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Abstract

We extend the notion of omega open set in ordinary topological spaces to generalized topological spaces.
We obtain several characterizations of omega open sets in generalized topological spaces and prove that they
form a generalized topology. Using omega open sets we introduce characterizations of Lindel6f, compact, and
countably compact concepts generalized topological spaces. Also, we generalize the concepts of continuity
in generalized topological spaces via omega open sets. (©2016 All rights reserved.
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1. Introduction and preliminaries

Let (X, 7) be a topological space and A a subset of X. A point x € X is called a condensation point
of A [18] if for each U € 7 with « € U, the set U N A is uncountable. In 1982, Hdeib defined w-closed
sets and w-open sets as follows: A is called w-closed [19] if it contains all its condensation points. The
complement of an w-closed set is called w-open. The family of all w-open subsets of X forms a topology on
X, denoted by 7,. Many topological concepts and results related to w-closed and w-open sets appeared in
[, 2, B 6 [7, 8, 10, 11, 20, 29, B1] and in the references therein. In 2002, Csaszar [12] defined generalized
topological spaces as follows: the pair (X, i) is a generalized topological space if X is a nonempty set and
i is a collection of subsets of X such that () € u and pu is closed under arbitrary unions. For a generalized
topological space (X, ), the elements of y are called p-open sets, the complements of p-open sets are called
p-closed sets, the union of all elements of ;¢ will be denoted by M,,, and (X, ) is said to be strong if M,, = X.
Recently many topological concepts have been modified to give new concepts in the structure of generalized
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topological spaces, see [3], [4] [0} 13| 14} [15, 16, 17, 211, 22] 23] 24] 25| 26}, 27, 28|, [30] and others. In this paper,
we introduce the notion of w-open sets in generalized topological spaces, and we use them to introduce new
classes of mappings in generalized topological spaces. We present several characterizations, properties, and
examples related to the new concepts. In Section [2] we introduce and study w-open sets in generalized
topological spaces. In Section |3, we introduce and study the concept of w-(u1, u12)-continuous function.

Definition 1.1 ([15]). Let (X, i) be a generalized topological space and B a collection of subsets of X such
that ) € B. Then B is called a base for p if {{JB': B’ C B} = u. We also say that p is generated by B.

Definition 1.2. Let (X, ) be a generalized topological space.

a. [30] A collection F of subsets of X is said to be a cover of M, if M, is a subset of the union of the
elements of F.

b. [30] A subcover of a cover F is a subcollection G of F which itself is a cover.
c. [30] A cover F of M, is said to be a p-open cover if the elements of F are p-open subsets of (X, u).

d. [30] (X, p) is said to be p-compact if each p-open cover of M, has a finite p-open subcover.

@

. (X, p) is said to be countably compact if each countable p-open cover of M, has a finite p-open
subcover.

f. (X, ) is said to be Lindel6f if each p-open cover of M, has a countable p-open subcover.

Definition 1.3 ([3]). Suppose (X, p) is a generalized topological space and A a nonempty subset of X. The
subspace generalized topology of A on X is generalized topological ug = {ANU :U € u} on A. The pair
(A, ) is called a subspace generalized topological space of (X, p).

A function f : (X,pu1) — (Y, pe) is called a function on generalized topological spaces if (X, u1) and
(Y, no) are generalized topological spaces. From now on, each function is a function on generalized topological
spaces unless otherwise stated.

Definition 1.4 ([12]). A function f : (X, 1) — (Y, pe) is called (1, p2)-continuous at a point z € X, if
for every uo-open set V' containing f(z) there is a pj-open set U containing z such that f(U) C V. If f is
(111, p2)-continuous at each point of X, then f is said to be (u1, pu2)-continuous.

Definition 1.5 ([I6]). A function f : (X, pu1) — (Y, pe) is called (u1, u2)-closed if f(C) is po-closed in
(Y, ) for each pi-closed set C.
2. w-Open sets in generalized topological spaces

In this section, we introduce and study w-open sets in generalized topological spaces. We obtain several
characterizations of omega open sets in generalized topological spaces and prove that they form a general-
ized topology. Using omega open sets we introduce characterizations of Lindelof, compact, and countably
compact concepts in generalized topological spaces.

Definition 2.1. Let (X, ) be a generalized topological space and B a subset of X.
a. A point x € X is a condensation point of B if for all A € u such that x € A, AN B is uncountable.
b. The set of all condensation points of B is denoted by Cond(B).
c. B is w-p-closed if Cond(B) C B.

d. B is w-p-open if X — B is w-pu-closed.
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e. The family of all w-p-open sets of (X, ) will be denoted by p,.

Theorem 2.2. A subset G of a generalized topological space (X, p) is w-p-open if and only if for every
x € G there exists a U € p such that x € U and U — G is countable.

Proof. G is w-p-open if and only if X — G is w-p-closed if and only if Cond(X — G) C X — G if and only if
for each x € G, © ¢ Cond(X — G) if and only if for each z € G, there exists a U € u such that z € U and
UN(X —G)=U — G is countable. O

Corollary 2.3. A subset G of a generalized topological space (X, ) is w-p-open if and only if for every
x € G there exists a U € p and a countable set C C M, such thatx € U —C C G.

Proof. =) Suppose G is w-p-open and let © € G. By Theorem there exists a U € p such that x € U
and U — G is countable. Set C' = U —G. Then C is countable, C C M, andz c U-C=U—-(U - G) CG.

<=) Let x € G. Then by assumption there exists a U € p and a countable set C' C M, such that
z€eU—-CCG. Since U —G C C, then U — G is countable, which ends the proof. O

Corollary 2.4. Let (X, pu) be a generalized topological space. Then p C p,.

Proof. Let G € pand z € G. Set U =G, C = 0. Then U € p, C C M, such that v € U — C C G.
Therefore, by Corollary [2.3] it follows that G € fi,. O

Theorem 2.5. For any generalized topological space (X, 1), t s a generalized topology on X .

Proof. By Corollary 0 € po. Let {Go : a € J} be a collection of w-p-open subsets of (X, ) and
2 € Jyes Ga- There exists an a, € J such that z € Go,. Since G, is w-p-open set, then by Corollary
there exist U € p and a countable set C' C M, such that x € U — C C G, € U,ej Ga- By Corollary
it follows that J,c; Ga is w-p-open. O

aed

The following example shows that u # u, in general.

Example 2.6. Consider X = R and p = {0,[-3,—1],[-2,0] UN, [-3,0] UN}. Then (X, p) is a generalized
topological space. Let A = [—2,0]. It is easy to check that Cond(R — A) = (R— A) —N) CR — A. Then
A€ Hew — M-

Theorem 2.7. Let (X, ) be a generalized topological space. Then M, = M,,,.

Proof. Since p C pi,, then M, C M, . On the other hand, let € M, . Since M, € u, by Corollary
there exists a U € p and a countable set C' C M, such that x € U — C C M,,,. Since U C M,,, it follows
that x € M,. O

For a nonempty set X, we denote the cocountable topology on X by (7coc) x -
Theorem 2.8. Let (X, pu) be a generalized topological space. Then (Teoc)y C i for all U € p— {0}.

Proof. Let U € p— {0}, V € (7eoc)y and x € V. Since V' C U, we have x € U. Also, as U — V is countable,
then by Theorem [2.2] it follows that V € . O

Theorem 2.9. Let (X, ;1) be a generalized topological space. Then pn = pu, if and only if (Teoc)yy S p for all
Uep—{0}.

Proof. =) Suppose p = p,, and U € p — {0}. Then by Theorem (Teoe)y € Mo = H-

<=) Suppose (Teoe)y € p for all U € p— {0}. It is enough to show that p, C p. Let A € p, — {0}. By
Corollaury@7 for each x € A there exists a U, € p and a countable set C, € M,, such that z € U, —C, C A.
Thus, U, — C, € (TCOC)UI Cuforall z € A, and so U, — C; € p. It follows that A = |J{U, — Cy : x € A} €
- O
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Definition 2.10. A generalized topological space (X, 1) is called locally countable if M), is nonempty and
for every point z € M, there exists a U € u such that z € U and U is countable.

Theorem 2.11. If (X, p) is a locally countable generalized topological space, then i, is the discrete topology
on M,.

Proof. We show that every singleton subset of M, is w-p-open. For € M, since (X, ) is locally countable,
there exists a U € p such that x € U and U is countable. By Theorem (Teoe)y € . Hence

U—(U—A{z}) ={z} € p. O

Corollary 2.12. If (X, u) is generalized topological space such that M, is a countable nonempty set, then
L, 15 the discrete topology on M.

Proof. Since M, is countable, it follows directly that (X, i) is locally countable. By Theorem it follows
that p,, is the discrete topology on M,,. O

Corollary 2.13. If (X, ) is a generalized topological space such that X is a countable nonempty set and
M,, is nonempty, then p, is the discrete topology on M,,.

Theorem 2.14. Let (X, pu) be a generalized topological space. Then (X, ) is countably compact if and
only if M,, is finite.
Proof. =) Suppose (X, p,) is countably compact and suppose on the contrary that M, is infinite. Choose a
denumerable subset {a,, : n € N} with a; # a; when i # j of M,,. For eachn € N, set A, = M,—{ay, : k > n}.
Then {A,, : n € N} is a p,-open cover of M, = M, and so it has a finite subcover, say {Ay,, Ap,, ..., An, }
where n1 < ng < --- < ng. Thus Ule Ap, = Ay, = M, = My, a contradiction.

<) Suppose M,, is finite. If M, = (), we are done. If M,, # ), then by Corollary e, is the discrete
topology on M, where M), is finite. Hence (X, ) is countably compact. O

Corollary 2.15. Let (X, ) be a generalized topological space. Then (X, p,) is compact if and only if M,
18 finite.

The following lemma will be used in the next main result; its proof is obvious and left to the reader.

Lemma 2.16. Let (X, u) be a generalized topological space and let B be a base of . Then (X, ) is Lindeldf
if and only if every p-open cover of M, consisting of elements of B has a countable subcover.

Theorem 2.17. A generalized topological space (X, ) is Lindeldf if and only if (X, uw) is Lindeldf.

Proof. =) Suppose (X, u) is Lindelof. Set B={U — C : U € p and C is countable}. By Corollary B
is a base of . We are going to apply Lemma Let A C B such that |JA = M, say

A={Uy — Cy : where U, € p and C, is a countable subset of M, : o € A}

for some index set A. By Theorem M, = M, . Since |J{Uy:a € A} = M, and (X, p) is Lindelof,
there exists a Ay C A such that Ay is countable and |J{Us : v € A1} = M,,. Put C = |J{Cun:a € At}
Then C is countable and C' C M, = M, = |JA. Therefore, for each z € C there exists an a, € A such
that z € Uy, — Ca,. Set H ={Uy — Cq : @ € A1} U{Uqs, —Cq, : x € C}. Then H C A, H is countable and
UH=M,,.

<) Suppose (X, 11,) is Lindeléf. By Theorem M,, = M,,, and by Corollary i < p,. It follows
that (X, p) is Lindelof. O

Theorem 2.18. Let A be a subset of a generalized topological space (X, ). Then (pa),, = (fw)4-

Proof. (ppa), € (w)4- Let B € (pa), and € B. By Corollary there exists a V € p4 and a countable
subset C' C M), such that x € V — C C B. Choose U € p such that V= UNA. Then U — C € p.,
zeU—-C,and (U—-C)NA=V —C C B. Therefore, B € (j,) 4.

()4 € (pa),. Let G € (). Then there exists an H € p,, such that G = HN A. If z € G, then
x € H and there exist a U € p and a countable subset D C M, such that x € U — D C H. We put
V=UNA. Then V € pgand z € V—D C G. It follows that G € (ua),- O
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3. Continuity via w-open sets in generalized topological spaces

In this section, we introduce w-(j1, p2)-continuous functions between generalized topological spaces. We
obtain several characterizations of them and we introduce composition and restriction theorems.

Definition 3.1. Let (X, p1) and (Y, u2) be two generalized topological spaces. A function f: (X, 1) —
(Y, o) is called w-(p1, p2)-continuous at a point = € X, if for every ps-open set V' containing f(x) there is
an w-p1-open set U containing x such that f(U) C V. If f is w-(u1, pe)-continuous at each point of X, then
f is said to be w-(p1, p2)-continuous.

Theorem 3.2. Let (X, p1) and (Y, u2) be two generalized topological spaces. If f: (X, 1) — (Y, pe) is
(11, p2)-continuous at x € X, then f is w-(u1, p2)-continuous at x.

Proof. Let V be a ug-open set with f(x) € V. Since f is (u1, p2)-continuous at z, there is a uj-open set U
containing x such that f(U) C V. By Corollary U is w-pi-open. It follows that f is w-(u1, 12)-continuous
at z. O

It is clear that every (1, u2)-continuous function is w-(pu1, u2)-continuous. The following is an example
of w-(u1, pe)-continuous function that is not (1, pe2)-continuous.

Example 3.3. Let X =Y =R, u3 = {0} U{A CR: Ais infinite}, and p2 = {0,{3},R}. Define f :
(X, 1) — (Y, u2) by f(z) =2+ 2. Take V = {3} Then V' € po with f(1) = V. On the other hand, for
each U € p; with 1 € U, U is infinite and so f(U) € V. Therefore, f is not (u1, p2)-continuous at z = 1
and hence f is not (w1, u2)-continuous. To see that f is w-(u1, uo)-continuous, let z € X and V' € pgy such
that f(x) € V. Since {z} = (ZU{z}) — (Z — {x}), (ZU{x}) € pu1, and Z — {z} is countable, then {z} is
w-pi-open. Take U = {z}. Then U is w-pi-open, x € U and f(U) = f ({z}) = {f(x)} C V. It follows that
f is w-(p1, p2)-continuous.

The proof of the following theorem is obvious and left to the reader.
Theorem 3.4. Let f: (X, u1) — (Y, u2) be a function. Then the following conditions are equivalent:
a. The function f is w-(u1, p2)-continuous.
b. For each ps-open set V.CY, f~1(V) is w-ui-open in X.
c. For each pa-closed set M CY, f~1(M) is w-u1-closed in X.
The following theorem is an immediate consequence of Theorem

Theorem 3.5. A function f: (X, pu1) — (Y, p2) is w-(p1, p2)-continuous if and only if f: (X, (p1),) —
(Y, p2) is ((p1),, , t2)-continuous.

Theorem 3.6. If f : (X, u1) — (Y, p2) is w-(u1, p2)-continuous and g : (Y, u2) — (Z,u3) is (p1, p2)-
continuous, then go f : (X, u1) — (Z, u3) is w-(p1, p2)-continuous.

Proof. Let V € p3. Since g is a (1, u2)-continuous function, then g=*(V) € ,uz. Since f is w-(u1, p12)-
continuous, then f~' (¢g7!(V)) is w-p1-open in X. Thus (go f)~ Yy = f- Y(g7(V)) is w-pi1-open and
hence (g o f) is w-(p1, p2)-continuous. O

Theorem 3.7. If A is a subset of a generalized topological space (X,pu1) and f : (X,pu1) — (Y, p2) is
w-(p1, p2)-continuous, then the restriction of f to A, fla : (A, (m1)4) — (Yip2) is an w-((11) 4, 12)-
continuous function.

Proof. Let V be any pio-open set in Y. Since f is w-(u1, po)-continuous, then f~(V) € p, and so
(fla) P (V)= fY (V)N A € () 4. Therefore, by Theorem [2.18} (f 14)71 (V) € (a),,. Tt follows thatf |
is w-((p1) 4 , p2)-continuous. O
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Lemma 3.8. Let (X, u) be a strong generalized topological space and A a nonempty subset of X. Then a
subset C' C A is pa-closed, if and only if there exists a p-closed set H such that C' = H N A.

Proof. C'is pa-closed, if and only if A — C'is p4-open, which is true if and only if there is a u-open set U
such that A — C = ANU, but in this case X — U is p-closed, and C = (X —U) N A. O

Theorem 3.9. Let f: (X, pu1) — (Y, u2) be a function and X = AU B, where A and B are w- p;-closed

subsets of (X, p1) and fla : (A, (m)4) — Y,p2), flg : (B, (1t1)g) — (Y, p2) are w-(p1, p2)-continuous
functions. Then f is w-(u1, p2)-continuous.

Proof. We will use Theorem Let C be a pg-closed subset of (Y, ug2). Then
FHO) =fHO)NX = fTHO)N(AUB) = (F7H(C)NA) U (F7H(C) N B).

Since fla : (X,(m1)4) — (Y,u2) and f|p : (X, (1)) — (Y, p2) are w-(u1, po)-continuous functions,
then (f[4)™" (C) =f~1(C) N Ais w-(p1) 4-closed in (A, (1) 4) and (f )" (C) = fF71(C) N B is w-(p1) g
closed. By Lemma it follows that (f[4)~"(C) and (f|5) "' (C) are w-pi-closed in (X, ;). It follows
that f is w-(p1, p2)-continuous. O

For any two generalized topological spaces (X, u1) and (Y, pu2), we call the generalized topology on X x Y
having the family {A x B : A € u; and B € us} as a base, the product of (X, p1) and (Y, pu2) and denote it

by Hprod [17]'

Lemma 3.10. Let (X, p1) and (Y, u2) be two generalized topological spaces. Then the projection functions
Tz 2 (X XY, fprod) — (X, p1) on X and my : (X XY, piprod) — (Y, p2) on'Y are (fprod, ph1)-continuous
and (fprod, f2)-continuous, respectively.

Proof. Let U be a pj-open set in (X, p1). Then 7, 1(U) = U x Y and U X Y is pprea-open in (X X Y, fiprod)-
It follows that the projection function 7, is (iprod, p11)-continuous. Similarly, we can show that m, is
(Kprods +2)-continuous. d

Theorem 3.11. Let f: (X,p1) — (Y, pu2) and g : (X, pu1) — (Z, ug) be two functions. If the function
h: (X,m) — (Y X Z, tiprod) defined by h(x) = (f(z),9(x)) is w-(p1, tprod)-continuous, then f is w-
(111, p2)-continuous and g is w-(us2, p3)-continuous.

Proof. Assume that h is w-(f1, fprod)-continuous. Since f = m, o h, where m, : (Y X Z, tiproq) —> (Y, p2) is
the projection function on Y, by Lemma and Theorem E it follows that f is w-(u1, u2)-continuous.
Similarly we can show that g is w-(p1, p3)-continuous. O

Theorem 3.12. Let f: (X, pu1) — (Y, u2) be a function and let H C X such that (1) C p1. If there is
an x € H such that the restriction of f to H, f|u : (H,(u1)y) — (Y, u2) is w-((p1) g  p2)-continuous at
x, then f is w-(u1, p2)-continuous at x.

Proof. Let V be any set in (Y, p2) containing f(x). Since f |y is w-((p1)yy , t2)-continuous at z, it follows
that there is a G € (u1)y such that x € G and f(G) C V. Since by assumption (u1)y C p1, then G € py.
It follows that f is w-(p1, p2)-continuous. O

Corollary 3.13. Let f : (X,pu1) — (Y, u2) be a function. Let {H, : o € A} be a cover of X such that
for each o € A, (1) € p1 and f|n, is w-(p1, pa)-continuous at each point of Hy. Then f is w-(u1, p2)-
continuous.

Proof. Let © € X. We show that f: (X, 1) — (Y, u2) is w-(p1, p2)-continuous at x. Since {Hy : o € A}
is a p1-open cover of X, then there exists an o, € A such that x € H,,. Therefore, by Theorem it
follows that f is w-(u1, pe)-continuous at x. Then f is w-(u1, u2)-continuous. O]
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Lemma 3.14. FEvery u-closed subspace of a Lindeldf generalized topological space is Lindeldf.

Proof. Let (X, u) be a Lindelof generalized topological space and A a p-closed subset of (X, u). Let A be a
p-open cover of A. Then B = AU{X — A} is a p-open cover of (X, u). Since (X, ) is Lindeldf, then there
exists a countable subfamily C of B such that X = JC. Put D =C — {X — A}. Then D is countable and
A C|JD. This shows that A is a Lindelof subset of (X, p). O

Theorem 3.15. Any w-u-closed subset of a Lindeldf generalized topological space is Lindeldf.

Proof. Let (X, 1) be a Lindeldf generalized topological space and A an w-p-closed subset. By Theoremm
(X, ) is Lindeldf. Since A is p-closed in the Lindelof generalized topological space (X, i), by Lemma
A is Lindeldf subset of (X, uy). Since p C py,, then A is Lindelof subset of (X, u). O

Theorem 3.16. Let f : (X, 1) — (Y, u2) be (1, po)-continuous and surjective. If (X, p1) is Lindeldf,
then (Y, pe) is Lindeldf.

Proof. Suppose (X, u1) is Lindelof and let A be a pg-open cover of (Y, ug). Since f is (p1, p2)-continuous,
{f7Y(A): A€ A} C py, then { f~*(A) : A € A} is a py-open cover of (X, p1). Since (X, y11) is Lindeldf, there
exists a countable subfamily B C A such that |J{f *(4): A€ B} = X. Thus J{f(4): A€ B} = f(X).
Since f is surjective, then f(X) =Y.

O

Corollary 3.17. Let f: (X, 1) — (Y, p2) be w-(p1, p2)-continuous and surjective. If (X, 1) is Lindelof
then (Y, pe) is Lindeldf.

Proof. Since f : (X, 1) — (Y, p2) is w-(pu1, p2)-continuous, then by Theorem[3.6] f : (X, (1)) — (Y, pi2)
is ((p11),, , p2)-continuous. Also, since (X, u1) is a Lindelof, then by Theorem [2.17) (X, (p1),,) is Lindelof.
Theorem [3.16] ends the proof. O

Definition 3.18. A function f : (X, u1) — (Y, u2) is called w-(u1, p2)-closed function if it maps uq-closed
sets onto w-pu9-closed sets.

Theorem 3.19. If f : (X, u1) — (Y, p2) is w-(u1, pe)-closed function such that for each y € Y, f~1 ({y})
is a Lindelof subset of (X, p1), and (Y, u2) is Lindeldf, then (X, u1) is Lindeldf.

Proof. Let {U, : o € A} be a pj-open cover of (X, u1). For each y € Y, f~1({y}) is a Lindeldf subset of
(X, p1) and there exists a countable subset Aj(y) of A such that £~ ({y}) € J{Us : a € A1(y)}. For each
yeY, put Uly) =U{Us:a€ A1(y)} and V(y) =Y — f (X — U(y)). Since f is w-(u1, p2)-closed, then for
each y € Y, V(y) is w-pg-open in (Y, ug) with y € Y and f~(V(y)) € U(y). Since V(y) is w-ug-open in
(Y, o), there exists a po-open set W(y) such that y € W(y) and W(y) — V (y) is countable. For each y € Y,
we have W(y) C (W(y) — V(y)) UV (y) and so

FTW) S W) = V) U (Vy) S (W(y) —V(y) uU(y).

Since W (y) — V (y) is countable and f~! ({y}) is a Lindelf subset of (X, u1), there exists a countable subset
As(y) of A such that f=1 (W (y) — V(y)) CU{Ua : @ € Az(y)} and hence

171 W) € [UiUa s 0 € Do)} U )]

Since {W(y) : y € Y} is po-open cover of the Lindeléf generalized topological space (Y, u2), there exists a
countable points y1,y2,ys3, ... such that Y = |J{W (y;) : ¢ € N}. Therefore,

X=J{U ww)ieNy = Ut ae 2@} U [UlUa 0 € 21 ()}
ieN
=J{Ua:ae () Uiy (y): i €N}

This shows that (X, u1) is Lindeldf. O
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