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Abstract

In this paper, we consider the existence of three solutions and infinitely many solutions for discrete
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1. Introduction
Consider the following discrete fourth-order boundary value problem

Atu(t —2) + nA2%u(t — 1) — Eu(t)
= Af(t,u(t)) + pg(t,u(t)) + h(u(t)), tela+1,b+1]z, (1.1)
u(a) = A%u(a—1) =0, u(b+2)=A%ub+1)=0,

where A denotes the forward difference operator defined by Au(k) = u(k+1) —u(k), A"u(t) = A(A tu(t)),
a, b are two fixed integers, [a+1, b+1]z is the discrete interval {a+1,a+2,--- ,0+1}. f,g: [a+1,b+1]zxR —
R are two continuous functions, h : R — R is a strictly monotone Lipschitz continuous function with
Lipschitzian constant L > 0 and h(0) = 0. n,&, A\, u are four real parameters and satisfy

A€ >0, E4+dpsin® —— " <16sinf—— " A>0, pu>0,

8 sin’
1< s 206 —a+2) 2b—a+2)

T
2b—a+2)’
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where 7, £ are given in [§].

In recent years, much attention has been paid to fourth-order difference equations which are derived
from various discrete elastic beam problems. A great deal of work has been done in the research of the
existence and multiplicity of solutions for discrete fourth-order boundary value problems by using classical
methods, such as the fixed point theory and fixed point index theory [II, 2] [3, @, (10} 15| [19], the critical point
theory [7, 8, IT], 16], Krein-Rutman Theorem and bifurcation theory [12], 13, [14] 18] and references therein
for details.

In 2009, by using the Guo-Krasnosel’skii’s fixed point theorem and Leggett-Williams Theorem, Anderson,
et al. [I] considered the existence, multiplicity and nonexistence of nontrivial solutions to the following
problem

Atu(t —2) — nA2u(t — 1) = Af(t,u(t)), t€la+1,b—1]z, 19
{ u(a) = A%u(a—1) =0, u(b) = A%u(b—1)=0. (1.2)

Moreover, the clever use of a symmetric Green’s function relaxes the nonnegative assumption on the nonlinear
term f.

Later, on this basis, depending on the critical point theory and monotone operator theory, He and Su
[8] investigated the following problem

{ Atu(t —2) + nA2u(t — 1) — Eu(t) = Mf(t,u(t)), t€la+1,b+1]z, (1.3)

u(a) = A%u(a—1) =0, u(b+2)=A%ub+1)=0,

which is the special case of (L.1)), i.e., when y = 0 and h(u(t)) = 0. They gave the sufficient conditions for
the existence and nonexistence of nontrivial solutions when A lies in some suitable intervals and n, ¢ satisfy
certain conditions, respectively.

Motivated by the above results, we will discuss the existence of three and infinitely many solutions of
the fourth-order discrete with multiple parameters boundary value problems by choosing the suitable
n, & A and p. The main tools that we use are two critical point theorems due to Bonanno and Marano [6]
and Bonanno and Bisci [4], which are two more precise versions of Theorem 3.2 in [5] and Theorem 2.5 in
[17]. In details, using the critical point theory, Theorem 2.6 in [6], we obtain the existence of three nontrivial
solutions of in Theorem 3.1 by establishing precise interval for A and p and this theorem extends the
Theorem 4.7 in [§]. In Theorem [3.1, we require on the primitive of the function f both a growth more
than quadratic in a suitable interval and a growth less than quadratic at infinity and f is nonnegative on
a interval, moreover on g an asymptotic condition is requested. Furthermore, using Bonanno and Bisci’s
theorem, Theorem 2.1 in [4], requiring that the nonlinear term f has a suitable oscillating behavior at
infinity, in Theorem we establish the existence of a precise interval A such that for every A and every
continuous function g which satisfies a certain growth at infinity, and choosing p sufficiently small, the
problem admits an unbounded sequence of weak solutions.

The rest of this paper is arranged as follows. In Section [2] we will construct the suitable Banach space
and appropriate functionals corresponding to and give our basic tools. Moreover, we will show some
other preliminaries. In Section (3| under suitable hypotheses, we prove that problem admits three
nontrivial solutions. In Section |4 we show the conclusion of infinitely many solutions for problem . In
Section |9, an example will be given to demonstrate our main results in Section [3| and Section [4] under the
corresponding conditions, respectively.

2. Variational Framework and Main Tools

First, we are going to give the Green’s function and the corresponding variation framework associated
with (|1.1). We introduce some basic notations. Let

E = {u — {u(®)}oEL, | ult) € R} .
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Then F is a b — a + 1-dimensional Hilbert space under the following inner product and norm
b+1 b+1 3
(w,0) = Y ult)v(t), |ull = ( > |u(t)|2> , uwveE.
t=a+1 t=a+1
We can obtain the following inequality
max - |u(t)] < [|ul]. (2.1)

t€[a+1,b+l]z

From [§], we have

At —2) + nA%u(t — 1) — €u(t) = (=A2L + 1) (= A L + ra)u(t) = (AL + r2)(—A%L + r1)u(t),

where u = {u(t)}’=3 || Lu(t) = u(t — 1), t € [a+ 1,b+ 1]z and 71,79 are roots of the polynomial

P(r) = r? + nr — &, And by the assumptions on 7, £, we see that rq > ry > —4sin? m.
Lemma 2.1 ([8], Lemma 2.1). Let v € E and i € {1,2} be fized. Then the problem

U(t)v te [CL+ 1>b+ 1]27

has a unique solution

b+1
ut) = > Gilt,kyu(k), telab+ 2z,
k=a+1
where G;(t, k) is given by
Gi(t k) = 1 p(t,a)p(b+2,k), a<t<k<b+l,
S p(L0)p(b+2,0) | p(k,a)p(b+2,t), a+1<k<t<b+2

with
1) p(t,k) =sinp(t — k), ¢ := arctan 7”_MM, when —4sin? 5 < r; < 0;
p . i PR 2(b—a+2)
(ii) p(t,k) =t —k, when r; =0;

(iii) p(t k) = t=F —F=t = T2ty ri(ritd) 2n-(m-+4)} when r; > 0.

Lemma 2.2 ([§], Lemma 2.2). Let w € E be fized. Then the linear discrete fourth-order boundary value

roblem
g { Atu(t —2) + nA2%u(t — 1) — Eu(t) = w(t), te€fa+1,b+ 1]z,
u(a) = A%u(a—1) =0, ub+2)=A%ub+1)=0

has a unique solution u = {u(t)}?*3 | with

b+1 b+1
u(t)= > (Z Gl(t,s)Gg(s,k)) w(k)

k=a+1 \s=a+1
b+1 b+1

= > (Z Gg(t,s)Gl(s,k)> w(k), tela+1,b+1]z,
k=a+1 \s=a+1

and
ula—1)=—-ula+1), ula)=0, ub+2)=0, wulb+3)=-ulb+1).
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Lemma 2.3 ([8], Lemma 2.3). K : E — E is a linear continuous operator, furthermore K is symmetric,
i.e., (Ku,v) = (u, Kv) for all u,v € E.

Lemma 2.4 ([§], Lemma 2.4). The eigenvalues of K are é, é . ,ﬁ, which have the correspondmg
normal orthonormal eigenfunctions ey, ea, - - ,ep_qr1, where e ={eg(t )}t ars ee(t) =\ 0o a+2 sin =% a+2 km,

tela+1,b+1)z, k=1,2,--- ,b—a+ 1. In addition, the algebraic multiplicity of each eigenvalue = > of the
linear operator K is equal to 1.

By the above Lemma and Lemma we have G;(t,k) > 0 and G;(t,k) = G;(k,t) for all ¢,k €
[a+1,b+ 1]z, i =1,2. Let

b+1
G(tv k) = Z Gl(ta 5)G2(31 k)a tvk € [a + 17b+ 1]Z
s=a+1

and G(t, k) = G(k,t) for all t,k € [a+ 1,b+ 1]7.
Define operators K, T', Ay : E — E, respectively, by

b+1

Ku(t) = Z G(t, k)u(k), Tu(t)= f(t,u(t))+ %g(t,u(t)) + %h(u(t)), ueE, telat+1,b+1]z;
k=a+1
Ay = AKT.

Since the continuity of f, g, h and that F is a b — a + 1-dimensional Hilbert space imply that Ay: £ — F

is completely continuous.
Remark 2.5. From Lemma we easily know that the fixed point u = {u(t)}i’i;_H € E of the A, exactly is
the solution u = {u(t)}?*3 | of (L.1), where u(a—1) = —u(a+1), u(a) = 0, u(b+2) = 0, u(b+3) = —u(b+1).

Again from Lemmaﬂ 2.3{and Lemma [2.4 . we obtain that Ku(t) = u(t), u € E, t € [a+1,b+ 1]z, where
1_ 1

E:a,and

2k
ep = 2cos — 4 (2n — 8) cos

—2n — 1,6 — 1
p—— +6-2n—¢ ke[l,b—a+l1]z

km
b—a+2
is given in [§] and
0<er <+ <Ep_gr1- (2.2)
Moreover, the operator K has unique inverse operator by K ~'u = eu, u € E, where e = e, k € [1,b—a+1]z.
Then, for u € E, we define the functionals ®, ¥ : £ — R by

1 b+1 b+1 [
o) = S(Kww) = Y Hu(®), )= Y |Ftu®)+56tuw)],
t=a+1 t=a-+1

where
F(t,x):/0 f(t,s)ds, G(t,x):/o g(t, s)ds, H(ac):/o h(s)ds

for every t € [a+ 1,0+ 1]z and = € R.
Put I)(u) = ®(u) — A¥(u). Obviously, for every A > 0, Iy is continuously Fréchet differentiable function,
whose differential at the point u € E is

b+1 bt1
I (u) = ®'(u) = ANV (u) = K tu — Z R(u(t)) — A Z [f (t,u(t (t u(t))]
t=a+1 t=a+1

= K 'u— \Tu.
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Remark 2.6. Since the operator equation u = Aju is equivalent to the operator equation K 'u = AT u.
Then, we know that every critical point of the functional Iy(u) in E is a solution of (|1.1)). Therefore, it will
be enough only to find the critical point of the functional I in E.

Now, let us give the main tools we will use.

Theorem 2.7 ([6], Theorem 2.6). Let X be a reflexive real Banach space, ® : X — R a coercive, continuously
Gateaux differentiable and sequentially weakly lower semi-continuous functional whose Gateauz derivative
admits a continuous inverse on X*, ¥ : X — R a continuously Gateauz differentiable functional whose
Gateaur derivative is compact and satisfies ®(0) = ¥(0) = 0. Assume that there exist r > 0 and T € X,
with r < ®(z), such that

) SWPs(y<r V() W(3)
(1) v < 3@’

(ii) for each A € A, = (ig;, Supq)(x;y\l,(z)), the functional ® — AV is coercive.

Then, for each A € A, the functional ® — AV has at least three distinct critical points in X.

Theorem 2.8 ([4], Theorem 2.1). Let X be a reflexive real Banach space, let &,V : X — R be two Gateaux
differentiable functionals such that ® is sequentially weakly lower semi-continuous, strongly continuous and
coercive, and ¥ is sequentially weakly upper semi-continuous. For every r > infx ®, let us put

5 ~H((—oo,r v -V
o(r) = _linf TPveai(( _’ ) ®) )
ued=1((—o0,r)) r <I>(u)

)

and
o= lﬁﬁﬁg o(r), ¢:= liminf o(r).

r—(infx ®)*

Then, we have

(a) For every r > infx ® and every A € (0,(1/¢(r))), the restriction of the functional Iy = ® — AU
to @~ 1((—o0, 7)) admits a global minimum, which is a critical point (local minimum) of I in X.

(b) If v < 400 then, for each A € (0,1/7), the following alternative holds: either
(b1) I possesses a global minimum, or

(ba) there is a sequence {un} of critical points (local minimum) of I such that

lim ®(u,) = +oo.

n—-+00

(¢) If § < +oo then, for each A € (0,1/0), the following alternative holds: either

(c1) there is a global minimum of ® which is a local minimum of Iy, or

(co) there is a sequence of pairwise distinct critical points (local minimum) of Iy which converges to
a global minimum of ®.

3. Existence of three solutions of (|I.1))
(A1) Suppose that f,g:[a+1,b+ 1]z x R — R are two continuous functions;

(A2) h:R — Ris a strictly monotone Lipschitz continuous function with Lipschitzian constant L satisfying
0<L< %, ie,
Ih(t) = hlt2)| < Llts — ta]

for every t1,t2 € R and h(0) = 0.
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Set
b+1 b+1
F°= max F(t,z), G°= max G(t,z) Ve >0,
L |7Ise L lzlse
b+1 b+1
Fy= )Y F(td), Gg= > G(t,d) vd>0,
t=a+1 t=a+1
o1 — 62(81 — L) — 2\F€
b 2G° ’ (3.1)
. (EbfaJrl + L)(b —a+ 1)d2 — 2)\Fd
o2 = 2min{0, G4} ’
o =
3 = b1 - )
max {0, 4 lim sup|g) 4 o0 7275:&@20&’ ) }

o =min{o,09,03}.
Suppose (A1), (A2) hold, we have the following theorem.

Theorem 3.1. Assume that there exist two positive constants c,d with ¢ < (b — a + 1)d?, such that

(H1) f(t,xz) > 0 for each (t,x) € [a+ 1,b+ 1]z x [=S,S] and f(t,z) 0 on [a+ 1,b+ 1]z x [0,S], where

S = max{c,d};
Fe (e1—L)F, ]
(H2) ‘= < (sb_aHE—&l—L)(b—da—&—l)d?’

: Yttas Fta) _ Fe(e—2L
(H3) llmsup|$‘_,+oo : r;lp < 202((6611_”);

. bt G,
(H{) limsupy_,4 o W < +o0.

Then, for every A € A := <(Eb’““+ZL}EIb7“H)d2, (El}LC)CZ) and each p € [0,0), the problem (1.1)) has at least

three solutions.

Proof. First, since condition (H2), we can affirm that A is nonempty. Then, let us prove that functionals
® and ¥ satisfy the conditions of Theorem According to the definitions of the ®, we easily know that
® and ¥ are both continuously Gateaux differentiable functional. Moreover, since K ! has a inverse and h
is strictly monotone, we get that the Gateaux derivative of ® admits a continuous inverse on E*. Now, we
claim that the Gateaux derivative of ¥ is compact. In fact, let Q be a bounded subset of FE, i.e., there is a
constant M; > 0 such that ||u|| < My, for all u € Q. Combining with the continuity of f, g for u € Q, we

have
b+1

"
Wl < Y |ftu) + Lot u®)
t=a+1
"
<(b—- 1 t - t
<b-atl) (te[a+1,b+1r}Izl,aXM1<u<M1 fltu) + A te[a+1,b+1r]rzl,aj(M1§u§M1g( ’u)> ’

which implies that ¥/(u) is uniformly bounded.
From the continuity of f, g, then, f, g are uniformly continuous for (t,u) € [a + 1,b+ 1|z x [— My, M;].
Thus, for Ve > 0, there exists 6 > 0 for (¢1,u), (t2,u) € [a+1,b+ 1]z x [-M7, M;] and [t; —t2| < J, we have

’f(tlvu)_f(t27u)‘ <€, |g(t17u)_g(t27u)| <e
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Then, for Yu € E, we obtain

b+1
W (u(t) =W ult2)] < D2 (IF(w) = Fltz, )+ Slg(tiw) — gt 0)])
t=a+1
I
<(b-a+1)(1+ X)e.
Namely, ¥’(u) is equicontinuous. According to the Arzela-Ascoli Theorem, we easily show that the Gateaux
derivative of ¥ is compact. And ®, ¥ satisfy ®(0) = ¥(0) = 0. Thus, we have ® — A\¥ € C}(E,R) and the
critical points of ® — AW are exactly the solutions of problem (1.1) for A € A. Moreover, we can see W is
continuous, so V is sequentially weakly upper semi-continuous. And We can assert that & is sequentially

weakly lower semi-continuous. As a matter of fact, owing to Zi’ii 41 H(u(t)) is continuous, we putting

M(u) = Ziﬂriﬂ H(u(t)) for u € E. For any u, € F with u, — u weakly in E. Since the inner product is

sequentially weakly lower semi-continuous in Banach Space. Then, we have

K~ un, up, K1
liminf ®(u,) = liminfw — lim M(u,) > K u,u)

— M(u) = ®(u).

Next, we show that ® is coercive. Consider that (A2) and combining (2.2]), we have

b+1 b+1

“lu,u
o) = L S ) = Ll - Y )
t=a+1 t=a+1
b+1 u(t) bil
> Sl = 3 ( /0 !h(w)—hm)rdw) =TS / 2]da (3.2)
t=a+l t=a+1
b+1
> 5l IIQ—* > lu®) 1;Luuu2,
t=a+1

which owing to (A2) with the fact that L < 5, we clearly observe that L < ;. Therefore, the functionals
® and ¥, as required in Theorem are verified.
In addition, using the same method, we obtain

_ b+1 b+1
(K luvu) €b—a+1 8b_ 1+ L
o) = BB N B < T 4 Y (H () < T
t=a+1 t=a+1
Set I
r= 2_ ?
Then, from (2.1)), (3.2)), we have
b+1
sup ¥(u) = sup Z [F(t,u(t)) + gG(t, u(t))}
D(u)<r D(u)<r t—at1
b+1 b+1
< max F'(t,z) + - max G(t, )
t—at1 lz|<e A = |:c|<c
1
— F°¢ Zqe
+ P

which implies

SuPé(u)gr\I’(u) < 2 ¢ M e
r _02(81—L)<F+ G)
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If G¢ <0, by the fact that

(1 — L)c?
A
< 2Fc 7
we obtain ()
SUPG (u)<r ¥ (U 2F¢ 1
< —. 3.3
r _(al—L)02<)\ (3.3)
If G¢ > 0, by (3.1) and the facts u < o and A € A, we get
(e1—L)c?—2)\F°
SWpwer V(W) 2P 26" S |1 )
r (e1—L)c2  (e1—L)c? A DY ’

Choosing % = d, we assert that ®(#) > r. In fact, we consider the condition (A2), combining ¢ < (b—a+1)d?,

we obtain
b+1 b+1

_ K 'u,u ~ €1, _ _
o = BB S @) > Dl - Y H@E0)
t=a+1 t=a+1
c b+1 d
> (b—a+1)d>— ( h(m)—h(O)\dm)
2 0
t=a+1
1 b+1 d
2
> 5 (b—a+1)d” -~ > L/O ||z
t=a+1
— L L
_512 (b—a—i—l)d2>€l2 A =r

Moreover, we have

(@) Svte[F(td) + (n/NG(t,d)]

m la,a
Sa)  EmE s H(d)

o ZlanlFtd) + (/NG d)]
W(b —a+1)d?
2F, n 2uGy
(Ep—ar1 + L)(b—a+1)d*>  Aep—aqr1+ L)(b—a+1)d?

If G4 > 0, it follows that

\I/<’L_l,) 2Fy 1
> > —. 3.5
(I’(ﬂ) - (6b7a+1 + L)(b —a+ 1)d2 A ( )
If G4 <0, owing to u < o and A € A, we also get
(ep—atp1+L)(b—a+1)d?—2)\F,

(1) 2F, B TC ‘ 1
— > 5 + 22Gd = —. (3.6)

<I>(u) (Eb—a+1 +L)(b—a+ 1)d AEp—ar1 + L)(b —a+1)d A

Therefore, from (3.3)), (3.4)), (3.5) and (3.6]), the condition (i) of Theorem holds.

Now, we prove that the functional ® — AW is coercive. The proof we will divide into two cases.
Case 1. When

b+1
L F(tx
lim sup LJ) > 0.
|z|—+o0 |£L’|
From (H3), there exists o > 0 such that
b+1
Pt Fe(ey — 2L
lim sup L() <a< (&1 )

oot 2P 221 — L)
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Then, for each (¢,z) € [a+ 1,b+ 1]z x R, there exists a positive constant /3, such that

b+1
S F(t,z) < afa]? + fa.
t=a+1
Combining (2.1)) with the fact that A < (51; FLC)CQ, we get, for each u € F
b+1 2
( ) (e1—L)e
A Y F(tu() < dafu(t)]® + Ao < lull? + = Pa (3.7)
t=a+1

Moreover, due to u < o, we have
b+1
lim sup —Zt at1 G4, 7) 2
|z —+00 || dp

Furthermore, for every (t,z) € [a+ 1,b+ 1]z x R, there exists a positive constant ¢,, such that

b+1 c

7 G(ta) < o+ 6
4p

t=a+1

By (2.1)), for every u € E, it follows that

b+1
6]_ 2 5]_ 2
< < — . .
> G(t,u(t) < 4M\U(t)l +0u < 4MHUH + 6, (3.8)

t=a+1

Then, by (3.7) and (3.8)), we obtain

b+1 b+1

Lo H
(u) = M(w) = (K twu) = D H(u(t) =2 Y [ LGt utt ))}
t=a+1 t=a+1
e1—L, o (e1—-L)Pa, o (e1—L)Ba €1, 9
> ———|lu* - THUH T 9pe ZHUH — j16,
_ F(er —2L) —2(e1 — L)02a|| 2 - (1 — L)c?Ba s
- 4Fe B 2FC How-
Case 2. When bit
R,
lim sup Sizatl 107 5 (t,) <
|z|—=+o0 ‘:C|
Then, there is a positive constant 1 such that Zi’i;_H F(t,x) <9 for (t,x) € [a+ 1,b+ 1]z x R, then
) bif — L)y
2FC ’
t=a+1
We also get
€1 (e1 — L)Y
D(u) — AV (u) > — T gme [y,

Therefore, by the fact that L < &, & — AV is coercive. The condition (i) of Theorem. 2.7/ holds. Moreover,

we have
d(a) r
A€ — .
(wu) supcp(umwu))

Hence, the functional & — AW has at least three critical points. O
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4. Existence of infinitely many solutions of (|1.1))

(A3) Suppose that f is continuous function and for every continuous function g, whose potential G(t,z) =
Jo g(t,s)ds is non-negative function for each (t,z) € [a +1,b+ 1]z x R.

(A4) h : R — R satisfies the assumption (A2) in Section However, in this section, the Lipschitzian
constant L only needs to satisfy 0 < L < ¢7.

Set

b+1 b+1
Zt:aJrl SUP|z|<s G<t7 .%') Ztl_aJrl SUP|z|<s F(ta ‘T)

G := liminf , Fy :=liminf

s——+o00 32 Ss—+o0 32 ’
b+1
1 F(t,x — L
F*° .= lim sup %2()’ . €1 ’
x| —-+00 || e1+L
Ay e g1+ L e L 1 L
V= pe 2T 9 0 MeA T e

Theorem 4.1. Assume that (A3) and (A4) hold and
(H5) Goo < 400;
(H6) Foo + % < KF> and Foo > 5.

Then, for any X € A := (A1, A2) and each p € [0, pg), problem (1.1) admits an unbounded sequence of
solutions.

Proof. We will apply Theorem (b) to our problem. First, since condition (H6), we clearly observe that
the interval (A1, A2) is non-empty. So we can fix X in (A1, A2) and let g be a continuous function satisfying
condition (H5). Due to A > A\; > 0, we have f1yx = 0. Then, we fix again i € [0, 1, 5) as in the conclusion.

We will divide the proof into three steps.

Step 1. Let us verify that the functionals ® and ¥ satisfy the conditions of Theorem From Section
the functionals ® and V¥, as required in Theorem are easily verified. Thus, we have I5 = ® — \U €
Cl(E,R) and the critical points of Iy are exactly the solutions of problem for the fixed A € (A1, A2).

Step 2. We prove v < 400 and (A1, A2) € (0,1/7). Let {s,} be a real sequence for all n € N and
Sy, — +00 as n — 0o. Then we have

YL ai1 WP <s, [F(82) + (/NG (t, 2)] YL as1 8P <s [F(t @) + (/N G(t, )]

st =i 2 - @)
Set
— L 9
Ty = 5 Sn

for all n € N. Moreover, by (2.1), we get maxeqy1,p41), [u(t)] < sn, if ®(u) < 7. Then, by the fact
®(0) = ¥(0) =0, we have

SUPyed—1((—o0,rn)) qj(”) - \I](u)

90(7’ ) uE@*ll(?—oo,Tn)) £1— L52 @(u)
 SUPued—1((~00rn)) U(u) —¥(0)
- %L ~a(0)
 SUeamt (s S [P u(0) + (/NG u(t))]
- 512 LSQ

b+1
ZtIaJrl SUP|z|<sy, G(t’ .T})
82
n

b+1
2 Ztia+1 Sup|x\§sn F(ta 1’)
“ e L s2

I
3
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Therefore, from the assumptions (H5) and (H6), and by the definition of v, as well as combining (4.1)),

we have

~v = liminf p(r,) < lim ¢(r,) < (Foo + (/X)) Gog) < o0.

n—-+oo n—00 g1 — L

Hence, by Inequality (4.2)), and since i € [0, u, 3), we obviously get

1 > €1 — L > 1 — L A
s = > _ .
77T 2(Fo+ (1/N)Gx) ~ 2 (Foo + (ty.5/M)G0)

Since G(t,x) is non-negative and A > 0, i > 0 , we obtain

lim sup 3 > limsup 3
|| —=+o0 ’1“ || —=+o0 ’1“

Therefore, from (4.4)), we have
e+ L e1+ L

>
= b+1 —_ 3 .
2F> T SUD a3 o0 it [F(t’@)lj(“/”(;(t’x)]

A1

Hence, by (4.3) and (4.5)), we have

_ g1+ L e1— L

)\ S (>\17)\2) g b1 — = ) — N
2mﬂwmﬂﬁﬂmzﬁﬁdeaywnGmm]2(Ex+wﬂﬁnGw)

2 o0
g1+ L

<1_
Al

>l —

limsup S [Ft ) + (5/N)G(t, )]
T a1+ L goto0 |22 '

o [F(t,2) + (3/ NGt )] a1 Pt )

g<

Step 3. We will prove that the restrict functional Iy = ® — AV is unbounded. Since A > A1, then

).

(4.2)

(4.3)

(4.4)

(4.5)

Now, we can consider a real sequence {d,e;} and a positive constant 6, such that ||d,e;1| = d,, = +0o0

as n — oo and

1 2 S [Pt dner(t) + (i/N)G(t, dner (t))]
YU iI = =
2 Y [F(tdeer(t) + (/NG dner ()]
e+ L d% ’

where e; is given in Lemma [2.4] e (¢) > 0 for each ¢ € [a +1,b+ 1] and ||e1|| = 1. Furthermore,

atLyy s s [F(t,dnel(t)c)l;r (E/N)G(t, dnes(t))]

for all n € N large enough. Set
wn(t) = dnel(t), te [a—l-l,b-l-l]z.

Obviously, w,, € E.
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Furthermore, from (A2), as well as ||e1]| = 1, using the same method, we obtain
K~Y(de e s
@(w,) = B D) S gy
t=a+1
- b+1
< Sdit D [Hldner(1))]
t=a+1 (4.8)
£1 b+1 dne1(t)
< Edi + > / |h(z) — h(0)|dz
t=a+170
L
L2 g S = a2

Then, from (4.6) and (4.8), we obtain for all n € N large enough,

I5(wp) = (@ — AV) (wy) = P(wy) — AP (wy,)
b+1 b+1

L
<EER XY Fltdeert) — Y Glt,duen(t
t=a+1 t=a+1
farL X [Fltdeer(t) + (/NG duer(D))] )
= ) d2
2 a2
L _
< 51; (1— N2,

Thus, ® — AV is unbounded from below and it has no global minimum. Hence, using Theorem we
verify that there is a sequence {u,} C E of critical points of I5 = ® — AV such that lim,_, ||ty || = +o0.
Then, since ® is coercive, we obtain lim, 4o ®(u,) = +00. Therefore, we establish the Theorem
holds. O

Corollary 4.2. Assume that (H5) and (H6) hold, and Foo =0, F*™ = 400 and Go > 0. Then, for every
A€ (0,5~ L), and for each p € [0, sz ), the problem (1.1)) possesses infinitely many weak solutions in E.

In particular, when F, = —5 and G, = 0 in Corollary Thus, for each A > 0 and g > 0, the result
of Theorem [4.1] holds again.

Corollary 4.3. Assume that (H5) and (H6) hold, and L = 0. Then, for each A € (55, 37-) and =0,
we have the following problem

{ Atu(t —2) + nA2(u(t — 1)) — Eu(t) = Af(t,u(t)) + h(u(t)), tela+1,b+1]z, (4.9)
u(a) = A%u(a—1) =0, u(b+2)=A%ub+1)=0, '

then, the result of Theorem [A.1] holds again.

5. Example

Example 5.1. Let n =€ =0, a = 0 and b = 5. Consider the following discrete fourth-order problem

{ Atu(t —2) = M (t,u(t) + pg(t, u(t) + h(u(t), t € [1,6]z, (5.1)
u(0) = A?u(—1), u(7) = A%u(6) '

for every t € [1,6]z and = € R, where

f(t,x) =22%(2 — g), g(t,z) = 21 h(z) = arctan 0.002z.
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Taking into account that L = 0.002. By simple computation, we get e = 16sin* 17 and gg = 16 sin? 37“

Now, we take ¢ = 5+ and d = 4. Clearly, f(t,z) > 0 for t € [1,6]z, € [~d,d] and f(t,z) # 0 for

212
(t,2) € [1,6]z x [0,d]. Then
Fe 3 1 3 Fye—L)
02 0(8 20) 929 2257 6d2(86 T L) 0.003

The condition (H2) of Theorem holds. Obviously,

‘ , 3 F(e; — 2L)
limsup =*=—"~ =limsupz(8 — —z) = —00 < —5———.
| =00 || || =00 2 2¢%(e1 — L)

Thus, the condition (H3) of Theorem [3.1] holds. Moreover,

Et6:1 G(tv :L‘) 1

limsup ==——"—"+ = - < 4+
|x| =400 |$’2 2
satisfies the condition (H4) of Theorem Moreover, we get o1 = 0.0372 — 0.0039\ and o3 = 0.0196. We
take 0 = min {0y, 03}, then for A € A := (5.4213,9.5306) and p € [0,0), we get the problem (j5.1)) has at
least three solutions.
In Example [5.1] if we put

1 b
f(t.a) = Ste+ ota sin(% ~Inlz)),

by direct computation, we obtain x = 0.903, and g satisfy the hypothesis (A3), G = %, as well as

6

_{5u F(t,z L 7
lim nf 2= Dol e G0 L 5a5_ T5+ 000,
s—+00 s 2 3

6

_, (2, 7

lim sup w = 5.25 + -/5.
|z|—=+o0 |‘/E|2 3

Then, the conditions of Theorem holds. Hence, for each A € (0.002,0.555) and for every p €
[0,0.002)), we obtain that problem (5.1)) possesses an unbounded sequence of solutions.
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