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Abstract

The aim of paper is dealing with the dynamical behaviors of a discrete SIR epidemic model with the
saturated contact rate and vertical transmission. More precisely, we investigate the local stability of equi-
libriums, the existence, stability and direction of flip bifurcation and Neimark-Sacker bifurcation of the
model by using the center manifold theory and normal form method. Finally, the numerical simulations are
provided for justifying the validity of the theoretical analysis. (©2016 All rights reserved.
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1. Introduction

Epidemic is caused by the pathogen, which can be spread from human to human, human to animals
and animals to animals. Because it can make a range of biological reduce or lose labor, death and spread
rapidly in a certain period of time. Therefore, it has caused great attention of scientists and mathematicians.
As early as 1927, Kermark and Mckendrick were established the mathematical model of infectious diseases
by using the method of dynamics, and constructed the famous SIR bin model [16]. After the middle of
the 20th century, the dynamics of infectious disease has been gotten rapid development, and the epidemic
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dynamical models have been widely investigated [2H4], [19]. Hu et al. [14] studied the dynamical behaviors of
a discrete predator prey system with nonmonotonic functional response. They obtained the local stability
of equilibria of the model, and proved that the model undergoes the flip bifurcation and Hopf bifurcation.
He et al. [I1] investigated the dynamics of a discrete-time predator prey system, and they proved that the
system undergoes the flip bifurcation and Neimark-Sacker bifurcation by using a center manifold theorem
and bifurcation theory. The dynamical behaviors of a class of discrete-time SIRS epidemic models are
discussed in literature [13], and they obtained the conditions for the existence and local stability of the
disease-free equilibrium and endemic equilibrium. Ghaziani et al. [9] studied the resonance and bifurcation
in a discrete-time predator-prey system with Holling functional response. Chen et al. [7] applied the forward
Euler method to the ratio-dependent predator-prey model, and then investigated the dynamical behaviors
of its discrete system by using the center manifold theorem. Elabbasy et al. [§] derived the existence and
stability of the fixed points of a discrete reduced Lorenz system by using the center manifold theorem and
bifurcation theory. Zhang et al. [22] investigated the dynamical behaviors of the discrete-time predator-
prey biological economic system by using the new normal form of differential-algebraic system. Zhao et al.
[23] focused on a reaction-diffusion neural network with delays and studied the stability and bifurcation of
the networks. Wang and Li [20] revisited a discrete predator-prey model with a non-monotonic functional
response and presented a very useful lemma which is a corrected version of a known result, and a key tool
to study the local stability and bifurcation of the system.

Although there are many scholars mainly investigated the nonlinear dynamic characteristics of continuous
system, but the research about discrete systems is relatively few. Compared with the continuous system, the
discrete systems possess their unique dynamic characteristics. And in the real life, many practical problems
can be depicted by the discrete systems, we can also discrete the continuous systems. Therefore, the study
of discrete system is very important and achieved great development in the field of mathematics, physics
and engineering. And due to many infectious diseases’ data are collected based on day, week, month or year.
So, we need to establish the discrete model for research. At this time, the discrete model is more conform
to actual than the continuous model. In recent years, the research and application on discrete infectious
disease model has become a very popular topic [I, 5, 6]. Yi et al. [2I] obtained a discrete epidemic model
with nonlinear incidence rate by using the forward Euler method, and derived the conditions for existence of
codimension-1 bifurcations and codimension-2 bifurcation. Li [17] studied a discrete food-limited population
model with time delay, and by choosing the time delay as the bifurcation parameter, he proved that Neimark-
Sacker bifurcations occur when the delay passes a sequence of critical values. Hu et al. [15] investigated the
flip bifurcation and Hopf bifurcation of a discrete-time SIR epidemic model by using the center manifold
theorem and bifurcation theory. Wang et al. [20] formulated an easily verified and complete discrimination
criterion for the local stability of the two equilibria of a discrete predator-prey model with a non-monotonic
functional response, and then studied the stability and bifurcation for the equilibrium point. Hu et al.
[12] discussed the globally stability of a SIR epidemic model with the saturated contact rate and vertical
transmission by using V function and Dulac function.

We consider the following continuous-time SIR epidemic model with the saturated contact rate and
vertical transmission:
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N(t)=S(t)+ I(t) + R(t),

where S(t),I(t) and R(t) denote the numbers of susceptible, infective, recovered individuals and total
numbers of the individuals at time ¢, respectively. p > 0 is the birth rate (death rate) of the population,
1&5;15 (8 > 0,a > 0) is the saturated contact rate, v > 0 is the recovery rate of the infective individuals,
1—6(0 <6 <1) is the proportion of vertical transmission.
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Applying the forward Euler scheme to model (|1.1]), we obtained the following discrete-time SIR epidemic
model with the saturated contact rate and vertical transmission:

BSnly
Spt1 =Sn +hlp(l—=8,) — ——— — u(l = 6)1,],
1= Su+ hla(L = 8,) - 2 (1 - )]
_ BSnln
In+1—In+h[1+aSn YIn — pé 1], (1.2)
Ry11 = Ry + h[yvI, — pR,),
N1 = hp+ (1 — hyt) Ny,

where h is the step size. p,a, 3,7 and § are defined as model (L.I)). Assume that S(0) > 0,1(0) > 0, R(0) >
0, and all the parameters are positive. In this paper, we mainly investigate the dynamical behaviors of
model , such as stability of the equilibrium, flip bifurcation, Neimark-Sacker bifurcation and chaos
phenomenon.

Due to the first two equations of model is about (Sy, I;,) not including R, and the third equation is
the linear equation of R,,. Therefore, the dynamical behaviors of model is equivalent to the dynamical
behaviors of the following model:

BSnln

Sn+1 = Sn + h[:u(l - Sn) - 1+ OéSn - M(l - 5)In]a

In this paper, we study the dynamical behaviors of model , such as local stability of equilibria, flip
bifurcation and Neimark-Sacker bifurcation.

The paper is organized as follows. We discuss the existence and local stability of equilibria in model
(1.3) in Section In Section 3| we study the flip bifurcation and Neimark-Sacker bifurcation for model
by choosing as a bifurcation parameter. We present the numerical simulations illustrating our results
with the theoretical analysis in Section 4} In Section [5] conclusion of the paper is given.

2. Existence and stability of equilibria

In this section, we discuss the existence and stability of the equilibria of model . The basic reproduc-
tive rate of model is Ry = m which is the average number of secondary infections generated
by an initial population of infected individuals over their lifetimes. Through a simple calculation, we can
get the following results.

Proposition 2.1.
(1) If the basic reproductive rate Ry < 1, then model (1.3)) has only a disease-free equilibrium Ey = (1,0);

(2) if the basic reproductive rate Ry > 1, then model (1.3)) has two equilibria: disease-free equilibrium
E, = (1,0) and endemic equilibrium Eo = (S*,I*), where

gr__ Atpd O v+ po )
B —a(y+ps)’ pty B —aly+ pd)

Lemma 2.2 ([21]). Let F()\) = A2+ BA+C. Suppose that F(1) > 0 and A1, A2 be the two roots of F(\) = 0,
then

(i) |A1] <1 and || <1 if and only if F(—=1) >0 and C < 1;

(i) |A1] <1 and |2 > 1 (or |A]| > 1 and |A2| < 1) if and only if F(—1) < 0;
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(iii) [A1] > 1 and |X2| > 1 if and only if F(—1) >0 and C > 1;
(iv) Ay = =1 and |X2| # 1 if and only if F(—1) =0 and B # 0,2;
(v) A1 and Ay are complex numbers with || =1 and |Xo| = 1 if and only if B> —4C < 0,2 and C = 1.

Let A; and Ay be two roots of the characteristic equation of Jacobian matrix J. The fixed point (z,y)
is called a sink if |A;1| < 1 and |A\2] < 1, and the sink is locally asymptotic stable. (x,y) is called a source if
|A1] > 1 and |A2| > 1, and the source is locally unstable. (x,y) is called a saddle if |A\1| < 1 and |A2| > 1 (or
|IAd1] > 1 and || < 1). And (z,y) is called non-hyperbolic if either |[A\1| = 1 and |A2] = 1.

Now, we study the local stability of equilibria £ and FEs.

Theorem 2.3. If the basic reproductive rate Ry < 1, then we have

(1) Ey = (1,0) is asymptotically stable if 0 < h < mm{u M%}
2(14+«a 14+o
(2) By = (1,0) zsunstableth>ma:v{2 W} orm <h<?2 OT% < h<

l””
_ 204a)
(I4+a)(y—pd)—p’

2(14a)

(3) E1 = (1,0) is non-hyperbolic if h = % orh = GrayG-po=5"

Proof. The Jacobian matrix of model (1.3) evaluated at equilibrium E; = (1,0) is

By = < 1~ hp h[—m— (1-0)] >

0 1+h[gZ; —v— pd)

The J(E1) has the following two eigenvalues:

A1 =1-—hy, Az—l—l—h[lf—'y po).

According to Lemma [2.2] we know Theorem [2.3] follows. O
Theorem 2.4. If the basic reproductive rate Ry > 1, then we have

(1) Ey = (S*,I*) is asymptotically stable if one of the following conditions holds:
(a) & >4&, & <—-01, 0<h< Oy
(b) & <4&, &6 <0, 0<h<—(&4/&);

(2) Eq = (S*,I%) is unstable if one of the following conditions holds:
(a) & >4&, & >010r & <—61and h> Oy
(
(

b) & <4&, & #0, h>—(6/&);
c) & >4&, & >01, O3 <h< O3

(3) Eo = (S*,I") is non-hyperbolic if one of the following conditions holds:

(a) & >4&, &#0, & =-010r h=0y & =0610r h=0g;
(b) & <4&, h=—(&/&%), where

_ 7 . —

Proof. The Jacobian matrix of model (1.3]) at equilibrium Ey = (S*, I *) is

B N
h(lfis* - (1iié*)2) 1 + h<1+o¢5’* ¥ — /’Lé)
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The characteristic polynomial of the Jacobian matrix of model (1.3|) evaluated at Fy = (S*, I*) has the
form

FO) =A% = (2+ h&A + 1 + héy + h2E,
where
51_(1+aS*)2_ 1+ aS* MO
B+ ) S* pBS*

= 1— _
& 1—|—a5’*( l—i—aS*) 1+ aS*

+ p(y + pd).

So, the eigenvalues of J(FE2) are:

Mz =14 06+ /6 - 462).

According to Lemma we can get the conclusions of Theorem O

3. Bifurcation analysis

The endemic equilibrium Fy = (S*, I*) is more meaningful in SIR epidemic model with the saturated
contact rate and vertical transmission. So, we will study the local stability of the equilibrium FE>. We
choose the step size h as the bifurcation parameter to investigate the flip bifurcation and Neimark-Sacker
bifurcation of the model by using the bifurcation theory and the center manifold theorem.

3.1. Flip bifurcation

Now, we use the center manifold theorem and Theorem [2:4] to analyze the flip bifurcation of the model
(1.3). Define the following parameter sets:

Sl = {(h7lu’7a76757’7)’h = @27 RO > 17 é% Z 4627 51 < _617 52 7é 07
5% - 61@1 7& 26274627 halua 05767577 > 0}7

SQ = {(h,,u,,a,ﬁ,é,’y)]h = 637 RO > 17 6]? Z 4&27 51 > 61 or §1 < _@17
g% - £1@1 7& 2&274527 hnuv aaﬁvdfy > 0}

We discuss the flip bifurcation of model (1.3)) at Fy = (S*, I*) when h varies in the small neighborhood of
h* and (h, u, «, 3,6,7) € S1. And the similar arguments can be applied to the other case (h, u, i, 8,9,7) € Sa.

Theorem 3.1. If s # 0, then the model (1.3) undergoes a flip bifurcation at Eo = (S*,I*) when the
parameter h* changes in the small neighborhood. Moreover, if ag > 0 (respectively, ag < 0), then period-2
points that bifurcate from Eo = (S*,1*) are stable (respectively, unstable).

Proof. When the parameters (h, u, o, 8,0,7) € Si, the model (1.3)) can be described as follows:

Sl
St = S+ (1 — §,) — 2 gy,
14+ aS,
Iy =1y I, — pdly).
+1 +h1[1+o¢5n v (o 1y,]

Obviously, the model (3.1)) exists the equilibrium Fy = (S*, I*). The corresponding eigenvalues of model
(3.1) at E5 are \y = —1, Ao = 3+ &0, and || # 1.
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Because (h, u, o, 3,d,7) € S; and hy = O, we choose h* as the bifurcation parameter, and consider a
perturbation of model (3.1)) as follows:

Snt1 = Sn + (ha + h7)[u(l = Sn) = 5 s, u(1 = 6)1n],
B o BSuL
Iy =1 + (hl +h )[1 T as, vIn /MSIn]a

where |h*| < 1, which is a small perturbation parameter.
Let u, = S, — S*,v, = I, — I'**, then we transform equilibrium Ey = (S*,I*) into the origin (0,0).
Through the complex calculation, we obtain
Unt1 = a11Un + A12Vy + a13U7 + a14Un Vs + b110Rh" + biovnh™ + cr1ud, + c1oupvp
dlluih* + dlgunvnh* +erh* + O((\un\ + ’Un’ + |h*’)4),
Unt1l = A21Un + Q22U + Q2312 + A24UnVy + b210Rh* + boovnh* + co1ul + caguivy

do1u h* + doounvnh™® 4 esh® + O(([un| + |vp| + |A*))?Y),

(3.2)

where
- hBI*  haBS*I* - hBSs* _ hapI*
o =1=hp—=7a 1+as92 27 il =0) = 7~ o a3 = (1+ aS*)3’
o hOBShg B aBST B
BT 0 1as)? 1+as MT TGS T Qrasnz BTH 1+ oS
ho?BI* haf3 afl* afS* 8

12 =

= - e —— d = — —
M= "0 ras” T T 0+a53 M T +as)¥ 1+aS)? 1+aS*

BS*I* . . hBI* haBS*I*
€1 H (1+aS*) IUS /.L( 6) ) a1 1+@S* + (1—}—045*)2’
BS* haSI* hB ha3S*
-1 _ P — _
a2 h(7y + ué 1—}—045'*)’ a23 (14 aS*)3’ a24 1+ aS* (1—}-045*)2’
by = BT _aBSTT o s_ BST o ha®8I" o haB
T Ias  (was 2T T T gase BT et T (T ash
afI* 3 aBS* BS*I*
dyp = —— 0 gy = - S ANy SN &5
AT T 0 x a5 P T11aS5 (1+as)? 2T (xasy K

Define the invertible matrix 7" as follows:

a2 a2
T = .
<—1—a11 )\2—a11>

(n)=r(3):

then the model (3.2)) becomes into the following form

Using the following translation

XTH-l = _X’Vl + F(Un,'l)n, h*)a (3 3)
Yn+1 =-Y,+ G(Umvmh*)> ‘
where
Ao — a11)a13 — 120G Ao — a11)014 — G120 Ao — a11)bi1 — a12b
F(tn, 0n, h*) = (A2 11)a13 12 23u,21+( 2 11)a14 12 24unvn+( 2 11)b11 12 21unh*

aj2(A2 +1) aj2(A2 +1) aj2(A2 + 1)
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(A2 — a11)bi2 — a12b22 (A2 —arr)cin —arzcr 5 (A2 —ari)ciz — aacan o

»
ajz(A2 + 1) onlt” + ajz(A2 +1) tn ajz(Ae + 1) Un'Un
(A2 —a11)dy1 — a12d21u2 4 (A2 —a11)di2 — a12d22u v B 4 (A2 —a11)er — arzer B
ajz(Ae2 + 1) " aiz(A2 + 1) e aiz(A2 + 1)
+ O((Jun| + |val + [*))Y),
. (14 an)aiz + azazs o (14 ai1)ais + ai2az4 (14 a11)bi1 + argbar .
G (utn, vn, 17) = ai2(Ag + 1) tn ai2(A2 +1) tntn ¥ ai2(A2 +1) unh
(14+ai1)bi2 + a12522v 4+ (14 ai)er + a1261 3 (14 a11)ciz + a12c2 2o
aj2(A2 + 1) " aj2(A2 +1) " aj2(A2 +1) nn
(I4+ai1)din +ai2dar o, , (14 ai1)diz + arada . (I+ai)es —azer
ai2(A2 + 1) uh” aj2(A2 +1) Unnft” aj2(A2 + 1) h

+ O(([un| + va] + |B*)"),
and

Up = a12(Xp +Yn), vp=—-14a11)Xn+ A2 —a11)Y,,
UnUp = a12[—(1 + all)Xg + (A —1—=2a11)X,Y, + (A2 — all)YHQ],
ul = a2, (X2 +2X,Y, +Y2), ud=ad(X3+3X2Y, +3X,Y2+Y3),
upvn = —ajs (14 an) X, + (a3o(A2 — a11) — 2aiy(1 + an1)) X3 Yy,
+ (2ai5 (A2 — an) — afy(1 + an)) X, Y,? + afp (A2 — an)Yy, .
Based on the center manifold theorem, we can get the following approximate representation of the center
manifold W¢(0,0) of model at the origin in a small neighborhood of A* = 0.

We(0,0) = {(Xn, Yn) € R%|Y,, = agh* + a1 X2 + ao X, h* + azh* + O((Jun| + |va] + |R*])3)},

and
an = eraiz + ea(l + air) a = ai2[(1 + a11)a13 + arzazs] — (1 4+ a11)[(1 + ar1)a1s4 + a12a24]
alg(lf)\g) ’ 1*)\% ’
0y — (14 a11)[(1 + a11)bi2 + a12baa] — a12[(1 + a11)bi1 + a12ba1] + 2a1]e1 (A2 — a11) — aize9]
a12(1 — /\%)2 ’
0 = agler(Mg — an1) — arzes]  arfer(Ma — ai1) — arzeq]?

ara(1 = A3) afay(1 = A3)%(1 = A2)
We can restrict the model to the center manifold W¢(0,0), and obtain
Xni1 = —Xp + X2+ hoh* + ha X, h* 4+ hah*® + hs X2h* + he X, h*?
+hrXo) + hgh™ + O((1Xa| + [R*])%),
where

hy = ai2[a13(A2 — a11) — a2az3] — (1 + a11)[a1a(A2 — a11) — a14a24]

1— )Xo
b e1(Aa — a11) — arzer
2 = 3
ai2(1+ A2)
hs = 2apa12[aiz(A\2 — a11) — argazs] + ap(A2 — 1 — 2a11)[a13(A2 — a11) — aizas4]

14+ Xy
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N ai12[b11(A2 — a11) — a12b21] — (1 + a11)[bi2(A2 — a11) — ai2b2y]
alg(l + )\2)

)

adaiz[aiz(A2 — a11) — a12a23] + a3 (A2 — a11)[ara(A2 — a11) — ar2a24]
1+ )\2
+ apai2[bi1(A2 — ai1) — a12ba1] — ap(A2 — a11)[bi2(A2 — a11) — a12b22]
ai2(1+ A2)

hy =

)

_ 2a1z(a2 + agar)[a13(A2 — a11) — arzazs] (1 + an1)[diz(A2 — a11) — ar2dzs]
N 1+ Ao 1+ Ao
a1z[dii( A2 — a11) — arada1]  3apadyfein (A2 — a11) — ajacol]
+
14+ A 14+ A
(BA2 — 1 —4an)]a1a(A2 — a11) — a12a24]  a1[bini(A2 — a11) — a12ba1]
+
1+ Ao 14 X
n apaiz(A2 — 1 — 3ar1)[c12(A2 — a11) — a12¢22] n a1 (A2 — a11)[biz(A2 — a11) — a12b22]
14+ Ao a12(1 4+ Ao)

hs

)

_ 2a12(az + 2apa1)[a1z(Ao — a11) — aisasz] | ar(A2 —a11)[bia(No — a11) — aiabos]
= +
14+ Ao aja(1+ A2)
az[bi1(A2 — a11) — aizbai] ap(A2 — 1 — 2a11)[d12(A2 — a11) — a12das]
1+ Ao 1+ Ao
aga12(2A2 — 1 — 3a11)[b12(A2 — a11) — aizbas]  2apai2[di1(A2 — a11) — arada]
+ +
14+ Ao 1+ XA
[dagaz(A2 — ai1) + A2 — 1 — 2a11][as(A2 — a11) — a12a24]
1+ X

he

)

b — 2a1a12[a13(A2 — a11) — a12a23] n a1(A2 — 1 —2a11)[a1a(A2 — a11) — a12a24]
7 1+ )\2 1+ )\2
adylern(Na — a11) — araco1]  ado(1+ arn)[cia(A2 — a11) — ajacas)
+
1+ Ao a12(1 4 No)

)

_ 2apaza12[a13(N2 — a11) — aigass] | 2apaz(A2 — air)|aia(A2 — a11) — a12a24]
= +
L+ A ai2(1+ A2)
azlbi1(A2 — a11) — a12ba1]  adaialdii (A2 — a11) — aiada]
+
1+ X 14+ Ag
at(M2 — a11)[di2(A2 — a11) — aradas]  agais[cii(Ne — ar1) — arzea]
+
(1+A2) 14 o
(a3 + ajaty) Aa — anr) [bra(Ae — a11) — aizby)]
+ .
a12(1+ A2)

hs

+

Therefore, we define the map G* with model (3.3) restricted to the center manifold W¢(0,0) has the

following form:

G*(X,) = =X + i X2 + hoh* + hs X, h* + hah*? + hs X2h* + h X, h*?
+he Xpy + hsh*® 4 O((| Xa| + [R*[)Y).

In order to undergo a flip bifurcation, we require that two discriminatory quantities a; and as are not
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equal to zero, where

0’G*(X,) 10G*(X,) 0*G*(X,)
0X,0n 2 oh* X2
183G*(X,)  02°G*(Xy)

6 0X3 (—oxz

n

ar = ( ) lo,0= h3 + hiha,

%) lo.0= h7 + h3.

042:(

O

From the above analysis and the theorem in [18], we proved the accuracy of the Theorem In Section
we will choose some values of parameters u, «, 5,9 and ~ to show the process of flip bifurcation of model

3.

3.2. Neimark-Sacker bifurcation

Now, we discuss the Neimark-Sacker bifurcation of Ey = (S*, I*) if h varies in the small neighborhood
of N, and the parameter set N defined as follows:
N:{(ha/‘vaaﬁvéa’yﬂhzga R0> 17 £%<4£27 627&07 hauvaaﬁ’5a’y>0}'
Theorem 3.2. If | > 0,&2 # 2¢5,3& and a # 0, then model (13.5) undergoes Neimark-Sacker bifurcation
at equilibrium Eo = (S*,I*) when the parameter R changes in the small neighborhood. Moreover, if a < 0
(resgectively, a>0), then an attracting (respectively, repelling) invariant closed curve bifurcates from Es
for B* >0 (respectively, h* < 0).

Proof. By taking the parameters (ho, i, o, 3,9,7v) € N, the model (|1.3)) becomes into:

Snln

Sn+1 = Sn + hZ[:U’(]- - Sn) - L - N(l - 5).[”],
1+ aS,

In+1 = In + hQ[m - ’)/In - ,U,(S.[n],

and the model (3.4) has an equilibrium (S*, I*). Because (hs, u, @, 8,6,7v) € N and (hy = —5—1, we choose I
H &2

as the bifurcation parameter. Giving parameter hy a perturbation 1", we consider a perturbation of model

(13.4) as follows:

— Spln
Suit = Su+ (he + B)[u(1 — S) — 2200 1 g)1,),
1+ as,
—sr. BSuIn (3.5)
Inj1=1In+ (ha+h )[m —In — pdly),

where |h"] < 1.
Let u, = S, — S*,v, = I,, — I'**, then we transform equilibrium Ey = (S*, I*) into the origin (0,0), and
by calculating we get

{ Upt1 = A11Un + 12V, + a1gui + a14Un Uy + C11U§L + ClQUivn + O((|un| + !Un!)4), (3.6)

Up4+1 = G21Un + A22Up + a23u% =+ ag4UnVy + CQl’U,?1 + CQQ'U,?%Un -+ O((\un\ + ”Un’)4)
The characteristic equation associated with the linearization equation of model (3.6)) at (0,0) is given by
A2+ p(AIN+q(R7) =0,

where

p(R)=—=2—¢&(ha+1h"), q)=14&(ha+h")+&(ha+h)2
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Since (ha, i, @, 3,8,7) € N, the model (3.6) has a pair of conjugate complex roots A\, A with modulus 1
at By = (S*,I*), where

A= =28 & fag(w7) - (R

— 14 Sulhath )y ilth) /e, g2

So we have

(A= Vah), 1= =5 =

In addition, it is required that A™ X" # 1, (m =1,2,3,4) when 1" = 0, which is equivalent to p(0) #
—2,0,1,2. Note that (ho, u, @, 3,6,7) € N, then p(0) # —2,2. We just need to require that p(0) # 0, 1, that
is

£ # 269,35, (3.7)

Therefore, the eigenvalues A, A of equlhbrlum (0,0) of model . do not lay in the intersection of the
unit c1rcle with the coordinate axes when =0 ,€1 < 0 and the condition ) holds.
Let i =0,w; =1+ &hz Wy = \/452 ¢, and the invertible matrlx

T:< 412 0 )
w1 — arl —Ww?

Unp, . Xn
(m)=r(5)
the model ({3.6) becomes into the following form

Xn+1 =w X, —wyY, + F(Xn, Yn>,
Yn+1 =wo X, + w1 Y, + é(Xn, Yn),

Using the following translation

where
— a3 o 14 C12 o 4
F(X,,Y,) = —u, + —u, n+ n+ — vy + O((| Xn| + [Yal])®),
a2 a12 a12 a2
= aiz(wr — a11) — a2a23 o apa(wi — ai1) — a12624 ci1(wi — a11) — arzean
G(Xn, Yn) = u; + UnUp, + ud
a12W2 a12w2 a12W2
ci2(wi —ai1) — arace u2v
+ n+ O((1 Xn| + [Ya)h),
a12wW2
and
2 2 2 2 2
Uy, = ao X5, UnUy = a12(w1 — a11)X;; — a1owe X Yy,
3 3 2 3 2 2
u, = alQXn, unvn = ajs(w1 — a11) X, — afowe XJY,,.
Furthermore,
Fx, x, =2a12a13 + 2a12(w1 — a11), Fy,y, = —w2an1, Fx,y, =0,
_ ) n _ _
Fx, x,.x, = 6ciafy + 6cr2a12(w1 —a11), Fx,x,v, = —2cieai12w2, Fx,v,v, = Fy,v,v, =0,

— 2
Gx,x, = ;2[&14(601 —a11)? + (w1 — a11)(a13 — a12a24) — a12a23)2a12a13 + 2a12(w1 — ary),

Gx, v, = a12a24 — a14(w1 — a11), Gy,y, =0,
— 6
Gx, X, X, = @[a12012(w1 —a11)? 4 (w1 — a11)(a13 — a39co2) — arass),

Gx,x,v, = 2a12la12¢22 — c12(w1 — an)], Gx,v,v, = Gv,v,v, = 0.
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In order to undergo Neimark-Sacker bifurcation for model (3.8)), we require that the following discrimi-
natory quantity is not equal to zero:

-2
1-2\)) 1 —
a= [—Re((l_;&ofn) - §|§11|2 — |€021* + Re(A21)] I+ _o (3-8)
where
1 _ _ - ~ -
o2 = g[Fann - Fy,y, +2Gx,y, +i(Gx,x, — Gv,v, +2Fx,v,)],

1. — = el
611 - Z[FXan - FYnYn + Z(GXan - GYnYn)]’

1.— _ _ o _ _
1 — _ _ _ o _ _ _
§o1 = E[Fxnxnxn —Fx,x.v. T Gx,x0v, T Gyov,y, Hi(Gx,x,x, — Gyovay, — Fxox,v, — Fy,yvav,)]

Therefore, from the above analysis and the theorem in [I0], we proved the accuracy of the Theorem
3.2 O

In Section [4 we will choose some values of parameters p, o, 8,0 and 7 to show the process of Neimark-
Sacker bifurcation for model ([3.5)).

4. Numerical simulations

In this section, we will present the bifurcation diagrams and phase portraits to illustrate above analytic
results.

4.1. The numerical simulation for flip bifurcation

Let « = 0.52,8 =220 =1.2,06 = 0.01,7 = 0.02, then according to Lemma [2.2] we know that in the
model exists an endemic equilibrium FE5(0.0147,0.9692). By calculation we known that, the model
undergoes the flip bifurcation at E5 when h = 0.9984. At this time, the coefficients cvy = 15.1737, g =
—26.3378, and («, 8, 1, 0,7) = (0.52,2.2,1.2,0.01,0.02) € S;. Thus, the above analysis and Fig. verify the
correctness of Theorem [3.1]

06

(a) (b)

05+
04t
03k
0zr
o 01F
G,
01k
02+

03+

Figure 1: The flip bifurcation of (a) S, and (b) I, with a = 0.52,8 =2.2, 4= 1.2,6 = 0.01,y = 0.02,h € [0.9,1.35] and initial
values (So, Io) = (0.06, 0.06).

We fix the parameter a = 0.52,8 = 2.2, 4 = 1.2,§ = 0.01,v = 0.02, and draw the flip bifurcation
diagram when h € [0.9,1.35], as shown in Fig. And Fig. |2 shows the phase portraits of model (|L.3])
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for different values of corresponding to Fig. From Fig. we see that the equilibrium FEy is stable
when h < 0.9984, and loses its stability when h = 0.9984. And there is a period-doubling bifurcation when
h > 0.9984. Further, we can see the period-2 orbits, period-4 orbits and period-8 orbits appear in the range

h € (0.9984,1.305). Moreover, a chaotic attractor is emerged when h = 1.33.
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0.2 01 0 01 0.2 0.3 0.4 05

Figure 2: The phase portraits of model (1.3)) for different values of h corresponding to Fig.

4.2. The numerical simulation for Neimark-Sacker bifurcation

Let a = 12,8 = 2.0,p = 1.5,0 = 0.01,7 = 0.2, then according to Lemma we know that in the
model exists an endemic equilibrium F(0.1234,0.7735). Through calculation and analysis, we can get
the model undergoes the Neimark-Sacker bifurcation at equilibrium Fy when the parameter h = 1.342.
And the eigenvalues of equilibrium Es are Ay = —0.3983 £ 0.9173:. So, we have [A\| = 1,1 =

1.3174 > 0,0 = —4.8467,£2 = 6.9426, 26, = 4.965, 3¢, = 7.4475, (o, B, 1, 6,7) = (1.2,2.0,1.5,0.01,0.2) € N.

Thus, combining with the above analysis and Fig. [3| we verify the correctness of Theorem

d
dn*
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We fix the parameter « = 1.2,8 = 2.0, = 1.5, = 0.01,v = 0.2, and draw the Neimark-Sacker
bifurcation diagram when h € [1.3,1.6], as shown in Fig. And Fig. shows the phase portraits of
model for different values of corresponding to Fig. From Fig. (3| we see that the equilibrium FEs is
stable when h < 1.342, and loses its stability when h = 1.342. And there is an invariant closed curve when
h > 1.342.

"l(@)

o

w

L L
135 1.4 1.45 15 185 16
h

Figure 3: The Neimark-Sacker bifurcation of (a) S, and (b)I, with o =1.2,8=2.0,4 =1.5,§ = 0.01,y = 0.2,h € [1.3,1.6] and
initial values (So, Ip) = (0.06,0.06).
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Figure 4: The phase portraits of model (1.3 for different values of h corresponding to Fig.

5. Conclusions

In this paper, we proposed a discrete SIR epidemic model with the saturated contact rate and vertical
transmission obtained by Euler method. First, we presented the parameter conditions for the existence of
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equilibria, and the local stability of the equilibria are also investigated. Moreover, the existence, stability and
direction of flip bifurcation and Neimark-Sacker bifurcation are studied by using the center manifold theorem
and the norm form theory. The results show that the flip bifurcation and Neimark-Sacker bifurcation occur
when the bifurcation parameter crosses some critical values. At last, we presented the numerical simulations
illustrating our results with the theoretical analysis. Apparently, there are more interesting problems about
this discrete SIR epidemic model which deserve further investigation.
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