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In this paper, we study linear differential equations arising from A-Changhee polynomials (or called
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1. Introduction

For N € N, we define the generalized harmonic numbers as follows:

Hyo=1, forall N,

1 1
HN,leN:1+*+"'+*

5 N (see [7]), (1.1)

Hy 151 Hy-2j1 ; .
Hn s — »J J P i A M 2<j<N).
N,j N t—y_1 Tt I (2<j<N)
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For k € Nand N, j € NU{0}, we define the generalized Changhee power sums Sy, ; (IV) as follows:

Sko (N) = (N+ ¥, (1.2)

Sy.; (N Zs,w ] (j>1), (see[7,0]). (1.3)

In particular, for k = 1, we also define S; 1 (N) = 1.
As is well known, the Euler polynomials are defined by the generating function

2ot _ > E, (:z)%n (see [T, 4, 111, 12]). (1.4)
n=0

With the viewpoint of deformed Euler polynomials, the Changhee polynomials are defined by the gen-
erating function

2
AU 1) ZCh —,  (see [3,5,1]). (1.5)
From (|1.4) and (1.5, we note that
e,

ZEH( ZCh (e =1)"
n=0

(1.6)
tn
—Z<ZCh x) Sy ( nm)) —
n!
where Sy (n,m) are the Stirling numbers of the second kind. Thus, by (1.6, we get
ZCh ) Sy (n,m) (n>0).
The Stirling numbers of the first kind Sy (n,l) appear in the expansion of the falling factorial
(z)g=1, (v),=z(x—-1)-(z—n+1)
(1.7)

n
=Y Si(nha', (n>1).
=0
From ([1.7), we note that the generating function of the Stirling numbers of the first kind is given by

(log (1 +¢))" =nl! Z Si(m,n) —, (see [8, 10, 13]).

By (1.1)), we easily get

> O () b = 3 B ) - (log (1 1))
n=0 m=0 (18)
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Recently, A-Changhee polynomials (or called degenerate Changhee polynomials) are defined by the gen-
erating function

2\ log (1 + At)
A T Tos LT <1+> ZChnA —, (see [14]).

When z = 0, Ch,, » = Ch,, » (0) are called A\-Changhee numbers (or called degenerate Changhee num-
bers).

In [7], Kim-Kim gave some explicit and new identities for the Bernoulli numbers of the second kind
arising from nonlinear differential equations. It is known that some interesting identities and properties of
the Frobenius-Euler polynomials are also derived from the non-linear differential equations (see [9) 12]).

Recently, several authors have studied some interesting properties for the Changhee numbers and poly-
nomials (see [1H19]).

In this paper, we develop some new method for obtaining identities related to A-Changhee polynomials
arising from linear differential equations. From our study, we derive some explicit and new identities for the
A-Changhee polynomials.

2. Some identities for the A-Changhee polynomials arising from linear differential equations

First, we introduce lemma for the generalized Changhee power sum Sy, ; (N).

Lemma 2.1. For2<r < N and1l <1i<r—1, we have
S i—1 (7” —1- Z) + 5171‘_2 (7’ — Z) = 51,1‘_1 (7’ — Z) . (A)
Proof. From and ( ., we have

r—1—z

Sl,i—l (7” —1- 7,) + SLZ‘_Q (7“ — Z) = Z Sl,i_g (l) + SLZ’_Q (7“ — Z)

= i: St,i—2 (1)
1=0

= Sl,ifl (’I“ - Z) .
O
Let
F=F(tz,\) = 22 (1+ A og (1+ At))” (2.1)
2\ + log (1 + At) ' '
Then, by (2.1)), we get
FO = iF(t;x, A)
dt (2.2)
=AM (= @A +log (L+A) " + @ (A+log (1+ X)) F.
dF®
o=
dt
=22 (1+ )72 {(2A +log (1+8)) ™" — 2 (A +log (1+ A1)~ (2.3)

+2 2\ + log (1 4 Xt)) 7% — 2z (2X +log (1 + At)) ™" (A +log (1 + At))
+ (@), (A +log (1+ )\t))_Q} F.
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So, we are led to put
) A\ N
FN = (=) F(tz,\
<dt> (71', )

=XV AN [N @l (V) (X Flog (14 A8) (A +log (1+At) 7 | F,
1<i+j<N

where N =1,2,..., and the sum is over all nonnegative integers 7,7 with 1 <i+ j < N.
On the one hand, by (2.4, we get

dF{)
dt
— \N+1 (1 +)\t)—(N+1)

F(N+1) —

x$(=N) ST alY (N x) (22 + log (1+ M) ™ (A + log (1 + At)
1<i+j<N
120,520

— 3 idM (V@) (A +log (1 + A1) (A + log (1 + At))
2<i+j<N+1
i>1,5>0

+ Y @+ Dal (N,2) 23+ log (1+At))
2<i+j<N+1
120,5>1

x (A +log (1 + At))‘j} F.

On the other hand, by replacing N by N + 1 in (2.4), we have

F(N+1) — )\N+1 (1 + /\t)_(N+1)
X ( S (VL) @A +log (14 M)
1<i+j<N+1
1,720

x (A +log (1+ )\t))_j) F.

Let i+ j=r. Then 1 <r < N 4 1. Comparing the terms with r = 1, we get

(2.5)

Comparing the terms with i +j =7 (2 <r < N),

ST al) (N +1,2) (2A +log (1 + M)~ (A +log (1 + A1) "
=0

= —NZaﬁ)l ) (22 +log (14 At)) ™" (A +log (1 + At))' ™"

(2.6)
Z ia™, i (N, 2) (20 +log (1+ At) ™" (A + log (1 + At)"™"

r—1

+Y @+i-rt1)al), (V,2) (23 +log (14+ A1)~ (A + log (1 + At))"
i=0
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Thus, by (2.6]), we get

a) (N +1,2) = —Naf) (N,@) + (& —r+ 1) a§)_; (N, ),
(’\)(N—i—l x) = Na(/\)( :r)—rai )10(N x),

and
afy i (N +1,2) = =Najy) ; (N.2) ~ia%y ,_; (N, 2)
+(x+i—r+1) ET)Z 1 (N, 2),
where 1 <7 <pr—1.

Comparing the terms with i +j = N + 1, we get

N+1

S a1 (N 1,2) (22 +log (1 + M)~ (A + log (1 -+ At))™= (VD)
=0
N+1

==Y ial™ v (V@) (23 +log (1+ A8)) ™ (A + log (1 + At)) N+
=1

—l—Z x+i—N )

From (2.10f), we note that

(N, z) (2X +log (1+ At)) ™

A A
a1 (N +1,2) = (& = N)al} (N, ),
\)

APk o (N +1,2) = — (N +1)af)

a’NO (N’ x)v
and

al(?}\)/+17i (N+1,2)= _iaz('i)l,NJrlfi (N,z) +(z+i—N) al(-j)v,i (N, )
where 1 < z' < N.

From and (| ., we have

AL+ M)~ (— 2\ +log (1 + X)) + 2 (A + log (1 + )\t))’1> F
— @

—A(1+ )™ (am ) 2\ + log (1 + At)) ™
)

+al (1,2) (A +log (1 + At))*l) F

By comparing the coefficients on both sides of (2.13)), we have

V() =1, af(l,2)=x
From ({2.5)), we note that

D0V +1,2) = (-DYTINL - af)

By (2.11]), we easily get

a

aPh o (N +1,2) = (DM (N4 1)1, af)

(A +log (1 + At)) =+

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Fori=1in , we have
agf‘])v (N+1,2)
= —af% (N,2) + ( +1 - N)a{¥_, (N,2)
(z+1=N)ay 4 (N,z)
(z+1—N) (— (@)1 + (@ +2—N)al)_, (N -1, x))

= —2(@)y + (@ +1-N)(z+2 - N)a}_, (N - 1,2)

= N(@)y+@+1-N)(z+2-N)---(z+N—N)aly (1,2)
=—(N+1)(2)y
=—S10(N) () -

For i =2 in , we note that
ag‘j)\,_l (N +1,x)
= 24} _, (N, 2)
+(@+2-N)aSh_y (V,2)
= (—1)2 2N (z)N_y
+(z+2-N{(1’2(N - 1) @)y + @+3 - N)afl 5 (V- L,2)}

= (~1)*2{N + (N — D)} (@)y_; + (@ + 2~ N) (z +3 — N) a5 }_3 (N — 1,2)

= (-1)?2{N+(N=1)+ (N =2)+---+ 2} (z)y_;
+(@+2-N)(z+3—N)--zaby (2,)
= (—1)*2{N+(N=1) 44+ 2+1} (@) y_,
= (=1)%2!811 (N = 1) () y_; -
Let =3 in . Then we have

Sy (N +1,2)
= —3a5\_, (N,2) + (z +3 — N)a{}_5 (N, z)
= (—1)*31811 (N = 2) (2)y 5 + (@ +3 = N)af}_4 (N, )

(—1)*31{S11 (N —=2)+ -+ 511 (1)} () y_s
+(@+3—N)(z+4—N)--zaly (3,2)

(1) 31{S11 (N —=2)+ -+ 511 (1) + 51,1 (0)} () y_s
= (=1)%31S12 (N = 2) () y_s -

Continuing this process, we get

ey

inemi (N4 L) = (=118, 1 (N =i+ 1) (z)y_spy, (1<i<N).
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Let 2 < r < N. Then, by , we get
al) (N +1,2) = (z —r+ 1) a§y)_; (N, z) — Naf) (N, )
=(@—r+1) aé?ﬁ,l (N, )
~N{@=r+1)al) (N =1,2) = (N =1)af) (N = 1,2)}
= (@ —r+1){al)_, (V,2) = Naf)_, (N = 1,2)}

+(~1> N (N —1)af) (N —1,z)

(2.14)
N—r
=(x—-r+1) Z aog_l(N—z',x)
+ ()TN (N —1)- "ra[()?‘g (r,z)
N—r+1 ) N
=(z—r+1) Y (~1)'(N);af) (N —iz).
i=0
Now, we give an explicit expression for a(()?}) (N+1,2) (2<r<N).
For r=21in , we have
A ey ; A
af (N +1,2) = (2 = 1) 3 (<) (N), af} (N — i, )
i=0
N-1
= @)y (DY (N (N —i— 1)
i=0
(2.15)

=0
Y1
_ IR\ ST
= (), (=1) Nl Z i
i=1
= (), (-1)" ' NHy 1.
Let us consider r = 3 in (2.14)). From (2.15)), we note that

ayg (N +1.2) = (2= 2) 3 (~1)' (V) a63 (N — i, 2)

For r =4 in (2.14]), we have

o) (N +1,2) = (z-3) 3 (=)' (N),aly) (N — i, )
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N-3 )
2)g ()N TN —i = D) Hy 10
=0
PH
N 3 N—i—1,2
(@) ( Z N

_ HN712 Hy_ 29 Hs o
— _1 N 3 ! ) ) . )
(z), (—1) N { N + N1 +ot 3 }

= (z), ()N NIHy 3.
Continuing this process, we get
al) (N +1,2) = (2), (~1)" "' NlHy,_,.
For 2 <r < N, by ,weget
aﬁj\o) (N +1,2) = —rafi)m (N,z) — Na()‘) (N,x)

N—r
= > () (V) 0l o (N —i,2) + (DN TN (N 1) - -raly ()
=0 (216)
N-—r
3 A r r
=Y (1) (N); 0l o (N —d,2) + ()N TNy (1)
1=0
N—r+1
= > (~1)'(N);alY, o (N —i,x)
=0
Let » = 2 in (2.16]). Then, we have
N—-1 ‘
oSy (N +1,2) = -2 (1)) (V) aly (N — i, 2)
=0
N N+1
= Y —i—1)!
=0
N-1
1 (2.17)
=2 1)N+1N!ZN71
=0
N o
=2(-D)VHINTY -
7
=1
For r = 3 in (2.16)), by , we get
N—-2
) (N +1,2) = =33 ()" (V); by (N — i, )
1=0
N-=-2
-3 “1)(N) 2(—DN (N — i — 1) Hy
i:O( ) (V) 2(=1)""( NHN_i—11 218)
N—-2
Hy_
—31(—1) VL A N—i—1,1
31(-1) 2; N
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From (2.18)), by » = 4 in (2.16)), we note that
A = : A
afy (N +1,2) = -4 (1) (N),aly (N — i, )
i=0
N-3
Hy_;_
_ N+1 4y a7y N—i—1,2
(=)L 4Nt Z —
=0
= (~1)NT 4INIHp 3.
Continuing this process, we get
a) (N +1,2) = (~)N*' NIrlHy, 1, (2<r<N).
Let 2<r < N,1<i<r—1. Then, by (2.9), we get
A . A . (A A
az(,r)—i (N+Lz)=(zx+i-r+1) az(‘,r)—z‘—l (N,z) — Zaz(—)l,r—i (N, z) — Naz(,r)—i (N, z)
=(x+i—r+1) {agi‘,)_i_l (N,z) — ]\7CLZ(»7);)_Z»_1 (N —1, x)}
. A A
—t {a’z(f)l,rfi (N7 $) - Naz(f)l,rfi (N - 17 .CU)}
A
+ (1PN (N =1 a,.; (N = 1,2)
N—r
=(zt+i—r+1) Y (~1)°(N),a) | (N —s,2)
s=0
o (2.19)
. A
=iy (1) (V) a (N = s2)
s=0

_y A
+ ()N TNy @D ()

N—r
=(@+i—r+1) Y (=1)°(N), agfr)ﬁ,l (N —s,2)
s=0
N—r
—1 Z ( 1)5 (N)s al(i)l,rfi (N — S, J})
s=0

+ (=) TN )y (FD) S (7= 6) (2),

Let r =2 in (2.19). Then ¢ = 1. From ([2.19)), we note that

dN(N+1L2) =2 (1) (N),aly (N - s,2)
=0

N—-2
=D (1) () af) (N = s,)
s=0
+(=D)VTINI(-1) S10 (1) 2
N-2
=2 Y (=1 (N), ()N (N =5 - 1)!
ez



T. Kim, D. S. Kim, J.-J. Seo, H.-I. Kwon, J. Nonlinear Sci. Appl. 9 (2016), 3098-3111 3107

N-2
DY (N (N —s—1)!+2(-1)V Nz
s=0
N-2
2(-1DY Nz
1 11
=2(-1)N Nz — -
(=1) {N+N—1+ +2+1}
=2(-1)N NlzHy.
Let r = 3. Then 1 <7 < 2. From (12.19), we note that
N-3
az(i;))fi(N—i_l?x) .%'+Z—2 Z s 12)2<N—8,.%')
s=0
N-3 (2.20)
. A
=iy (<1 (N) a5 (N = 5,2)

For i =1 in (2.20), we have
ag)‘Q) (N +1,x)
3

N—
= (@ - 1)) (-1 (N),a (N — 5,2)
N-3 i
=3 (<) (V) afy (N — 5,2)
s=0
+ _1)N_2 (N)N 2 (-1 51,0 (2) (@2
N-3
=(@-1)) (1) (N),2(-D)"H(N = s - ) Hy 112
=0 (2.21)
N-3
= (1PN (@), (DN TN — s — DIHN_-11
s=0
+3 —1)N_1 (N)n_o (2)y
N1 |N3HN511 N-1 AL
=3 (), N! Z N 3@y ()TN

N N -1 3 2
=3(x)y ()N N1Hy .

Let i = 2 in ([2.20]). From (2.21)), we note that

_ H _ Hpy_ H H
:3($)2(_1)N lN'{ N 1,1+ N 2,1+“'+ 2,1+ 1,1}

N-3

ag‘l) (N+1l,z)=z Z ag)‘g (N —s,x)
5=0
N-3
-2 ag)‘l) (N —s,z)

s:O
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+(=DN TP (N)y_y (121815 (1) 2

=2y (—1)*(N),2(-1)N (N —s — 1)!Hy 511

= Hyoooin
=6z (-)V N> = 4 6 (—1)N (N
z (1) 2N + 62 (=1)" (N)y_o
Hpy_ H. H
—637(—1)NN!{ N1, +—§’1+ 2“}

Therefore, we obtain the following theorem.

Theorem 2.2. Let 1 <r < N+1,0<i<r. Then we have

CL(/\) (N + 1, x) = (_1)N+1+i—r “Sl,i—l (7“ — Z) N!HN,T—l (gc)Tf-

i, —1 Q"

Proof. We showed that it is true for r =1 and r = N + 1. Assume that 2 <r < N. If i =0 or i = r, then
it is also true. So we prove the assertion by induction on r when 2 <r < N, 1 <¢<r—1. Forr=2,i=1,
we showed that

o (N +1,2) =2 (1) NlHy, 2.

Assume now that it is true for r — 1 (3 <r < N).
From [2.19] we note that

o) (N +1La)=(z+i—r+1) 3 (—1)* (V) a)) ) (N —s,2)
. =0
—i () ()0, (N - s2)
+ (ilo)N"'“+1 (N)y oy (F1)' 081501 (r =) (),
=(z+i—r+1) NZ (=1)* (N), (=)=
xSt (r—1 —:z()) (N—s—1)Hy s 1,-2(x), 1, (2.22)
—iNz_é (—1)* (N), (—D)N 577 (6 = 118y 40 (r — 4)

X (N — S — ].)!HN,S,LT,Q (‘r)r—i
+ (=DM N ) g (2 1) S0 (= ) (@),
_ (_1)N+1+i—7“ iIIN! (:B)T_Z'

N-—r

H —s—1,r— S i— — 1
X {(Sl,i—l (r—1—14)+ S1i-2(r —1i)) Z NN _1:9 * 1’(7”1_(71)1 ) } '
s=0 )
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By Lemma and ([2.22)), we get

) (N +1,2) = (=)Mo (r— i) N (@)

HN 1,2 Hy 1,2 Hr o, 2
x { L S }
= (_1)N+1+i—r i!Sl,i—l (7’ - Z) N!HN,T—I (x)rfi .
O
Therefore, we obtain the following theorem.
Theorem 2.3. The linear differential equations
FIN) = 2N (14 )7V (ZZQM ; ) (21 + log (1 + At))™ ()\+log(1+At))_(T_i)> F
r=1 i=0
has a solution
F=F(t;z,\) =2\ 2\ +log (1 + At)) " (1 + A tog (1 + \t))",
where, for L <r < N,0<i<r,
al) s (Ny@) = ()N ilS 1 (r = i) (N = ) Hy 11 (2),
Recall that the A-Changhee polynomials, Chy, (), (n > 0), are given by the generating function
F =F(t;x,\)
2A 1 v
= 1+ —log(1+ At
22 + log (1 + AD) < 3 o8 )> (2.23)
= t
= Chy (2)
n=0
Thus, by (2.23]), we get
w _ (4)"
FYW={(—) F(t;x,\
() ¥
0o " (2.24)
= Chpyna (2) i
k=0

n=0

X f: Chy (2) &

t
— NZ VAN +1-1), Al“
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XZZ%N z (N, x) i l—f—m—l) (2)\)7177”
m=0

r=1 =0

e+m —1 n v a—
x;Sl(e+m,m))\ (€+m)!ngo( Y'(r+n—i-1),
XSS (f + )

£=0
thn & ts
f+n -
XA T n)' Z_;} Chs,)\ ($)
N r 00 ) m
SPR0 3) BLNERED SIS ER N
r=1i=0 m=0 mn
Z Tr—n ntn S tl
XZ rdn—i—1), A A (= )(N+l—1))\“
=0
elm! t¢ fln! ¢/
e f
XeZ:;Sl(e+m,m))\(e+m' 'ZSl (f +n,m) A F+ )'f'
a t
xZChs)\(x)—
:ANZZCL’LT i NCC Z
r=1 =0 m=0
. Cicm am ™ — " , (2.25)
X (i4+m—1),, (2\) 7™\ m!zo(—n (r+n—i-1),
i—r—n ntn - l \a—s (lefs)
XA Yoo (DN (N 1 - 1),
Tl. l4+e+f4+s=a ( m )( n )
t(l
S (e+m,m) S1 (f +n,n) Chyx () =
N T ()\) oo ]f 1 m
_ N —ro—i L R .
s w5 (kY () s,
r=1 =0 k=0 \m+n+a=k
X(r+n—i—-1), Z (-1 A“efl’ﬁf’f’j’ln
l4+e+f4+s=a ( m )( n )
tk
X (N +1—=1);81 (e+m,m) Si(f +n,n)Chgx (z)) - X
00 N r )
= {)\N SN a (N a2
k=0 r=1i=0
v Z < k )(1>m(1)"(i+m1) (r+n—i—1)
m,m,a 2 m "
m+n+a=~k
I ya—s (l,e(,lf,s)
X Z (—].) )\ W(N"‘l—l)l
l+e+f+s=a m n

tk

xS1 (e +m,m) S1 (f +n,n)Chyx () ik
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Therefore, by comparing the coefficients on both sides of (2.24]) and (2.25)), we obtain the following

theorem.

Theorem 2.4. For N € N, and k € NU {0}, we have

a1 =X 33 vy Y ((F )

r=1 =0 m+n+a=k
1\™
x(—2> ()" (G +m-1), (r+n—i-1),
l (l af )
x (—1)f Noms_hedsl
l+e+fz+s:a (e—’:—nm) (sz_n)

X (N +1—1), 51 (e +m,m) Sy (f +n,n) Chy, ().

where, for 1 <r < N,0<i<r,

al) (N2) = (—D)N TSy (r— i) (N — 1) Hy 11 (2),_,
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