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Abstract

In this paper, we present the best possible Toader mean bounds of arithmetic and quadratic means by
the one-parameter quadratic and contraharmonic means. As applications in engineering and technology, we
find new bounds for the complete elliptic integral of the second kind. (©2016 All rights reserved.
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1. Introduction

Let M(a, b) be a one-parameter symmetric bivariate mean, p € [0,1], ¢ € R and a,b > 0 with a # b. Then
the one-parameter mean M (a, b; p), ¢-th power mean M,(a,b) [14, 15], harmonic mean H(a,b), geometric
mean G(a,b), arithmetic mean A(a,b), quadratic mean Q(a,b), contraharmonic mean C(a, b), Toader mean
T(a,b) [12], centroidal mean C/(a,b) are respectively defined by

M(a,b;p) =M|pa + (1 — p)b,pb + (1 — p)al,

a9+b7\1/q
Molab) —d (537) 7. a#0,
q(a, ) { ﬁab’ q=0, (1.1)
2ab
H(a’b)_a—i—b’ G(a,b) = Vab,
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b 2 2 2 2
Al b) =77 Qb= 2 T, Clab) ="
2 2 a+b (1.2)
92 w/2 L 2(a? b4 b2 ’
T(a,b) == /0 Va2cos? 0 + b2sin® 0do), C(a,b) = (GS(ZCL—F;)

It is well known that M;(a, b) is continuous and strictly increasing with respect to ¢ € R for fixed a,b > 0

with a # b, and the inequalities
H(a,b) =

hold for all a,b > 0 with a # b.

M_1(a,b) < G(a,b) =
<T(a,b) < C(a,b) < Q(a,b) =

My(a,b) < A(a,b) = My(a,b)
Ms(a,b) < C(a,b)

The Toader mean T'(a, b) is well known in mathematical literature for many years, it satisfies

T

where
Rg(a,b) =

(a,b) = Rg (a®,0%),

1 [ [a(t +b) + b(t + a)]t
/0 dt

T (t + a)3/2(t + b)3/2

stands for the symmetric complete elliptic integral of the second kind [7}, 8, [10], therefore it can’t be expressed
in terms of the elementary transcendental functions.

/2

Let r € (0,1), K(r) =
0

complete elliptic integrals of the first and

w/2

[ (1 —7r?sin20)71/2d0 and E(r) = [ (1 — r?sin®0)'/2dH be respectively the

0
second kind. Then K(0%) = £(07) = 7/2, K(17) = +o0,

E(17) =1, K(r) and &(r) satisfy the derivatives formulas [2]

dK(r) _ E(r) — (1 —r>)K(r) dE&(r) _ E(r)—K(r) d(K(r)—E(r)) _ r&(r)
dr r(1—r2) Todr r ’ dr 1—r2’
the values K(v/2/2) and £(v/2/2) can be expressed as [4]
()T e o(£) OO

where I(z) = [;* "~ te~!dt is the Euler gamma function, and the Toader mean T'(a,b) can be rewritten as

T(a,b)

2
2—a5 1—<b> , a>b,
™ a
(1.3)
2b a\?2
Ve (\i-(5)). o

Equation (1.3) shows that the identity £(r) = T'(1,v/1 — r?) holds for all r € (0, 1), therefore the Toader
mean T'(a,b) has many applications in physics, mechanics and engineering technology. Recently, the Toader
mean T'(a, b) has attracted the attention of many mathematicians and engineers. Vuorinen [13] conjectured

that the inequality

T(a7 b) > MS/Z(aa b)

holds for all a,b > 0 with a # b. This conjecture was proved by Qiu and Shen [I1], and Barnard, Pearce

and Richards [3], respectively.

Alzer and Qiu [I] presented a best possible upper power mean bound for the Toader mean as follows:

T(av b) < Mlog2/(log7r—log 2) (aa b)
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for all a,b > 0 with a # b.
Neuman [I0], and Kazi and Neuman [7] proved that the inequalities

(a + b)vab — ab 4(a + b)vVab + (a — b)?
AGM (a,b) 8AGM (a,b) ’

< T(a,b) <

and

T(a,b) < % <\/(2 +V2)a? + (2—V2)p2 + \/(2 +V2)02 + (2 — \/§)a2)

hold for all a,b > 0 with a # b, where AGM (a,b) is the arithmetic-geometric mean of a and b.
Let a, 8 € (1/2,1). Then Hua and Qi [5] proved that the double inequality

C(a,b;a) < T(a,b) < C(a,b; B)

holds for all a,b > 0 with a # b if and only if o < 1/2 4+ +/3/4 and 8 > 1/2 4 \/12/7 — 3/2.
In [6, 9], the authors proved that the double inequalities

a1C(a,b) + (1 —aq)H(a,b) <T(a,b) < $1C(a,b) + (1 — B1)H(a,b),
a[C(a,b) — H(a,b)] + A(a,b) <T(a,b) < B2[C(a,b) — H(a,b)] + A(a,b),
azC(a,b) + (1 — az)A(a,b) <T(a,b) < B3C(a,b) + (1 — B3)A(a,b),
ay 1—ay 1 Ba 1 —pa

A@,d) T Cab) “T@h) = Ay T Tlab)

hold for all a,b > 0 with a # b if and only if ay < 5/8, p1 > 2/m, e < 1/8, Bo > 2/ — 1/2, a3 < 3/4,

B3 >12/m — 3, ay <7 —3and By > 1/4.

From (|1.1)) and (1.2]) we clearly see that both the functions x — Q(a,b; z) and x — C(a, b; x) are strictly

increasing on [1/2, 1] and

Qla,b:1/2) = Ala,b) < T[A(a,5), Q(a,b)] < Qa,) = Qa b 1),
C(a,b;1/2) = A(a,b) < T[A(a,b),Q(a,b)] < Q(a,b) < C(a,b) = C(a,b;1)

for all a,b > 0 with a # 0.

Motivated by inequalities ((1.4) and (1.5, it is natural to ask “what are the best possible parameters

A1, 1, A2, 2 € (1/2,1) such that the double inequalities

Q(aa b; )\1) < T[A(a7 b)v Q(a7 b)] < Q(a7 b; ,Ul)>
Cl(a,b; A2) < T[A(a,b),Q(a,b)] < C(a,b; u2)

hold for all a,b > 0 with a # b?” The main purpose of this paper is to answer this question.

2. Lemmas

In order to prove our main results we need several lemmas, which we present in this section.

Lemma 2.1 ([2]). The double inequality

holds for all r € (0,1).
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Lemma 2.2 ([2]). The function r — [E2(r) — (1 — r2)K%(r)]/r* is strictly increasing from (0,1) onto
(72/32,1).

Lemma 2.3 ([2]). Let a,b € R with a < b, f,g : [a,b] = R be continuous on [a,b] and differentiable on
(a,b) and g'(x) #0 on (a,b). If f'(x)/¢'(x) is increasing (decreasing) on (a,b), then so are the functions
f(z) = f(a) fz) = f(b)
g(x) —gla)”  g(z)—g(b)

If f'(x)/4' (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.4. The function r — E(r)[K(r) — E(r)]/r? is strictly increasing from (0,+/2/2) onto
(m2/8,26(V2/2)[K(v2/2) - £(V2/2)).

Proof. Let
o(r) = 5 ) (2.1)

Then simple computations lead to

r 27'— —T2 27’
§ir) = O UK )

It follows from Lemmas and [2.2[ together with (2.1)) and (2.2]) that

g (e @FD ]

and ¢(r) is strictly increasing on (0,/2/2). O

Lemma 2.5. The function v — [r2E(r) + (1 — r2)(K(r) — E(r))]/(r*V/1 = r2) is strictly increasing from
(0,4/2/2) onto (37/4,v/2K(+/2/2)).

Proof. Let
a(r) = £ + (L= () = £0). ) = VI () = 0 2.4
Then elaborated computations give
p1(07) =p2(07) = 0, (2.5)
V2 2
@ (2 =V2K 2) : (2.6)
P1(r) o
2 300, (2.7
where
—r2[2E(r) — K(r
iy T )
w0 =7, (2.8)
P(r) = wlr) (2.9)
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where

w(0T) =0, (2.10)
>0 (2.11)

for 7 € (0,+/2/2).

It follows from (2.7) and (2.9)-(2.11) that ¢/ (r)/¢,(r) is strictly increasing on (0,v/2/2). Then (2.4) and
[2.5) together with Lemma [2.3|lead to the conclusion that ¢(r) is strictly increasing on (0,1/2/2).

From ([2.5)), (2.7) and (2.8]) we clearly see that
3
0(0T) = Zﬁ' (2.12)

Therefore, Lemma [2.5|follows from (2.6)) and (2.12) together with the monotonicity of ¢(r) on the interval
(0,v/2/2). O
3. Main Results

Theorem 3.1. Let A\, 1 € (1/2,1). Then the double inequality

Q(aa b; )‘1> < T[A(CL, b)a Q<a7 b)] < Q(a’ b; Ml)

holds for all a,b > 0 with a # b if and only if A < 1/2 + \/252(\@/2)/7r2 —1/4 =0.8459--- and p; >
1/2++/2/4=0.8535---.

Proof. Sine Q(a,b), T'(a,b) and A(a,b) are symmetric and homogeneous of degree 1, without loss of gener-

ality, we assume that @ > b > 0. Let r = (a —b)/+/2(a? + b%) € (0,4/2/2) and p € (1/2,1). Then (1.1))-(1.3)

lead to 2A(a,b)
T[A(a,b),Q(a,b)] = ﬁar% (3.1)
Q(a, b;p) = A(a_’i)z V1= 4p(1 —p)r2. (3.2)
It follows from , and Lemma that
A(a,b)

Q(a,b;p) - T[A(a7 b)aQ(a’ b)] = F(T)7 (3'3)

Vi—2 {\/1 —4p(1 —p)r2 + 2&(r)

where 4
F(r) =1—4p(1 = p)r’ = —E(r),

F(0M) =0, (3.4)

F (?) =1-2p(1 —p)r® - %52 (?) , (3.5)

F'(r) = 8rf(r), (3.6)
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where
EMm)K(r) —&E(r
flry = SR ZEW] ), (3.7
1
F07) =g —p(1-p), (3.8)
2 V2 V2
V2 20( %57 ) |IK(%5) - €%
((9)- =], »
™
We divide the proof into four cases.
Case 1.1 p=py=1/2+ \/252(\/5/2)/712 — 1/4. Then (3.5)), and lead to
F (?) =0, (3.10)
2 vV2\ 3
Y Ze2 V2 _ 2
f(0M) = 7725 ( 5 ) 3 0.005331--- < 0, (3.11)
V2 2 (V2 Vv2) 1
f<2 —ﬁé’ > K - —5—0.007455~-->0. (3.12)

From Lemma (3-6), (3-7), (3-11) and (3.12)) we clearly see that there exists o € (0,/2/2) such that
F(r) is strictly decreasing on (0,7() and strictly increasing on (rg, v/2/2). Therefore, T[A(a,b), Q(a,b)] >
Q(a, b; po) follows from , and together with the piecewise monotonicity of F(r).

Case 1.2 p=p; = 1/2+/2/4. Then becomes

f(o") =o0.

(3.13)

It follows from Lemma (13.6)), (3.7) and (3.13
T[A(a,b),Q(a,b)] < Q(a,b;p1) follows easily from

Case 1.3 1/2 +

d

that F(r) is strictly increasing on (0,1/2/2). Therefore,
and (3.4) together with the monotonicity of F'(r).

\/252(\@/2)/7r2 —1/4 < p=p2 < 1. Then (3.5) leads to

V2

5 (3.14)

)=o

Equation (3.3) and inequality (3.14) imply that there exists small enough &; € (0,/2/2) such that
T[A(a,b),Q(a,b)] < Q(a,b;ps) for all a > b > 0 with (a — b)//2(a? + b2) € (V2/2 — 61,v/2/2).
Case 1.4 1/2 < p=p3 <1/2++/2/4. Then (3.§)) leads to

F(07)

Equations (3.3)), (3.4) and (3.6) together with inequality (3.15) leads to the conclusion that there
exists small enough do € (0,1/2/2) such that T[A(a,b),Q(a,b)] > Q(a,b;p3) for all a > b > 0 with

(a—0b)/+/2(a? + b?) € (0, 2). O

Theorem 3.2. Let Ay, s € (1/2,1). Then the double inequality

<0. (3.15)

C(a7 b; )‘2> < T[A(CL, b)a Q(av b)] < C(aa b; Mg)

holds for all a,b > 0 with a # b if and only if Ao < 1/2 + \/\/55(\/5/2)/(277) —1/4 = 0.7323--- and
p2 > 3/4.
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Proof. Without loss of generality, we assume that a > b > 0. Let 7 = (a — b)/+/2(a? + b2) € (0,v/2/2) and
g € (1/2,1). Then (1.1)-(L.3) lead to

A(a,b)
1—r2

Cla,b;q) = [1—49(1 - q)r?). (3.16)

It follows from ({3.1)), (3.16) and Lemma [2.5( that

C(a,b;q) — T[A(a,b),Q(a,b)] = fll(il’:;)G(r), (3.17)
where
G(r) = 1 4q(1 = g)r* = 21— 12€(r),
GO =0, (3.18)
G (\f) =1-2¢(1—q)— *fg <‘f) , (3.19)
G'(r) = 2rg(r), (3.20)
where
otr) = TEEAS RO = E0 1, (3.21)
9(07) = ~44(1 ~ q) (322)
g (f) = {flC (?) —4q(1 —q). (3.23)

We divide the proof into four cases.
Case 2.1 ¢q=qo=1/2+ \/ﬂg(\/ﬁ/Q)/(zﬂ) —1/4. Then (3.19), (3.22)) and (3.23) lead to

G (?) 0, (3.24)
22 () 5

g(0h) = ——2F = 2= 003399+ <0, (3.25)

g (‘f) Rl <227)r ()] 2= 0.05063 - . (3.26)

From Lemma (3.20), (3.21)), (3.25]) and we clearly see that there exists 7* € (0,/2/2) such that
G(r) is strictly decreasing on (0,7*) and strictly increasing on (r*,v/2/2). Therefore, T[A(a,b), Q(a,b)] >
C(a, b; qo) follows from (3.17)), (3.18]), (3.24)) and the piecewise monotonicity of G(r).

Case 2.2 ¢ = q1 = 3/4. Then becomes

g(0t) =0. (3.27)

It follows from Lemma (3-20), (3.21) and (3-27)) that G(r) is strictly increasing on (0,+/2/2). There-
fore, T[A(a,b),Q(a,b)] < C(a,b;q) follows from (3.17) and (3.18]) together with the monotonicity of G(r).
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Case 2.3 1/2 + \/\@5(\@/2)/(2@ —1/4 < q=q2 < 1. Then (3.19)) leads to

G(¥?>>O. (3.28)

Equation (3.17) and inequality (3.28) imply that there exists small enough 3 € (0,/2/2) such that
T[A(a,b),Q(a,b)] < C(a,b;q) for all a > b > 0 with (a —b)/+/2(a? + b2) € (v/2/2 — §3,V/2/2).
Case 2.4 1/2 < q = q3 < 3/4. Then (3.22) leads to

g(0™) <o0. (3.29)

Equations (3.17)), (3.18) and (3.20) together with inequality (3.29)) imply that there exists small enough
54 € (0,v/2/2) such that T[A(a,b),Q(a,b)] > C(a,b;q3) for all @ > b > 0 with (a — b)/\/2(a? +b2) €

(0,d4).

O

From Theorems [3.1] and [3.2] we get Corollary [3.3] immediately.

Corollary

3.3. Let \y = 1/2 +-\/252(\/§/2)/w24—»1/4, p1 = 1/2 4+ +2/4, po = 3/4 and Ny = 1/2 +

\/\@5(\/5/2)/(277) —1/4. Then the double inequality

™ max {\/1 (g, L el = A } < &)

2 V1 — 2
T 1—4pe(1— MQ)?”Z
<z 1— 4 (1 — j1)r2,
5 mln{\/ pi(l — pp)r i

hold for all r € (0,+/2/2).
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