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Abstract

New integral inequalities of Ostrowski type are developed for n-times differentiable mappings by using
a 3-step kernel when either f € L'[a,b] or f € L?[a,b]. Some new inequalities are derived as special
cases of the obtained inequalities. New efficient quadrature rules are also derived with the help of obtained
inequalities. The efficiency of the new quadrature rules is demonstrated with the help of specific examples.
Finally, applications for cumulative distribution functions is also provided. (©2016 All rights reserved.
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1. Introduction

In 1938, Ostrowski [16] proved a very important inequality, which states that if f : [a,0] — R is a
differentiable mapping on (a,b) with ’f’ (:c)‘ < M for all = € (a,b), then

b o — a+b)?
’f(w)—bia/ f(@)dz| < i+((bj)2)] (b—a) M, (1.1)
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for all = € [a, b].
The following result is an extension of the result (1.1]) given by Dragomir and Wang [4, [5] for absolutely
continuous functions such that fl belongs to Ly[a,b], 1 <p < oc.

Theorem 1.1. Let f : [a,b] — R be absolutely continuous on [a,b]. Then for all x € [a,b] and % + % =1,
where p, q are real numbers greater than 1, we have

1 <<gg_s)p+l N (Z_fi)pﬂ> (b—a)%

L[ sl < § oo
b—a J, -
i (55 + e =L

In [7], Guessab et al. proved some companion of Ostrowski-type inequalities using Lipschitz conditions.
Alomari [I], studied and generalized a companion of Ostrowski inequalities, which were proved in [7]. In
[13], Liu defined 3-step quadratic kernel and established some Ostrowski type integral inequalities for the
functions whose first derivatives are absolutely continuous and second derivatives belong to LP (1 < p < o0)
spaces. The Ostrowski inequality has been generalized, extended and refined in different ways; the
reader may refer to [6]—[24].

A generalization of Ostrowski’s result for n-times differentiable mappings was given by Milovanovié and
Pecarié¢ in [14], p. 468]. Cerone and Dragomir [3] provided another generalization of the Ostrowski inequality
for n-times differentiable functions for two sections of kernel by using the following lemma.

/

f

)

p

'f(fv) -

Lemma 1.2 ([2]). Let f : [a,b] = R be a mapping such that f"=) is absolutely continuous on [a,b]. Then
for all x € [a,b] the following identity holds,

b n-1 oV (L) E (e — )R b
[ ol 0yt = (-1 (Z[(” e ]f(’“)(x)— / f(t)dt>,

k=0

where the kernel K, (x,-) : [a,b] — R is given by

(t=a)™
n!

if a<t<ux,

K, (z,t) =
(t=n"

n!

if x<t<b,
where n > 1 1s a natural number.

The main aim of this paper is to generalize Ostrowski’s inequality for n-times differentiable mappings
by using a more general three-step kernel.

The rest of the paper is organized as follows: In Section [2] we introduce a new analogue of the Ostrowski
inequalities for n-times differentiable functions, which not only improve the results involving Lebesgue norms
of the n-th derivative for three-step kernels, but also contain the results from [13] for n = 2 as special cases.
In Section 3] we use the obtained inequalities of Section [2| to derive new quadrature rules. Their efficiency
is demonstrated by using specific examples as well as by deriving their respective error bounds. Composite
quadrature rules are derived in Section [l Section [f] is devoted to applications of the obtained results to
probability density functions.

2. Main Results
Consider the Peano kernel K, (z,.): [a,b] — R defined by

(o) 4 <t<ua,

K, (z,t) = (t—%)n,x <t <2M — z, where z € (a, M),
2M —x <t <b, where x € (a, M),

(t=b)"

n!
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where M = b , n is a natural number and a, b are nonnegative real numbers and not both zero simulta-
neously.
Now we state and prove the following identity which will be the main tool to prove our main results.

Lemma 2.1. Let f : [a,b] — R be an n-times differentiable function such that f"~Y(z) for n € N is
absolutely continuous on [a,b|; then

An (@30,)
b
1 . R = 0
=y [ BaterOwa = G S [0 e - 0
p k=0 : (2.1)
" f
(k) (k) (k) -
(0 @M =)+ 10 @) (M =) 4z - )1 0 - o) + S e
where M = “TH’.
Proof. The proof of will be established by using mathematical induction.
Take n = 1; then
b
1
Mia) = o [ K@t
where
t—a, a<t<uzx,
Ki(z,t)=¢ t—M, v <t <2M — x, where x € (a, M),
t—0b, 2M —x <t <b, where z € (a, M).
After integrating by parts, we get
1 / 1
s [ @0 @t = 2 (o= @) @)+ (7 M~ )+ £(2) (M ~ )
+(x—a)f(2M — z)] —a/f t. (2.2)

Equation (2.2)) is (2.1)) for n = 1. Assume that (2.1) is true for n > 1.

As part of the induction process, we will attempt to prove the equality

+(<—>f“” @M —a)+ ¥ @) (M -2} + (@ - 1 20 - 0)]
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where
% a<t<u,
K1 (z,t) = { (= Mll' D s <t<oM -,
t(nbﬂ) oM —z <t <b.
Consider

b

/ 1’L+1 x, t f(n+1)

1 |:/ (t _ a)n—i-l f(n—f—l)(t)dt

T (b-a)(n+1)
2M —x b
+ (t — M) D (@) dt + (t — )"t f<”+1)(t)dt]
x/ QM/—I

(z —a)"" f™) () (n+1) i n e(n
IR _(b—a)(n+l)!/(t_a) @)t

a

(M =)™ f0) 20 = ) = (@ = M) FO)(a))
" b—a) 1)
B (n+1) QM_x<t — My f(n) (t)dt — (a— x)"Jrl ) (2M — x)
(b—a)(n+1)! / (b—a)(n+1)
b

2M —x

= G (@@ (- e -

_ (:L' _ M)n—H f(n) (ZL‘)) . ((l o :L,)n—i-l f(n) (2M _ IL‘):|

< 2M —x .
1
TG e | ) e (t—M)" f™(t)dt + (t — o)™ f™)(t)dt
(b —a)n! L/ x/ 2M/_$

+(_1)n+2f(n> (ZL')} (M . )n+1 (_1)n+2 ( B )n—l—l f(n) (2M _ :L')}
T b

x 2M —
_n!(bl—a) {/(ta O+ / f)di + /

a T 2M —x

1
T+ DIb—a) [(
+(_1)n+2f(”> (:L')} (M . x)n-i—l + (_1)n+2 (.%' _ a)n—i-l f(n (2M N .’L‘)}

(t—b)" f(”)(t)dt]
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Hence
1 b
H/Kn+1($,t)f(n+1)(t)dt
F=1 2 @) ) (M=) (1) R (2 ) ) (2M - )]
n—1 n+1

bfﬂ§3ﬁ21>ﬁ—mﬂx—@“ﬂow

+ (0 @M =)+ £ (@) (M = o)
n+1 b

+ (z — a)"! f(k) (2M — x)} + (_bl_); /f(t)dt

1 — n+2 k k41 (R k (k) (k)
= = a}jk+1 (DF @ =) Y @)+ (R M =)+ Y @)

k:O
(_1)n+1 b
X (M =) 4 (= a1 Y M - )]+ T / F(#)dt.
Hence the lemma is proved. O

Theorem 2.2. Let f : [a,b] — R be such that f"=Y is absolutely continuous on [a,b]. If f € L'[a,b]
and v < fM(t) <T, forall t € [a,b], then the following inequalities hold for all x € ( a+b),

(S =) (z;0,b)
|An (z5a,0)] < ,n is an odd integer, (2.3)
(I' = S) 1 (250, b)

(n—1) _ £(n—1)
An (z50,b) — / ()= f (a) Un (x;0,0)| < ,m 18 an even integer (2.4)
—a

{ (S =) pn (w5 0, b)
(T = S) pin (230, b)

where Ay, (z;a,b) is defined in Lemma S = f<n71>(bz)):£<nil>(a),
x—a)" \x—M\”}

b = (
Mn (.Z', a, b) ‘= Inax { 7’L' ’ n|

2 {(x )" (M — x)"“}

vn (;0,0) = (n+ 1) (b—a) ’
and
1 n 1 n
tn (x;0,b) = max{'n' (x —a)" — vy (x;a,b), ] (M —2)" — vy (z5a,b)|, |vn (x;a,b)\} .
Proof. Let

b

/ :ctdt/f(”

b
Rola) = 5 [ Kl 0
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= A (w5 0,0) — (fn_l(b) — fn_l(a)> (b[l 1] [(:c —a)"" (M~ x)”+1]

b—a —a)(n+1)!
_ . [1+(=1)"] n n
= Ao (30,0) = S = S [(x—a) 4 (M — ) +1] .

For an arbitrary constant C' € R, R,(z) can be written as

b
Rofe) =5 [ (70 -c)

a

b
1
Ky (x,t) — M/Kn(x,s)ds] dt.

Hence
Foa)| = A (50,8) = S = e [(x o)™ (M — ) +1}
. b (2.5)
< g [Kont) — = /Kn(:r, s)ds / 7 )~ 0] at.

It can be easily seen that

1 [T+ (=) nt1 n+1
b—a /Kn(% 8)ds (b—a)(n+1)! [($ A"+ (M —a) ]
0, if n is odd (2:6)
= _\n+1 _\n+1
2= a()bia;(rysfl)f) , if n is even.
By choosing C' = v and C =T', we also have
b b
/ ‘f(")(t) - C‘ dt = / )f(”)(t) - 7‘ =(S—7)(b—a), (2.7)
and
b b
[lrow-cla= [|ow -] =@ -5)@¢-a. (28)
The inequalities ([2.3) and can be obtained by using (2.6)—(2.8) in (2.5]). O]

Corollary 2.3. Some special cases of Theorem[2.2] can be obtained as follows:

1. When x = a, we have

g _ b—a 2n
3 A0 - / F(t)dt| < (22,1_?)(;1_ 1))! ’

2n—2

b 2n
A(l) o f(t)dt < (F — S) (b — CL)
]

= 2-l(2p — 1)1
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%fmn+dn_if@ﬁ (S =) (b= 0™
> A+ Cn 221 (20 + 1)1
2n—1 2n+1
T —S)(b—a)
A (1) / Tl(
Z ol = [ 0d) < = @2n+1)!
2. ifx = Sajb, then
e (5 =) (b= a"
5 _ _
- <
;OAk /f(t)dt S g (on 1)
N2 (= 5) (b o)
A — <
I;O k /f(“dt S oz (2n 1)
on—1 @ b 2n+1
Ch n(S—~)(b—a)
A(S) _/ < 2.
P kT 922n f(t)dt = 24n—1 (2n+1)! ’ ( 9)
2n—1 @ b 2n+1
Ch r-s)®-
AB 4 o~ /f(t)dt nl—5)b-a (2.10)
k=0 J

where
A
AP
¢V =
and § = 1070V (@)

b—a

[f(anl) (b

2n 1) ]

= 2l op 4 1)

b () [

S () 52

2n+1

22n (2n 4 1)!

9

)]

Theorem 2.4. Let f : [a,b] — R be such that f*=1) is absolutely continuous on [a,b] and f™ € L?[a,b];
then for all x € ( “er) we have

oSS W 2 1)
and
(n—1) _ f(n—1) “
An (z;a,b) — f (bzg ( )Vn(x;a7b)
- 1 2 [(x - a)2n+1 (M — x)2n+1:|
T (n))? (2n +1)

, if m is odd
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4 (=)™ 4 (M — 2
b—a (n+1)!

2Y) 2
} Hf("H)H2, if n is even,

2{ (z—a)" T (M —z)" !
where vy, (3 a,b) = . ()n-i-l)!((b—a)) :

Proof. From Theorem we have

b b b
_ 1 )y L (n)
Ru) = o [ Kalw 010t~y [ K [ 500
which can be rewritten as
b b
1 1
R, (z) = T / (f(n)(t) - C’) Ky (x,t) — o /Kn(x,s)ds] dt, (2.11)

for any arbitrary constant C' € R. Consider C' = (") (‘IT‘H’) in (2.11) and use the Cauchy inequality to get

b b
R (z)] < b_la/‘f(n)(t)—f(n) <a;b)‘ Koz, t) — bia/Kn(x,s)ds dt

1 (2.12)

/b(f(n)(t) — <0—2|—6>>2dt] : /b (Kn(x,t) - bla/bKn(gg,s)ds)zdt 2 _

a a

1
b—a

<

By using the Diaz—Metcalf inequality, we obtain

/b (f(n)(t) — fm <a—2|—b)>2dt < M Hﬂnﬂ)”j (2.13)

T2

a

Also we have

b b 2
/(Kn(:c,t)bla/Kn(x,s)ds) dt
b

b 2
:/(Kn(:r,t))th—(b—a) (bla/Kn(x,t)dt) (2.14)

a

2[(33704)2n+1+(M72?)2n+1:|
(n)2(2n+1) ’

if n is odd,

2[(:2—0,)2n+1+(M—93)2n+1] 4 |:(a:—a)n+l+(M—:E)n+1
b—a

2
(n)2(2n+1) (n+1)! } , if n is even.

Using (2.13]) and (2.14) in (2.12)), we get the desired result. O

Corollary 2.5. Suppose the assumptions of Theorem [2.4] are satisfied and n is a natural number. Then
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1. for x = a, we have

2n—2 _ \2n+1/2 | £(2n)
W (b—a) ARl
;OA’“ Fodt] < o (2n —1)Van —1°

n (b . a)2n+3/2 Hf(2n+1) H2

AWM C(l)—/ Hdt| < .
2 A O = [ FWd < s e

k=0 ;
, we get
n— b n n
S [ poa < o0
— k T 242 (2 — V)lry/An — 1
n— b n n
S0 B [ ] < O s
— K 22n T 21 (2n 4 Diny/An +1

Theorem 2.6. Let f : [a,b] — R be such that f*=1) is absolutely continuous on [a,b] and f™ € L?[a,b];
then for all x € (a, “TH’) we have

and

where

and

|An (25 a,b)| <

o (f-1) |2 [(a: — )P (M — $)2n+1}
b—a (n,)2 (2n + 1)

FI®) — fD(a)

Vn (@5 a,b)

B 4 (.%' o a)n-i—l + (M - x)n—f—l
a (n+1)!

1
2) 2
, if n is even,

2{($_a)n+1_|_(M_$)n+l}
(n+1)(b—a) ’
2

2—52 (b—a),

Up (z50,b) :=

o)<

FI®) - fD(a)

b—a

S =

Proof. Tt has been observed that

b b
Ro(z) = bia/(f(")(t)—(3’> Kn(x,t)bla/Kn(m,s)ds] dt,

for any constant C' € R.

, if mis odd

(2.15)
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Let us choose
1
C= [ 16)as
in (2.15)), and use the Cauchy inequality to get
| R ()]
b b 2 127 b 2 12
< 1 / PO — /f(")(s)ds dt / Ko(z,t) — —— /K (@, 8)ds | dt
“b—a b—a e b—a e
a a a a
o(fm 2[(x—a) M4 (M —z)2nt? . . 2.16
{\/ b(ﬂl )\/ [ )(m)Q(QiH) ) ] , if n is odd, ( )
S ( ( )) 2[($_a)2n+1+(M_m)2n+l]
a(f" w2 (2n . .
Yoo 2 \ ((;)_iinifl(M—x)"“ 9 if n is even.
\ T b-a [ (n+1)! :| ’
The result follows immediately from (2.16]). O

Corollary 2.7. Suppose the assumptions of Theorem [2.6] are satisfied and n is a natural number; then

1. for x = a, we have

2n—2
(1 _ <
kZOAk /f(t)dt < ST 1

a

on—1 b

(1) 1) _ <
kZOAk +Cf /f(t)dt < Un 1D

a

2. forx = 3ajb, we obtain

2m—2 b
ZA,(:’)—/f(t)dt <
k=0 ]

)!
)

= 24n=2(2p —1)!
)

2n—1

@ O /
Soal+ G - [ roar] <
k=0 o

(b a)2n—1/2
(

n (b — q)2n+1/2

g
g

(

2
b
)
(b N a)n—l/Q
(2

(4n—1

(
\/W
dn +1
(

)
)
)

(2n 4 1)124n—1

3. Derivation and Applications of Quadrature Rules

o 2n)
\/ (4n+1)

4

f
(f(2n—1
f(

f(2n71))
(4n—1) ’
)7

)
)
)

We propose some new quadrature rules involving higher order derivatives of the function f. The following

new quadrature rules can be obtained by investigating error bounds using Theorem [2.2]

b m—2
Onzo = / fdt= > AP
o k=0

ko2 (2p +

b 2n—1 2n+1

S(b—a)
Qnte ::/f(t)dm Soal 2
2 k=0

1
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2n—1 2n+1
S(b—a)
n3e 1= A(3) —_— 1
@na /f 20 (20 + 1)) (3.1)

To investigate the efficiency of these quadrature rules, we integrate various types of functions including
polynomial, trigonometric, exponential and logarithmic functions. The results of the numerical integrations
are given in Table [I] with absolute error and the value of n used to obtain the mentioned accuracy. The
default error is chosen of the order of 10~° to make a comparison amongst all the quadrature rules possible.
The error type shown in Table [I] is the absolute value of the difference of the exact value of the integral
and its numerical value. Naturally, if a quadrature rule requires smaller value of n to achieve the desired
accuracy it will be considered more efficient.

The following nine diverse types of functions are used to demonstrate the efficiency of the various
quadrature rules namely Qpie(f) and Qpnse(f).

Table 1: Performance of the proposed quadrature rules

H S. No H Method ‘ n: Qnie(f) ‘ n:  Qnae(f) ‘ Exact Value H

1 f fi(z)dz | 7: 26.97381399 | 7: 26.97383822 | 26.9738436
OError: 2.4x107° 5.4x1076

2 7rfzf2(x)d:n 4: 290523453 | 3: 2.905243499 | 2.905238690
Eorror: 4.1x1076 4.8x1076

3 fl fa(z)dz | 5: 1.313799439 | 3: 1.313835726 | 1.313831895
]%rror: 3.2x107° 3.8x1076

4 7rf/2f4(x)daf 3: 2.233693811 | 3: 2.233700832 | 2.233700550
Eorror: 6.7x1076 2.8x1077

5 f fs(x)dr | 4: 0.6297568214 | 2: 0.6297713872 | 0.6297685230
OError 1.1x107° 2.2x107°

6 flfa( 70 -1.176912847 | 4: -1.176900063 | -1.176887888
Error 2.4x107° 1.2x107°

7 fl fr(z)dz | 5: 0.2415670039 | 2: 0.2415547713 | 0.2415491347
OError 1.7x107° 5.6x1076

8 fl fe(z)dz | 4: 0.2639951553 | 2: 0.2639404958 | 0.2639435074
) 5.1x107° 3.01x107

9 jl fo(z)dx | 5: 1.462637863 | 3: 1.46258681 1.462651746
’ 1.3x107° 6.9x107°

fi(z) = 2t sinz,

fa(x) = cosx — z,

fa(x) = e sinx,

f5(x)

f3(z) = e cos (" — 2z),
= log (x2 + 2) sin [log ($2 + 2)] )
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folw) = ¥ cos(¢), fola) =

fs(x) =log [x2 + 1] , fo(x) = v

Looking at the table, we discuss the accuracy of the two proposed quadrature rules. At the first sight at
the third column, it can be seen that Q,1.(f) gives the desired accuracy of order 10~ for all of the functions
except f4, which is a relatively simple function. Although the error reported by Qn1.(f) is acceptable and
is achieved for not very large values of n, it is noticed that Qn3.(f) gives error of the same magnitude for
much lower values of n. For example, when f3 is integrated with Q,1.(f), it gives an error of order 107> for
n =5, but Qu3c(f) gives an error of order 10~% magnitude for n = 3. Similar performance can be seen for
all the functions except fi, where Qp1¢(f) marginally beat Qnsc(f). Therefore it can be conjectured, based
on this observation, that the convergence of Q,3.(f) is faster than Q,1.(f), as well as standard quadrature
rules such as the Simpson rule.

4. Composite Quadrature Rule
Let I, :a=20 <z <+ < Zpy—1 < Ty, = b be a partition of the interval [a,b] and
hi =xiy1 —zi(i=0,1,2,---,m —1).

Consider the following perturbed composite quadrature rule defined in (3.1)) for f which is 2n-times
differentiable mapping such that v < f??)(¢) <T for all t € [a, b]

=S ((EE ) ()

i=0 k=0

w (T + 3T FOD (1) — fO7D (24)) (Ry)P"
+f ( )H 21 (20 + 1) '

Theorem 4.1. Let f : [a,b] — R be such that f@"1) is absolutely continuous on [a,b]. If f* € L'[a,b]
and v < f®M(t) <T for all t € [a,b], then for all x € [a, “EL] we have

b
/ F(0)dt = Quse (I, f) + Ruse (I, f),

where the term Qnse(Im, f) is obtained in (3.1) and the remainder Ry3o(Im, f) has the error bound

=0
<
|Rn3e(f)| = 24n—1 (2n + 1)! ’
and
m—1
|Ruze(f)] < o

Proof. Applying inequalities (2.9) and (2.10) to the intervals [z;11, ;] and summing the resulting inequalities
fort=0,1,2,...,m — 1, we get the required estimates. O

Remark 4.2. We can get the error bounds for other composite quadrature rules in a similar fashion.
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5. Application to probability density functions

Let X be a continuous random variable with probability density function f : [a,b] — [0, 1]. Let F' be the
cumulative distribution function of f i.e.,

Flz) = / "yt

Now we present applications of our results for continuous random variable X.

Theorem 5.1. With the assumptions of Theorem 2.2}, we have

n—1

1 1 k-1
b akzzo(k 1) (“DF @ =) 7 @)
(R @M =)+ £ @) (M - )
: b— E(X)
+ (2 — a)"™! e (2M—x)} — b—a‘

(S =) 1 (z;a,0)
< , 1S an odd integer.
(F - S) Tin (CC; a, b)

and
1 il 1 (k—1)
b_a;%@+1ﬂﬁ—wﬂw—@M1f ()
+ (0 M —a) 1 (@) (M = )t

+u—aﬁ“f“QM—xﬂ

(_1)71 [f(an)(b) — f(n*2)(a)] Un (m;a,b) _ b— E(X)‘

+ b—a b—a

(S =) pn (250, 0)

IN

, M 18 an even integer,
(I' = 5) pn (%3 0,)

for all x € (a, aT“’), where

2 {(a: —a)" (M - x)nH}
(n+ 1) (b—a) ’

Un (x;a,b) :=

,'1U4—@”—wdxm®

1 n
tn (T3 0,b) = max{‘n!(x—a) — Up (x;a,b) py

,mAamw@,

and E(X) is the expectation of X .
Proof. By choosing f = F in Theorem [2.2] and using the fact that

B(X) = /b tdF(t) = b — /bF(t)dt,

we get the required result. O
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