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Abstract

We consider the semilinear Schrodinger equation

—Au+V(z)u=K)|u* 2u+ f(z,u),z € RV,
u € HY(RY),

where N >4, 2% := 2N /(N — 2) is the critical Sobolev exponent, V, K, f is 1-periodic in z; for j =1,..., N,
f(z,u) is subcritical growth. We develop a direct approach to find ground state solutions of Nehari-Pankov
type for the above problem. The main idea is to find a minimizing Cerami sequence for the energy functional
outside the Nehari-Pankov manifold by using the diagonal method. (©2016 All rights reserved.

Keywords: Schraodinger equation, ground state solutions of Nehari-Pankov type, critical Sobolev
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1. Introduction

Consider the following semilinear Schrodinger equation which also have been studied in [3], 4} [, [10] 14}
17, 23, 24, 26, 27]

{_Auw(a:)u=K<x)|u|2*‘2u+f(w>’xGRNv (1.1)

u € HY(RN),

where V : RN — R and f: RN x R — R satisfy the following standard assumptions, respectively:

*Corresponding author
Email addresses: wshrm7@126.com (Huxiao Luo), tangxh@mail.csu.edu.cn (Xianhua Tang)

Received 2015-11-10



H. Luo, et al., J. Nonlinear Sci. Appl. 9 (2016), 3018-3030 3019

(V0) V € C(RN)
sup[o(—A + V)N (—00,0)] < 0 < A :=inf[o(=A + V) N (0, 0)], (1.2)

where o denotes the spectrum in L?(RN), V is 1-periodic in each of x1, z9, ..., zn;
(V1) K € C(RN), ko := infycpn K(z) > 0 and K is 1-periodic in z; for j = 1,..., N;
(V2) K(x0) := maz,cpy K(z) and K(z) — K(z0) = o(|x — 20|?) as 2 — xo and V(zp) < 0;

(F1) f € C(RN x R) is 1-periodic in each of x1,z2, ..., N, f(z,t) = o(|t|), as |t| — 0, uniformly in = € RV,
and F(x,t) := fot f(z,s)ds > 0;
(F2) |f(z,u)|] < co(1+ |ulP~!) on RN x R for some co > 0 and p € (2,2*);

|F(z,0)|
+2

(F3) lim)ysoo =00, ae. x€RV;

(F4) 36y € (0,1), st. SLtf(x,t) > [}, f(z,s)ds, ¥V O€[0,60], (x,t)c RN xR,

We point out that the condition (F4) is weaker than the following Nehari type assumption:
(Ne) t — f(=z,t)/|t| is strictly increasing on R — {0}.

The existence of a nontrivial solution of has been obtained in [I, 2, 1T}, 12 13] under different
conditions. But very few people discuss whether the problem has a ground state solution of Nehari-
Pankov type or not. Indeed solutions of correspond to critical points of the functional

1

1 *
O(u) = / (|Vul® + V(z)u?)dz — — K|ul* dx —/ F(z,u)dx. (1.3)
2 RN 2% RN RN

Note that 2* = 2N/(N — 2) is the limiting Sobolev exponent for embedding Hg (Q) € L?" (). Since this
embedding is not compact, the functional ® does not satisfy the (C). condition that any sequence u,, such
that

O(up) = ;[ (un)[I(L + [lun])) = 0,

have a convergent subsequence. Hence there are serious difficulties when trying to find critical points by
standard variational methods. Our main existence result will be based on the following critical point theorem
[10]:

Lemma 1.1 ([3]:Theorem 4.5, [9]:Theorem 2.1 in, [8]). Let X be a real Hilbert space with X = X~ @ X™*
(where X—, X similar to the positive space ET and negative space E~ behind the paper) and X~ L X+ (
where L means ”orthogonal” ) and let ¢ € C*(X, R) of the form

p(u) = %(IIU’LH2 — ) = Y(u), uw=u +uteX BXT.
Suppose that the following assumptions are satisfied:
(LS1) ¢ € CY(X, R) is bounded from below and weakly sequentially lower semi-continuous;
(LS2) ¢’ is weakly sequentially continuous;
(LS3) there exist 7 > p > 0 and e € X with ||e|| = 1 such that
k := inf o(S7) > sup ¢(9Q),

where
Sj:{ueX* ull=p}, Q={w+se:we X ,s>0,|w+se|] <r}.

Then for some ¢ € [k, sup®(Q)], there exists a sequence {u,} C X satisfying

p(un) = ¢, 9" (un) (1 + [Jun]]) — 0. (1.4)

Such a sequence is called a Cerami sequence on the level c, or a (C)e.
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2. Preliminaries

Let A = —A + V. Then A is self-adjoint in L2(R") with domain D(A) = H2(R") (see [7], Theorem
4.26). Let {F(A) : —oo < A < 400} and |A| be the spectral family and the absolute value of A, respectively,
and |A|'/2 be the square root of |A| . Set U = id — F(0) — F(0—). Then U commutes with A (see [6],
Theorem IV 3.3). Let

E=D(A"?*, E-=F(0)E, E*=]lid— F(0)E. (2.1)
For any u € E, it is easy to see that uw = v~ + u™, where
u =F0)ue E™, ut = [id — F(0)ju € ET, (2.2)
and
Au™ = —|AJu", Aut = |Alut, Yue END(A). (2.3)
Define an inner product
(u,v) = (|AY?u, AY?v) 2, u,v€E, (2.4)
and the corresponding norm
lull = [[LA]>ul,, we B, (2.5)

where(-, -) ;2 denotes the inner product of L2(RY), By(V1), E and H'(R") have equivalent norms. There-
fore, E embeds continuously in L*(RY) for all 2 < s < 2*. In addition, one has the decomposition
E = E~ & E* orthogonal with respect to both (-,-)72 and (-, ).

(@' (u),v) = /RN(VUVU + V(z)uv)dx — /RN Klu* "tvds — /RN f(z,u)vdz, Yu,veE, (2.6)

and
(@ (), u) = [ut|? = [lu- |2 = / Kul? Luds — / o, uyudz, Yu—=u"+ut € B @ ET = E, (2.7)
RN RN

and
1
2

Now, we are in a position to state the main result of this paper.

1 «
B(u) = 2(|ut |2 = u-|?) - 2/ Klul? udz — / Fla,u)dz, Yu=u"+ut € B-®E" = E. (2.8)
RN RN

Theorem 2.1. Assume that V and f satisfy (V0), (V1), (F1), (F2), (F3) and (F4). Then problem (1.1
has a nontrivial solution uy € E such that ®(ug) = infyo ® > 0 , where

NO ={ue E\E™ : (®'(u),u) = (' (u),v) =0,Yv € B~ }. (2.9)
The set N° was first introduced by Pankov [I5, [16], which is a subset of the Nehari manifold
N = {u e E\{0} : (®'(u),u) = 0}. (2.10)

The remainder of this paper is organized as follows. In Sections [3] [4] some crucial lemmas are presented.
The proof of Theorems 2.1 is given in Section

3. Existence of a Palais-Smale sequence

Lemma 3.1. Suppose that (V1),(F1),(F2) and (F3) are satisfied. Then for u € E,

1
D(u) = B(tu + w) + §Hw||2

1—¢2
2

+ (@ (u),u) — t{(®'(u),w), Vt>0,wekE".
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Proof. For any € RV and 7 # 0, (F3) yields

T

TK($)|7‘|2*_2U+f(.CL‘,7‘) 2/ [K(x )|s|2 s—I—f(a:,s)]ds, t>0.

tT

1—¢2
2

It follows that

T

1 —¢2

( 5T~ tT)K(:L‘)]T|2*_QT + f(z,7) > / [K(x)|s|> 25+ f(x,s)]ds, t>0, o€R.

tt+o

We let b: E x E— R denote the symmetric bilinear form given by
b(u,v) = / (Vuv v+ V(z)uw)de, Vu,v € E.
RN

By virtue of (|1.3)) and ({2.6]), one has

1b(u, u) —

O(u) = 5

— Ydx —/ F(z,u)dz, Vu e E.
2* RN

and
(@ (u),v) = b(u,v) — Klul* ~tvdz — / f(z, u)vde, Vu,v € E.
RN

RN
Thus, by (L3),[3-3)-(-6), one has

B(u) — B(tu + w) = %[b(u, w) — b(tu + w, tu + w)]
1
2* I

1—# 1
= b(u,u) — th(u, w) — ib(w,w)

+ K(|tu—}—w|2 |u|2*)dx—|—/ [F(x,tu+ w) — F(x,u)|dz
RN

1 .
+ > /. K(|tu +w]? — |u)?)dz —|—/ [F(z,tu + w) — F(z,u)|dz
RN

1—¢2

(), ) — @' (), w)

1
= —§b(w, w) +

U

(3.4)

1 22 22
+ /RN [( u — tw)[K (z)|ul u+ f(x,u)] / [K (z)]s] s+ f(:c,s)]ds]dx

2 tu+w

= Sl + 25 @ )~ 0,
N ;tQu—thK(x)ruP*-? [ K s st s

tutw

1—¢2
2

1
>l +

This shows that (3.1)) holds.

——(®'(u),u) — (D' (u),w), Vt>0, wekE.

Lemma 3.2.

(i) Let e € EY, then there exist a,p > 0 and R > p (R depending on e), such that

m = %gcb > k= inf{®(u) :u € BT, |lul| = p} >0,

and  |luT|| > max{||u~||,vV2m} for all u € N.
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(i7) ®(u) <0 for all u € 0Q, there
Q={w+se:weE ,s>0,|w+se|| <r}.
(iii) We set
U(u):= (297! Klu|* dz —I—/ F(z,u)dx, v e E. (3.7)
RN

We have .
P(u) = §(HU+H2 — [l |?) = (), ueE. (3.8)

Then ¥ is nonnegative, weakly sequentially lower semi-continuous, and ¥’ is weakly sequentially contin-
uous.
Proof. (i) Let uw € E™, ||ul]| = p, then

1

1 *
o) = gl - 5 [ K@Fde— [ P

It follows from (F2) and (F3), that for every ¢ > 0 there exists a constant C. > 0 such that
|F(z,8)| < es® + C.|s|P

for all s € R. Applying the Sobolev embedding theorem we get that
| P < CElulP + Colul),
RN

for some constant C' > 0 . Consequently,

1 K(x
o(w) > Ll - K02 - oeul + coul).

Choosing € > 0 and p > 0 sufficiently small, the result
m = }\r}g@ > k= inf{®(u) :u € ET, |lul| = p} >0,
readily follows.
From Lemma[3.1} Vu € N°, w € E~, >0 we have

O(u) > O(tu + w),

SO
Jtl =l w=u+ut € N,

and when u € ET, we have

2 *
|ut]|? = 2®(u) + 2*/ K(z)|u|* dr + 2/ F(x,u)dr > 2m.
RN R

N

(ii) (V1), (F1) yields that K > 0 and F(z,t) > 0 for all (,t) € RN x R, and when v € E~, from (2.8)

we have:

1 1 *
®(u) = —[lu”|]* - / Klul* dx — / F(z,u)dz <0.
2 2* JpN RN

Next, it is sufficient to show that ®(u) — —oo as u € E~ @ Re. Arguing indirectly, assume that for some
sequence {wy, + spe} C B~ @ Re with ||w, + spe|]| — oo, there is M > 0 such that ®(w,, + sp,e) > —M for



H. Luo, et al., J. Nonlinear Sci. Appl. 9 (2016), 3018-3030 3023

all n € N. Set v, = (wy, + sne)/||wn + sne| = v, + tne, then ||v, + tpe|| = 1. Passing to a subsequence, we
may assume that v, — v in E, then v, — v a.e. on RY, v, = v~ in E, t, = t, and

M < O (wy, + spe)

n —112 2% —2 T, Wn T Sp€
2 | K de — [ \BWn T 50l
y a5 /RN ln & suel™ ~de /RN [wn + snel2
If ¢ = 0, then it follows from (3.9) that
1, _ 1 . F(x,w, + spe) t2 M
0< = 2y — | K 729 /’""d< — 0,
<ol g [ Kl sl 2o [ St ade < Co
which yields ||v,, || = 0, and so 1 = ||v,|| — 0, a contradiction.
If t # 0, then v # 0, it follows from (3.9)), (F3) and Fatou’s lemma that
2 1 1 " F(x,wy, + spe)
0<1li mo_ - —2/ K 2'=2 / S\ n T one g
=y [ 2 2 e 2% Jrn lton + snel v gy |lwn + snell? ]
2 1 F(x,w, + spe)
< 1 n = 2 _/ » Un n 2d
= 17€risolip[2 2||1)n” N (wn+sne)2 n ]
-2
t F
< — / lim inf Mvﬁdm
2 gy n—oo  (wy + spe)
= —007
a contradiction.
(iii) For convenience,
T(u) = (2%)7! K\u!z*dx+/ F(z,u)dx, u € E.
RN RN
By (F1) and (F5), for any € > 0, there is C; > 0 such that
q—1 € 2 CE q
[f(z, w)l < eful + Celul ™ and [F(z,u)] < gful” + = Flul” (3.10)

For any u,v € E and 0 < |t| < 1, by mean value theorem and (3.10)), there exists 0 < § < 1 such that

|F(z,u+tv) — F(x,u)|
1t

<|f(z,u+ Otv)v|

< elu+ Otv||v] + C:|u + Otv|1v|
< elullv| + elv|* + Cclu + Otv|T o]
< elul[v] + efof* + 297 C(ul "ol + [0]7),
and . .
lu+ tv|* — |ul?
2+

< |u + 6tv)? |
< (2" = Du o
The Holder inequality implies that

elullv| + 5|v|2 + 2‘1_1C’E(|u|q_1]v| + |v|?) + K(2F — 1)|u|2*_1|v\2* € LI(RN).
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Consequently, by the Lebesgue’s Dominated Theorem, we have
(V' (u),v) = Klu* "Lvdz +/ f(z|, w)vdz, Y u,ve E.
RN RN

Next, we show that ¥/ : E — E* is weak continuous. Assume that u, — u in E, by Sobolev embedding
theorem, we get
Uy, —u in LP(RYN), for p € (2,2%)

and
u, = u in CO(RY), for p € (2,27),
there C5°(RY) is dense in LP(RY).
By the Holder inequality, we have

19 (un) — W' (u)|| = A (" (un) = W'(w), v))]

< Sup/ (1F (] 1) = Fll, w) + KJun| ™ = Jul* " Joldz -0 as n - co.
[vll<1 /RN

O

Lemma 3.3. Suppose that (V1),(F1),(F2) (F3) and (F4) are satisfied. Then there exist a constant
c € [k,sup ®(Q)] and a sequence {u,} C E satisfying

D(up) — ¢, || (un)|[(1+ [Junl]) = 0, as n — oo. (3.11)
Proof. Lemma [3.3]is a direct corollary of Lemma and Lemma, [3.2 O

Lemma 3.4 ([18, [19, 20, 21, 22]). Suppose that (V1),(F1),(F2) (F3) and (F4) are satisfied. Then there
exist a constant ¢, € [k, m] (where k and m are stated as Lemma 3.2) and a sequence {u,} C E satisfying

D(uy) = cxy || P (un)]|(1 + ||un]]) — 0, as n — oc. (3.12)
Proof. Choose vy, € N9 such that
1
m§<I>(Uk)<m+%, ke N. (3.13)

By Lemma i), [l || > v2m > 0. Set ey = v /||v;"[|. Then ex € ET and ||eg|| = 1. In view of Lemma
there exists 1 > maz{p, ||vk||} such that sup ®(0Qy) < 0, where

Qr={w+sex:weE ,s>0,|w+sex| <ri}, keEN. (3.14)

Hence, applying Lemma to the above set Q, there exist a constant ¢ € [k, sup ®(Qx)] and a sequence
{ugntnen C E satisfying

D (ukn) = ¢k 1B (wp) |1+ |lurpll) = 0, as n — 00, keN. (3.15)
By virtue of Lemma [3.1} one can get that
P(v) > P(tvy, +w), V>0, weE". (3.16)

Since tvr + w € Qy, it follows that ®(vg) = sup ®(Qy). Hence, by (3.13)) and (3.15)), one has
1

D (upp) — cp <m+ T H@'(ukn)H(l + |ugnll) =0, as n — o0, keN. (3.17)
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Now, we can choose a sequence {n;} C N such that

1 1
O (up,pn,) <m+ e 1" (whey ) [(1 4 [Jtgemy ||) < o ke N. (3.18)

Let up = ugp,,k € N. Then, going if necessary to a subsequence, by using the diagonal method, we have
D(uy) — cx € [ky,m], [P (un)||(1 + |Jun]]) — 0, as n — oco. (3.19)

The proof of Lemma [3.4]is completed.
O

Lemma 3.5. The Cerami sequence above is bounded.

This result is essentially contained in [I] (Proposition 3.2), but for the reader’s convenience we choose
to write it in detail.

Proof. Tt follows from (F1)—(F3) that for each ¢ > 0 there exists ¢y (¢) such that | f(z,u)| < e|u|+c1(g)|ul> L.
By (F4),

1 1 «
Lt unll 2 B = 5 @ ) ) = [ Kol
2 N g~
for almost all n, and since K (z) is bounded below by a positive constant,

%: <c+ C3||unHa (3'20)

[[tn
Using the Hélder and Sobolev inequalities we obtain, for large n,

[ 12 = (@ (un), uiy) + [ Klun|* “2unusido + [pn f(2, un)uf dz

< lug || + callun

2*—1 2%
ol ll + es(ellunll + erellunll3- )l .

Hence by (3.4)),
lut || < co(e) + er(e) fJun || ~172

and a similar inequality holds for ||u,, ||. Choosing ¢ sufficiently small, we see that (u,) must be bounded. [

+ cse [ un|

Lemma 3.6 ([20, 21], 22]). Suppose that (V0)-(V2) and (F1)-(F4) are satisfied. Then for any u € E\E~,
there ezist t(u) > 0 and w(u) € E~ such that t(u)u + w(u) € N°. Consequently, N° N (E~ & RTu) # 2.
where R u means the space {ru: r € R"Y, ue E\E™}.

Proof. By view of Lemma [3.2] there exists a constant R > 0 such that
®(v) <0 Yo € (E- ® R"u)\Bg(0),

where Br(0) is the ball center of 0 and it’s radius is R.

By Lemma (i) , ®(tu) > 0 for small ¢ > 0. Thus we have, 0 < sup®(E~ @ Rtu) < oco. It is
easy see that ® is weakly upper semicontinuous on E~ @& R u; therefore, ®(ug) = sup®(E~ & R*u) for
some ug € E~ @ RTu. This ug is a critical point of ®|g-qp+y, s0 (¥ (ug),uo) = (¥’ (ug),v) = 0 for all
v € E~ @ Rtu. Consequently, ug € N°N (E~ @ RTu). O

4. Estimates for critical levels

Lemma 4.1. Let )
o IVull3

= 11 .
E\{0} [|ull3,

N/2 . L
%, then the Cerami sequence (uy) cannot be vanishing.

If0<c<d:=
N|K|
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Proof. see [1] (Proposition 4.1), we also give the proof as follow. If (u,) is vanishing, then it follows from
P. L. Lions’ lemma ([23]:Lemma 1.21) that u, — 0 in L" whenever 2 < r < 2*. Let (z,) be a bounded
sequence in E. Since for each ¢ > 0 there is ¢;(¢) such that |f(z,u)| < e|u| + ¢1(e)|ulP~t,

/RN |f (@, un)l2nldz < coelfunll[l2a]l + ca ()b [2nll

Using this and a similar argument for F' we see that

fRN Z,Up)zpdr — 0, n — oo,
(4.1)
fRN (z,up)dz — 0, n — oo.

Hence

D (uy) — = (D (up), un) = / Klun|? dz +o0(1) = ¢, n— 0. (4.2)

N

Let r be such that (2* —1)/r +1/¢ = 1. Then 2 < r < 2*. Since ||u, ||, is bounded and u, — 0 in L",
we obtain using (4.1)), (4.2)) and the Holder inequality that

up 12 = —(®' (un), up ) — [pn K|un|* 2unu;, doe — S~ [, un)u, da
< K (o) lunll?"Hlug llg +o(1) = 0.
Similarly,
[wn]? = / Klun|? 2upwpdz + o(1) = 0.
RN
Hence

Up — 2n = Wy +u,, — 0, (4.3)

and therefore
| 2n]|? = fRN (|Vzn|? + V22)do = fRN K |un|? ~2upzndz + o(1)

(4.4)
= [ Klun|* dz + o(1).
Furthermore, for each § > 0 we may find x> 0 such that
(1- 5)/ |V 2, |2da < / (IVzn|? + V22)da. (4.5)
RN RN

Indeed, since z, € (I — E(u))L* N E, we have [y (|Vzn|? + V22)de > pl|2,]3 and

(IVznl*dz > 6(n— |V [lso) 23 = —/ Vede,
RN RN

whenever p is large enough. Combining (4.1)), (4.3)), (4.4) and (4.5)) gives
A=S)SIKIZ ([ Klunf? do)™
RN
< (1= 6)5]|unlf3-
=(1- 5)S||Zn‘|g* +o(1) (4.6)
<(1-0) / (V20 [2dz + o(1)
RN

< / Klun)? dz + o(1).
RN
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Passing to the limit and using (4.6]) we obtain
(1—0)S||K||z2/* (eN)¥* < cN.

Hence either ¢ = 0 which is impossible or (1 — §)V/2¢* < ¢ < ¢* which is also impossible because § may

be chosen arbitrarily small. Let

_enp(a)eWV D2
@E(x) — (52 + ’(17|2)(N72)/2’

where cy = (N(N —2))(N=2/4 ¢ > 0 and ¢ € C3°(RN, [0, 1]) with ¢(z) = 1if |z < 7/2; (z) = 0 if || > 7,
r small enough (cf. e.g. pp. 35 and 52 of [25]). We need the following asymptotic estimates as ¢ — 01 (see
e.g. pp.35 and 52 in [23]):

HVSOEH% = SN/2 + O(5N72)7 ”V()OEHI = O(E(Niz)/2)>
(4.7)

lpell3s = SN2+ 0N 2),  lpell321 = O =272), lgel = O(eN=2/72),

and
lell3 = be?|loge| 4+ O(e?), if N =4,

; 4.8
lpel3 = b2+ O(N2),  ifN =5, (4.8)

where b is a positive constant. Finally, Let
Z.:=E  ®Rp.=E~ ® Ry_.

We may assume without loss of generality that K(0) = ||K|/- and V(0) < 0. Moreover, r in the
definition of ¢, may be chosen so that V(z) < —f for some § > 0 and all z with |z| <. O

Lemma 4.2. Ife > 0 is small enough, then sup,_ ® < d. So in particular, if zo = o with & small enough,
then ¢, < m < sup®(Q) < d.

Proof. From Lemma and Lemma we can see ¢, < m and m < sup®(Q). Let

1

1 1 "
) o= St )2 = D2 - 2 / Klul? da.
2 2 2* Jpn

Since I(u) > ®(u) for all u, it suffices to show that sup, I <d .
In what follows we adapt the argument on [25] (pp.52-53). If u # 0, then

max [ (tu) = (fRN(|VU|2 + Vu2)d;p)N/2

1
120 N (fox K[u? dz)N-272 (4.9)

whenever the integral in the numerator above is positive, and the maximum is 0 otherwise. Let |ju%. 5 =
[rn Klu|* dx. Tt is easy to see from (£.9) that if

S
me= s [ (VP Vi < — 2 o)
u€Ze ||ullgx xk=1J RN ||KH((>]<Y 2)/N

then supz ® < supz_I < d. So it remains to show (4.10]) is satisfied for all small € > 0.
Below we shall repeatedly use (4.7) and (4.8]). Since

| (Ve P+ V(g e <o
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and
/RN(’VSO;’Q(LT < ClHSOa_H% < C1H<,05H% —0 as € =0,
therefore
oz ll2+ < eallpz || — 0,
and

lod 113 — S™2.

Suppose |Jul2« k = 1 and write
u=u" +sp. = (u" +sp-)+ set,

We have [|u~||2+ < ¢3 and |s| < ¢ for some constant ¢z independent of €. By convexity of || - |2+ x, we
obtain
1= [jul|Z o > ||seel|2 —|—2*/ s0:)Y " dx
lull2 e > llseella- i RN( pe) (4.11)
> ||spell3e s — callpell3-Z1llull2.
Moreover,
s (e 9 + Ve ) < (19 el )
= O(eN272) Ju|2.
Since V(z) < —B < 0 for = € suppyp. and K (z) — K(0) = o(|z|?) as = — 0,
Jan Vip2de < (=de?|loge])  (if N =4) ‘
for some d > 0 and - i -
[9el3 i = 1Kl [ 02 diz + (K (2) —~ K () d s

= || K||0oSN/? 4 0(e?).
Let N > 5. Using (4.11)—(4.14) and the fact that
—[lu” |5+ OEN22) [u [l < OV,
we obtain
fRN(’V‘%P + V@?Mx
||‘P€||%*,K
Jrn (IVoe]? + Vil )da
IK(E NSO =272 4 o(e?)
+ 0N lu |2
SNIZ _ de? + O(eIV-2)

me < —[lu”|* + ls:ll3+ i + OEN22) [u |2

)2/2*

< —cgllu” 3 + (1 + callel3-Z 1 llu™ 12

= —CGHU_H%—F ||K” (N= 2/NS(N*2)/2 +O(5(N—2)/2)Hu—H2
S
~ W*doﬁ +0(6 ),

where dy > 0. If N = 4, then in a similar way,

S 2 2
< =
< HKHEZX‘”/N doe?|loge| + o(e?).
Hence (.10 holds provided ¢ is sufficiently small. Note that if K(x) — K(0) = O(|z|?) as z — 0, then
([4.14) holds with O(e?) replacing o(£?). O
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5. Proof of theorem 2.1

Proof of theorem 2.1. Applying Lemma we deduce that there exists a bounded sequence {u,} C E
satisfying (3.12)). Lemma shows that {u,} is a nonvanishing sequence. Passing to a subsequence, we
may assume the existence of k, € ZV such that fBl+\/N(kn) [uy|?dx > g. Let us define vy, (x) = un(x + ky)
so that

4]
/ |vn|2da > . (5.1)
B1+vN(0) 2
Since V(x), K(z) and f(x,u) are periodic on x, we have ||v,| = ||u,|| and
O(vn) =, (12 (n) (1 + [lon]l) — 0. (5.2)

s (RY), 2 < s< 2" and v, — U a.e. on RY. Obviously,
(5.1) and (5.2)) implies that ¥ # 0 and ®(v) = 0. This shows that v € A and so ®(@) > m. On the other

hand, by using (2.7)), (3.12]) and Fatou’s lemma, we have

Passing to a subsequence, we have v, — v in L}

m>c, = lim [®(vy) — %<(I)/(Un)avn>]

n—oo
. ]- * __ 1 *
= lim [f[K(x)\vn\z 20m + [z, vn)|v, — [—*K(x)]vn\z + F(z,v,)]]dx
n—oo JpN 2 2
1

K (x)|va* + F(z,v0)]ldz

1 *
> /RN nll_{glo[i[K(xNUnP —21;” + f(l‘,vn)]vn — [27*

= [ U@ 5+ @)~ [ K @l + Fa.o))ds

2 2%
1
= 2(v) = 5(¥'(v),0)] = 2(v).
This shows that ®(v) < m and so ®(v) =m = infyo > 0. O
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