4 + ke + ks + k1o + k12 + k14) S2(9y, 9y, 9y")

< (k1 + k3 + ks + k7 + ko + k11 + k13) S1(g9z, g2, g2™)
+ (k2 + k4 + ke + ks + k1o + k12 + k14) S1(9y, 9Y, 9y7)-

That is
S1(9, gz, gx™) < (k1 + ks + ks + k7 + kg + k11 + k13) S2(97, gz, g2*) (2.15)
+ (k2 + ka + ke + ks + k1o + k2 + k1a) S1(9y. 9y, 997,
we can similarly prove the following result
S1(9y, 9y, 9y") < (k1 + k3 + ks + kr + ko + k11 + k13) S1(9y, 99, 9y") (2.16)

+ (ko + k4 + ke + ks + k10 + k12 + k14) S1(92, g, g2*).



L. Liu, F. Gu, J. Nonlinear Sci. Appl. 9 (2016), 3527-3544 3535

Combining (2.15)) with (2.16]), we have

14
Si(gz, g, g3*) + S1(gy, gy, 9y™) <D kil(gz, g2, g2™) + S1(gy, 9y, 9y™)).

=1

By (2.2)), we have 0 < Z}il k; < 1, then Si(gz, gz, gx*) + S1(gy, 9y, gy*) = 0, that is S1(gzx, gx, gz*) =
S1(9y, gy, gy*) = 0, thus, gz = gz* and gy = gy*, this implies the mappings ¢ and F' have a unique coupled
point of coincidence.

Next, we prove that gr = gy holds. Again, from and Lemma we have

S1(gz.97, gy)
=51(F(z,y), F(z,y), F(y,z))
<k1S2(gx, 9, gy) + k252(9y, gy, 9x) + k3S2(gz, g, F(y, x)) + kaS2(gy, gy, F(,y))
+ k5S2(gz, F(2,y), gy) + k6S2(gy, F(y, ), gx) + k1S2(F(2,9), 97, gy) + ks S2(F(y, x), 9y, g)
+ ko Sa(gz, F(,y), F(y,x)) + k10S2(9y, F(y, ), F(z,y)) + k11 S2(F(z,y), gz, F(y,z))
+ k1282 (F'(y, ), gy, F (2, ) + k13S2(F (2, v), F(2,y), 9y) + k14S2(F (y, x), F(y, x), g)
=k152(97, g, gy) + k2S2(9Y, 9y, g) + k3S2(g7, gz, gy) + kaS2(gy, 9y, 97)
+ k5S2(9, g, gy) + ke S2(9y, 9y, 9) + k7S2(97, g2, 9y) + ksS2(gy, 9y, 9)
+ ko S2(9, g, gy) + k1052(9y, 9y, 97) + k11S2(97, g, gy) + k1252(9y, 9y, 9)

+ k1352(9, 92, gy) + k1452(9y, 9y, 9x)
14 14

= kiSa(gx, gz, 9y) < Y kiSi(gz, gz, gy).
=1 =1

By (2.2)), we get 0 < Zilil k; < 1, that is Sy(gx, gz, gy) = 0, thus gz = gy.
Finally, if the pair of mappings (g, F) is w-compatible, by taking u = gz, we get gu = ggx = gF(z,y) =
F(gx,gy) = F(u,u). Consequently, (gu, gu) is the a coupled point of coincidence of the mappings g and F'.

By virtue of the unique of coupled point of coincidence, we can easily obtain that gu = gx = u. Furthermore,
we have u = gu = F(u,u), that is (u,u) is a common coupled fixed point of mappings g and F. O

Example 2.2. Let X = [0,00), define S1, S : X x X x X — RT respectively by

Sl(x,y,z):|m—z\+]y—z\,

1 1
SQ(.’L‘,y,Z):Q‘IE—Z’+§’y—Z|.

Therefore, we conclude that S, S2 are two S-metrics in X, furthermore So(z,y, 2) < Si(z,y,2) Vz,y,z € X.
Define two functions F': X x X — X,¢g: X — X respectively by

1
F(z,y) = éln(H— |z —y|), gr =2z Yo,y € X.
By the definition, we can easily obtain that F(X x X) C gX. Next we show that the pair (F,g) is w-
compatible. In fact

F(z,y) = ga; { sIn(1+ |z —y |) = 2a;
= Sx=y=0.
{ F(y,z) = gy. gln(Hly—wl):?y- Y

This shows that (g0, g0) is the unique of coupled point of coincidence point of mappings F' and g. Apparently,
we get F'(g0,¢0) = g(F(0,0)) = 0, therefore the pair (F,g) is w— compatible.

In next step, we will prove that the condition holds in Theorem In fact, V(z,y), (u,v), (z,w) €
X x X, we have
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SI(F(I',y),F(U,’U),F(Z,’U)))

1 1 1 1
:gln(l—k|x—y|)—§ln(1+\z—w|)+gln(l—k\u—v])—gln(1+|z—w|)
:lln I+ |z—y] —i—lln I+ |u—v]|

8 I+ |z—w| 8 I+ |z—w|

1 +|lz—y|—|z—w|+]|z—w| 1 +|lu—v|—|z—w|+|z—w]|
=|Z1n 4+ |=1In

8 1+\z—w\ 8 I+ |z—w|

1 lz—yl-lz-w lu—v|—[z-w]
=|=In(1 l 1

8n<+ I+ |z—w| ntt I+ |z—w|

1 [(z—y) - (z-w |[(u—v) - (z—w)|
<|=In(1 71 1
_8n(+ 1+ ]z —w] L R L iy gy

1 )= (y— 1 - -
(1 e ) | (o, =2~ )

8 I+ |z—w| 8 I+ |z—w|
1 |z —z |+ |y —w| lu—z|+|v—w|
<=-In{1 ,1 1
_8n(+ 1+ [z —w| L R Ty
1 1
Sgln[1+(|x—z|+|y—w|)]+§ln[1+(|u—z|+|v—w|)]

1 1
Sglz—zl+ly—wh+3(u—z|+ v-wl
1 1
16]23;—22]—l—]2u—2z!)+ﬁ(l2y—2w\+]2v—2w])

1 1
E(!gw—gZHIgu—92|)+ﬁ(lgy—gw|+Igv—gw!)

oo\»i ool =

1 1/1 1
*\gfc—92|+*!gu—92| +3 §\gy—gw|+§|gv—gw!

Sa(gx, gu, gz) + Sz(gy gu, gw)

+ OO\'—‘

1
Sa (g, gu, gz) + gsa(gy gv, gw) + *Sz(gcr gu, F(s,t))
Sa(gy, gv, F'(t,s)) + 652(936 F(u,v),gs) + 1652(92/, (v,u), gt)

1
+ 1652(F($,y),gU,gS) + TGSQ(F(y;x)>gU;gt) + ﬁSQ(vaF(u?U)vF(&t))

gl = &

+ =820y, F (0, ), F(t,5)) + 55 8a(F (2, ), gu, Fls, 1)) + 55 S3(F g, ), 90, F(1,9))
+ 5 Sa(F(@.9). F(u,0).5) + 55 82(F(y. ), Flo, ) ).

~ 1 1 1 1 1 1 1 1 1 1 1 1 115

By virtueof 0 <t + £ +3 (g + ) T T s+t 5+ 15 +2(5+3+35+t35) 35+ 35 =1 <1, then
the mappings F' and g satisfy all the conditions appearing in Theorem by the result of Theorem we
get F' and ¢ have a coupled common fixed point. In fact, (0,0) is a unique coupled common fixed point of
F and g, that is F(0,0) = g0 = 0.

Corollary 2.3. Let X be a nonempty set, S1,Sa are two S-metrics on X such that So(z,y,z) < Si(x,y, 2)
Vx,y,z € X. Suppose that the mappings F : X x X = X and g : X — X satisfy the following contractive
condition

S1(F(x,y), F(u,v), F(s,t)) < k1Sa2(g2, gu, gs) + k2S2(gy, gv, gt), (2.17)

V(z,y), (u,v),(s,t) € X x X, where ki,kg > 0 and 0 < k1 + ko < 1. If F(X x X) C gX and gX is a
S1-complete subspace of (X, S1), then F' and g have a unique coupled point of coincidence (gz,gy) € X x X,
which satisfy gr = F(z,y) = gy = F(y,x).
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Moreover, if F' and g are w-compatible, then F and g have a unique common coupled fixed point of the
form (u,u) € X x X, satisfying u = gu = F(u,u).

Proof. By taking k; = 0,7 = 3,4,--- ,14 in Theorem then Corollary [2.3] holds. O

Corollary 2.4. Let X be a nonempty set, S1, Sy are two S-metrics on X such that Sa(x,y,z) < Si(z,y,2)
Vx,y,z € X. Suppose that the mappings F : X x X = X and g : X — X satisfy the following contractive
condition
Si1(F(2,y), F(u,v), F(s,t)) <a1S2(gz, gu, F(s,1)) + a252(gy, gv, F(t, s))
+ QSSQ(gxa F(’LL, U)v gS) + CL452 (gya F(U’ U), gt) (218)
+ a582(F(2,y), gu, gs) + agS2(F(y, ), gv, gt),
V(z,y), (u,v),(s,t) € X x X, where a; >0Vi=1,2,---,6 and 0 < 3(a; +a2) +az+as +as +as < 1. If
F(X x X) CgX and gX is a Si-complete subspace of (X, S1), then F' and g have a unique coupled point of
coincidence (gx,gy) € X x X, which satisfy gr = F(x,y) = gy = F(y,x).
Moreover, if F' and g are w-compatible, then F and g have a unique common coupled fixed point of the
form (u,u) € X x X, satisfying u = gu = F(u,u).
Proof. By taking k; = 0,7 =1,2,9,10,11,12,13, 14 in Theorem then Corollary holds. O

Corollary 2.5. Let X be a nonempty set, S1, Sy are two S-metrics on X such that So(z,y,z) < Si(x,y, 2)
Vx,y,z € X. Suppose that the mappings F : X x X = X and g : X — X satisfy the following contractive
condition
S1 (F(I, y)a F(“? U)? F(Sa t)) SClSQ(gx, F(U, U)’ F(Sa t)) + CQSZ(va F(’U, U), F(t7 S))
+ C3SZ(F(:L‘3 y)v qu, F(Sa t)) + C4SQ(F(y7 $), gv, F(ta 5)) (219)
+ 6582(F(x7 y)7 F(U, U)v gS) + CGSQ(F(y7 LL“), F(U, u))gt)u
Y(x,y), (u,v),(s,t) € X x X, where ¢; > 0Vi=1,2,--- 6 and 0 < 2(c;1 +ca+c3+cy) +c5+cs < 1. If
F(X x X) C gX and gX is a S1-complete subspace of (X, S1), then F and g have a unique coupled point of
coincidence (gx,gy) € X x X, which satisfy gr = F(x,y) = gy = F(y,x).
Moreover, if F' and g are w-compatible, then F and g have a unique common coupled fixed point of the
form (u,u) € X x X, satisfying u = gu = F(u,u).
By taking g = I in Corollary we obtain the following result:

Corollary 2.6. Let X be a nonempty set and Sy,S2 are two S-metrics on X such that So(z,y,z) <
Si(z,y,2) Ve,y,z € X. Suppose that the mapping F : X x X — X satisfies the following contractive
condition

Si1(F(x,y), F(u,v), F(s,t)) < k1S2(x,u, s) + k252(y, v, 1), (2.20)
Y(x,y), (u,v),(s,t) € X x X. Where k1,ka > 0 and 0 < k1 + ko < 1. If (X,S1) is a complete Si-metric
space, then F' has a unique coupled fized point of the form (u,u) € X x X, satisfying u = F(u,u).

Corollary 2.7. Let X be a nonempty set and Sy, Se are two S-metrics on X such that So(z,y,z) <
Si(z,y,2) Vo,y,z € X. Suppose that the mapping F' : X x X — X satisfies the following contractive
condition
S1(F(z,y), F(u,v), F(s,t)) <ai1Sa2(z,u, F(s,t)) + a252(y, v, F(t,s))
+ azSa(x, F(u,v), s)+asS2(y, F(v,u),t) (2.21)
+ G5S2(F(‘r7y)7u78)+a652(F(y7$)7U7t)7
V(z,y), (u,v),(s,t) € X x X, where a; >0Vi=1,2,---,6 and 0 < 3(a; +a2) + az +as +as+ag < 1. If
(X,S1) is a complete Si-metric space, then F has a unique coupled fixed point of the form (u,u) € X x X,
satisfying u = F(u,u).
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Corollary 2.8. Let X be a nonempty set and Si,S2 are two S-metrics on X such that Sy(z,y,z) <
Si(z,y,2) Ve,y,z € X. Suppose that the mapping F' : X x X — X satisfies the following contractive

condition
Sl(F(x,y),F(u,v),F(s,t)) §6152($,F(u,’0),F(5,t)) +C232(y7F(v7u)7F(tas))
+CSSQ(F(x7y)aU7F(Sat)) +C4SQ(F(y,IE),’U,F(t,S)) (222)
+C5SQ(F($,y),F(u,U),S) +66S2(F(y7$)7F(U7u)’t)v
Y(z,y), (u,v),(s,t) € X x X, where ¢; > 0Vi=1,2,---,6 and 0 <2(c;1 +ca+c3+ca)+c5+ce < 1. If

(X, S1) is a complete Si-metric space, then F has a unique coupled fized point of the form (u,u) € X x X,
satisfying u = F(u,u).

If by taking Sa(x,y,z) = Si(x,y,2) Vz,y,2z € X in Theorem and Corollary we can obtain

some new results.

Example 2.9. Taking X = R, we assume that two S-metrics S1, Sy : X3 — R* defined on X, defined
respectively by Si(z,y,2) = |v — z| + |y — 2|, S2(2,y,2) = 5(|x — 2| + |y — 2|) Vz,y,2 € X, and define the
function F': X x X — X by F(x,y) = § + % Vo € X.

By the definition, we get that (X, S1) is Si-complete, furthermore, VY, y, u, v, s,t € X, we obtain

Sl(F(x,y),F(u,v),F(s,t))

1953

X
<|% -
8

F|E-2)+(3-1)

u s
8 8

4 4
1 1
=gz = sl +]u—s))+ 2 (ly = | + v 1)

1 1
:ZSZ(JC’U’ s) + ng(y,v,t).

It is easily seen that the condition (2.20) of Corollary holds, where k1 = %, ko = %, k14 ko = % € [0,1).
Then the following condition appearing in Corollary 2.4] are satisfied, so F' has a unique coupled fixed point.
In fact, (0,0) is a unique coupled fixed point of F'.

Theorem 2.10. Let X be a nonempty set and Sy, So are two S-metrics on X such that So(x,y,z) <

Si(z,y,2) Vx,y,z € X. Suppose that the mappings F': X x X — X and g : X — X satisfy the following
contractive condition

Sl(F(mvy)aF(u’v)aF(svt))

Sa(g, gu, gs), S2(gy, v, 9t), 552(g, gu, F (s,1)), 3.52(gy, gv, F (¢, 5))
SQ(Q‘T’F(UW)?.gs)aSQ(gva(’U?u)agt)aSQ(F($7y)’QU,gs)7SQ(F(y)x)7gv7gt)
%SQ(g.Z',F(U,U),F(S,t)),%SQ(gy,F('U,’U,),F(t,S)),%SQ(F(I’,y),gu,F(s,t)) ’
%SQ(F(y,LB),gU,F(t, s)),Sg(F(x,y),F(v,u),gs),SQ(F(y,x),F(v,u),gt)

V(z,y), (u,v),(s,t) € X x X, where0 < k < 1. If F(X xX) C gX and gX is a complete subspace of (X, S1),
then F' and g have a unique coupled point of coincidence (gx, gy) € X x X, satisfying gx = F(z,y) = gy =
F(y,x).

Moreover, if F' and g are w-compatible, then the mappings F and g have a unique common coupled fixed
point (u,u) € X x X, satisfying u = gu = F(u,u).

< kmax (2.23)

Proof. By similar arguments as Theorem [2.1}, we get the Theorem [2.10 O



L. Liu, F. Gu, J. Nonlinear Sci. Appl. 9 (2016), 3527-3544 3539

Corollary 2.11. Let (X, S) be a S-metric space and the mappings F': X x X — X and g : X — X satisfy
the following contractive condition

S(F(z,y), F(u,v), F(s,t))

S(gx, gu, gs), S(gy, gv, gt), $S(gz, gu, F(s,t)), $5(gy, gv, F(t, 5))

S0P (11.0).93).5(99.F (v.0).90), S (F (2.).g11.93),S(F (y.2).v.91) 020
35(gx,F (u,v),F(s,1)), S(QyF(U u),F(t, ))% F(?E Y),9u,F(s,t)) [’ ‘
3S(F(y, x),9v, F(t,5)),S(F(,y),F(v,u),95),S(F(y,z),F (v, u), gt)

Y(x,y), (u,v),(s,t) € X x X, where 0 < k < 1. If F(X x X) C gX and gX is a complete subspace of (X,S),
then F' and g have a unique coupled point of coincidence (gx,gy) € X x X, satisfying gr = F(z,y) = gy =
F(y,x).

Moreover, if F' and g are w-compatible, then the mappings F' and g have a unique common coupled fixed
point (u,u) € X x X, satisfying u = gu = F(u,u).

1
»3
< kmax ‘E

lo\»—t

Proof. By taking Sa(z,y,2) = Si(x,y, z) in Theorem we can obtain the Corollary O
By taking g = I in Theorem [2.10] and Corollary 2.11] we can obtain the following corollary:

Corollary 2.12. Let X be a nonempty set and Sy,Se are two S-metrics on X such that Sa(x,y,z) <
Si(z,y,2) Ve,y,z € X. Suppose that the mapping F' : X x X — X satisfies the following contractive
condition

Sl(F(Ivy)aF(u’v)aF(svt))

oo bR ’<);’>(9§uf(f t))>152(>y’ P

So(x, F(u,v F(v F(x,y F(y,x),v,t

S RMAXN L6 0, F(u,0), F(s, ), 385y, F(v,), F(t,5)), 82(F (@, y), 0, F(s,1) [ (2.25)
LSy (F(y,2),0, F(t, 5)), S(F(r, ), F(v,10), 5), Sa(F(y ), F(v,u), 1

V(z,y), (u,v),(s,t) € X x X, where 0 < k < 1. If (X,S1) is S-complete S-metric space, then F have a
unique coupled fized point of the form (u,u) € X x X, which satisfy uw = F(u,u).

Corollary 2.13. Let (X, S) be a S-complete S-metric space and the mapping F : X x X — X satisfies the
following contractive condition

S(F(z,y), F(u,v), F(s,1))
S Six’uf) << ()’;’fm)uf(s m)’;’S(’Tf’g’(F((t’s))) )
z, F(u,v F(v,u z,y),u,s),S(F(y,x),v,t
S RMAXA Lot Flu,v), F(s, 1), 48(y, F(v,u), F(t,5)), 5S(F(z, ), u, F(s,1) [ (2:26)
LS(F(y, 2.0, F(t, ), S(F(z,y), F(v,1u), 5), S(F(y, ), F(v,u), 1)

(x,y), (u,v),(s,t) € X x X, where 0 < k < 1. Then F have a unique coupled fized point of the form
u) € X x X, which satisfies u = F(u,u).

jg<(

3. Application to integral equations

In this section, we wish to study the existence and uniqueness problem of solution for a class of nonlinear
integral equations by using the obtained result.

Throughout this section, we assume that X = 0, 1] is the set of all continuous functions defined on
[0,1]. Define Sy, 9 : X3 — R* respectively by

Si(z,y,2) = sup |x(p) —z(p) |+ sup |y(p) —z(p)| Vz,y,2€ X
p€e(0,1] p€l0,1]
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and

1 1
So(x,y,2) = i Sl[lOpl] | z(p) — 2(p) | + s%pl] | y(p) — 2(p) | Vz,y,2 € X.
p€|0, pel0,

Then we get (X, 51) and (X, S2) are S-metric spaces.
Consider the following nonlinear quadratic integral equation set

{w@)fMﬁ+£Mn®%@w@D+h@w@»®m€WJL

y(p) = h(p) + [, k0, @) (f1(a,9(@) + folg, 2(0)))dg, p € [0,1] Vo, y € X,

where h: [0,1] = R, k:[0,1] x [0,1] = R" and f1, f2: [0,1] x R — R.
Next, we will analyze (3.1]) under the following conditions:

(i) h,k, fi and fy are continuous functions.

(ii) There exist constants p, v > 0 such that

{ | fip.2) = frlp,y) IS p |z —yl,
| fo(p, ) = fo(p,y) ISv |z -y,

Vp € [0,1],z,y € R.
(i) 4max {p, v} || k o< 5. Where || & ||oo= sup{k(p,q) : p,q € [0,1]}.

Theorem 3.1. Under the conditions (i)-(iii), then integral equation (3.1) has a unique common solution
in C|0, 1].

Proof. First the operators F' : X? — X and g : X — X are defined respectively by

1
F(z,y)(p) = h(p) + /O k(p,q)(f1(q,2(q)) + f2(q,y(q)))dg, p € [0,1] Va,y,2 € X

and
gz(p) = z(p) Yz € X.

Then we induced F(X x X) C gX, F and g are w-compatible and gX is a complete subspace of (X, S7).
From the definition of Sy, we can get
SI(F('T’ y)v F(u7 U)v F(S7 t))

= sup |F(z,y)(p) — F(s,t)(p)| + sup |F(u,v)(p) — F(s,1)(p)]
pel0,1] pel0,1]

1
W@+AkWQM@ﬂm+h@MWMd

= sup
p€[0,1]

1
—W@+Akmmmwam+hmmmmd

+ sup
pe[0,1]

1
—W@+Ak@@@@am+ﬁ@mmwﬂ

1
W@+AkaM@Mw+h@Mde

1 1
/0 k(p,q)(f1(q,2(q)) + f2(q:y(q)))dq —/0 k(p,q)(f1(q,5(q)) + f2(q,t(q)))dq

= sup
p€l0,1]
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1 1
+ sup | [ k) (g, ula) + fla,o(a)da - | k(p,Q)(fl(q,S(Q))+f2(q7t(Q)))dQ‘
pG[O,l] 0 0
1
:pi‘[tpu ; k(p, )[(f1(q,2(q)) — f1(q,5(q))) + (f2(q,y(q)) — f2(q7t(Q)))]‘ dq
1
+ Zl[lopl} /0 k(%‘])[(fl(Q»U(Q))_fl(qys(Q)))+(f2(q7U(Q))_f2(Q:t(Q)))]’dq (3.2)
1
< sup / k(p, @) [| fila,2(q)) — fi(a,s(q)) | + | f2(q,y(q)) — fala,t(q)) [l dq
pG[O,l} 0
1
+ sup / kp,a) [ filg,w(q)) — fi(q,5(q)) | + | f2(q,v(q)) — f2(q,t(q)) |] dg.
p€l0,1] JO

By the condition (ii), we get

Then Inequality (3.2)) becomes

1
S1(F(x,y), F(u,v), F(s,t)) < sup / k(p,q)(p | 2(q) —s(q) | +v | y(q) —t(q) |)dq
pefo,1] Jo

1
+ sup / k(p, ) | ulg) — s(g) | +v | v(g) — t(q) )dg
pE[O,l] 0 (33)

1
< max{y, v} sup / K a)(| 2(q) — 5() | + | w(g) — t(g) |)dg
p€(0,1] JO

1
+ max{p, v} sup / k(p. 0)(| ulg) — s(a) | + | v(q) — t(g) |)da.
p€e(0,1] JO

By using Cauchy — Schwartz inequality, we have

1
/0 k(. a)(| 2(a) — 5(9) |+ | 9(a) — () da

< </01 K (p, q)dq>

<[kl ( sup | z(q) —s(q) | + sup |y(q) —t(q) !) :

pe[O,l} pe[O,l}

1
2

1
( [ st =1+ 1 vla) - ) |>2dq) (3.4)

D=

Similarly, we can prove that

1
/0 k(p,q)(| u(q) — s(q) |+ | v(g) —t(q) [)dg

< </01 K (p, q)dq)

<[k loo ( sup |u(q) —s(q) [+ sup |v(g) —t(q) ) -

p€[0,1] p€(0,1]

-

2

1
( [ Gt = s+ 1 vla) - ) |>2dq) (3.5)

N

Substituting (3.4]) and (3.5) into (3.3]), we obtain
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S1(F(z,y), F(u,v), F(s,t))

p€[0,1] p€(0,1]

<max{p, v} || k oo ( sup | z(q) —s(q) | + sup [y(q) —t(q) !)

+max{p, v} || £ [loo (Sup | ulg) = s(g) | + sup [w(g) —(g) \)

p€E[0,1] p€(0,1]

=max{p, v} || k [l ( sup | z(q) —s(q) | + sup |u(q) — s(q) !)

p€[0,1] p€(0,1]

+max{p, v} || k |l ( sup |y(q) —t(q) | + sup |wv(q) —t(q) \)

p€[0,1] p€(0,1]

=4max{p, v} || k |l <1 sup \ac<q)—s(q)y+l sup | u(q) —s(q) \)

4 pefo,1) 4 pefo,1)

+dmax{u, v} || k oo (1 sup | y(q) —t(q) | - sup | v(q) —t(q) !)

4 pefo,1) 4 pefo,1]

4p€[0 1] 4p€[0y1]

=4dmax{p, v} || koo <1 sup | ge(q) —g(a) | +3 sup | gulg) — gs(q) !)

1 1
+dmax{p, v} || k ||oo <4 Sl[lp] | gy(q) — gt(q) | +1 Sl[lopu | gv(q) — gt(q) I)
pe|0 pel0,

=dmax{p, v} || k [[oc S2(92, gu, gs) + dmax{p, v} || k [l S2(gy, gv, gt)
S%S (9, gu, gs) + iSz(gy gv, gt)
_1652(g:c gu,95) + 5 52(gy gv,9t) + 7 52(9:v gu, F(s, 1))
+ 552(911,9@, F(t7 s)) + QSQ(gw,F(u,v),gé’) + ﬂsz(gy,F(v,umt)
b S (F (2 0),90,95) + 11S2(F (3 2), 9v,91) + 75 S(ge, Flu,v), (s, 1)
b5 Salgy Fv, ), F(t,5)) + 11 82(F(,9), gu, F(5,0) + 17 82(F(y, ), 90, F(t, )
+ 82 (F(@,y), F(o,0),g) + 12Sa(F(y, ), F(v,w), ).

Then it is obvious that F' and g satisfy all the conditions appearing in Theorem [2.1} Consequently, it follows
from the result of Theorem that F' and g have a unique common coupled fixed point (u,u), satisfying
F(u,u) = gu = u. So (u,u) is the unique solution of integral equation (3.1)). O

Example 3.2. Consider the following functional integral equation set:

_ Usin(gm) (e-re(@ | si Wl 1
z(p) = 1+xf + o el B R 1+|y(Q)|]dq’
(3.6)
_ 1 sin(g-) py(a) Edl
vo) =25t h S o T a9

where the operators h: [0,1] = R, k:[0,1] x [0,1] — RT and f1, f> : [0,1] x R — R, defined respectively by

sin(q - ) e~ pr sinp | x|
77f1(p7$)277f2(p,$): 10 1+|$|

h(p) = Y k(p,q) = 5+
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It can be easily seen that h(p), k(p, q), f1(p, ), f2(p, z) are continuous functions. Next, since

where p € [0,

Then we

_ — _ — _ < 2|y —
[ £l0) ~ i) =[5~ S| = | | < el
sinp | z | sinp |y |
, T = )
<i |z | |y |
—10 l—l—\x| 1+|y!
=/ (= i721) - (1)
10 1+|m| 1+ |y |
_ L
10 +\y| 1+|:c|
1 1
10 | —m(m —yl) |
<Ll = Jyll < o — yl,
=10 —1090 J

1], € exist between = and y and e exist between |z| and |y|.
have u = %,V = %0’ Il & ||oo= sup{k(p,q) : p,q € [0,1]} = %, thus
dmac{i ) | K = 35 < 5
max{y, v = 13 < 16"

Consequently, all the conditions of Theorem are satisfied, Hence the integral equation set (3.6) has a

unique solut

ion in C10,1].
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