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Abstract

In this paper, we introduce a multi-step iterative algorithm for finding a common element of the set of
solutions of a finite family of generalized mixed equilibrium problems, the set of solutions of a finite family
of variational inclusions for maximal monotone and inverse strong monotone mappings, the set of solutions
of general system of variational inequalities and the set of fixed points of a countable family of nonexpansive
mappings in a real Hilbert space. This multi-step iterative algorithm is based on Korpelevich’s extragra-
dient method, viscosity approximation method, projection method, and strongly positive bounded linear
operator and W-mapping approaches. We establish the strong convergence of the sequences generated by
the proposed algorithm to a common element of above mentioned problems under appropriate assumptions,
which also solves some optimization problem. The result presented in this paper improves and extends some
corresponding ones in the earlier and recent literature. (©2016 All rights reserved.
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1. Introduction

There are many fundamental problems in nonlinear analysis, but here we consider only few, namely,

*Corresponding author
Email addresses: zenglc@hotmail.com (Lu-Chuan Ceng), alatif@kau.edu.sa (A. Latif), aealmazrooei@kau.edu.sa ( A.
E. Al-Mazrooei)

Received 2015-07-30



L.-C. Ceng, A. Latif, A. E. Al-Mazrooei, J. Nonlinear Sci. Appl. 9 (2016), 3397-3423 3398

generalized mixed equilibrium problems, variational inclusions, system of variational inequalities and fixed
point problems. These problems have been focus of many researchers because of their applications in different
branches of science, engineering, management and social sciences. We describe these problems as follows:

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C' be a nonempty closed convex
subset of H and S : C — C be a mapping. We denote by Fix(S) the set of fixed points of S and by R the
set of all real numbers. Through out the paper, we assume that M and N are integers.

System of Generalized Mixed Equilibrium Problem.

For each k € {1,2,..., M}, let O : C x C — R be a bifunction, Ay : H — H be a nonlinear operator,
and ¢y : C — RU {400} be a proper lower semicontinuous and convex function. The system of generalized
mixed equilibrium problem (SGMEP) is defined as follows:

{ Find x € C such that for each kK =1,..., M, (1.1)

Qk(l‘ay)—l_(pk’(y) —Qﬁk($)+<x4kl‘,y—$> ZO, for allye C.

If K =1, then SGMEP reduces to the generalized mixed equilibrium problem considered in [17]. More
precisely, let ¢ : C' — R be a real-valued function, A : H — H be a nonlinear mapping and 6 : C x C — R
be a bifunction. The generalized mixed equilibrium problem (GMEP) is to find « € C such that

O(z,y) + p(y) — p(z) + (Az,y —x) >0, forallyeC. (1.2)

We denote the set of solutions of GMEP by GMEP(O, ¢, A). The solution set of SGMEP is
equal to ﬂi;w: 1 GMEP (6, @i, Ax) which is the set of common solutions of M generalized mixed equilibrium
problems. It is worth to mention that the GMEP (1.2) includes several problems, namely, optimization
problems, variational inequalities, minimax problems, Nash equilibrium problems in noncooperative games
as special cases.

When ¢ = 0, GMEP becomes to the generalized equilibrium problem (GEP) of finding « € C such
that

O(x,y) + (Az,y —x) >0, forallyeC.

It was considered by Ansari et al. [5] and further studied by Takahashi and Takahashi [21]. The set of
solutions of GEP is denoted by GEP (6, A).
When 6 = 0, GEP collapses to the classical variational inequality problem (VIP): Find x € C' such that

(Az,y —z) >0, forallyeC. (1.3)

The theory of variational inequalities is well-known and well-established. There are several books and
monographs on different aspects of variational inequalities, but we refer here [4] and the references therein.
When A =0, GMEP reduces to the mixed equilibrium problem (MEP) which is to find x € C such
that
O(z,y) +¢(y) —p(x) >0, forallyeC.

It is considered and studied in [10} 23]. The set of solutions of MEP is denoted by MEP (6O, ¢).
When ¢ =0, A =0, GMEP (1.2)) reduces to the equilibrium problem (EP) which is to find z € C such
that
O(z,y) >0, VyeCl.

It is considered and studied in [IH3] 8, 11, [18]. The set of solutions of EP is denoted by EP(©). It
is worth to mention that the EP is an unified model of several problems, namely, variational inequality
problems, optimization problems, saddle point problems, complementarity problems, fixed point problems,
Nash equilibrium problems, etc.
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System of Variational Inequalities.

Let F1,Fy : C — H be two mappings. The general system of variational inequalities (GSVI) problem
is to find (z*,y*) € C x C such that for all x € C

IV IV

0,

nkhy +zf — oyt —x*

(Fyr* +y* —a*,x —y*)

where v; > 0 and v, > 0 are two constants. It is considered and studied in [9]. In particular, if F} = F, = A,
then the GSVI is considered in [22]. Further, if * = y* additionally, then the GSVI reduces to
the classical VIP . Ceng et al. [9] transformed the GSVI into the fixed point problem of the
mapping G = Po(I — 1 F1)Po(I — 1eFy), that is, Gx* = z*. The set of fixed points of the mapping
G = PC(I — V1F1>Pc(I — Z/QFQ) is denoted by I.

System of Variational Inclusion Problems.

For each i € {1,2,...N}, let R; : C — 28 be a set-valued mapping with nonempty values, and

B; : C — H be single-valued mapping. The system of variational inclusions (SVI) is to find « € C such that
for each i € {1,2,...,N}

0 € Bix + R;x. (1.5)

If ¢ = 1, then SVI is called variational inclusion. More precisely, let B : C' — H be a single-valued
mapping and R : C — 2¥ be a multivalued mapping with nonempty values, where domain of R, D(R) =C.
The variational inclusion (VI) problem is to find € C such that

0 € Bx + Rx. (1.6)

We denote by I(B, R) the solution set of the variational inclusion (1.6]). Then the solution set of SVI is
equal to ﬂf\il I(B;, R;) which is the set of common solutions of N variational inclusions. For further details
on variational inclusions, we refer to [12HI5], 27] and the references therein.

If B=R =0, then I(B,R) = C. If B = 0, then problem becomes the inclusion problem
introduced by Rockafellar [19]. It is known that problem ((1.6)) provides a convenient framework for the
unified study of optimal solutions in many optimization related areas including mathematical programming,
complementarity problems, variational inequalities, optimal control, mathematical economics, equilibria and
game theory, etc. Let a set-valued mapping R : D(R) € H — 2 be maximal monotone. We define the

resolvent operator Jg ) : H — D(R) associated with R and X as follows:

Jra= T +AR)"!, forallz e H,

where A is a positive number.

Common Fixed Point Problem.

Let {T},}>2, be a sequence of nonexpansive self-mappings on C. The common fixed point problem
(CFPP) is to find « € C such that x € Tj(z) for each i € N. The set of common fixed point of {7},}°°; is
denoted by (o~ Fix(T},).

If n =1, then CFPP reduces to the fixed point problem. More precisely, let C' be a nonempty subset of
an H and T': C — C be a mapping. The fixed point problem (FPP) is to find an element x € C' such that
T(z) = =x.

It is well-known problem and has tremendous applications in different branches of science, engineering,
social sciences and management.
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Problem to be considered.

For each k € {1,2,..., M} C N, let O : C x C — R be a bifunction, ¢ : C — R U {400} be a proper
lower semicontinuous and convex function and Ay : H — H be a mapping. For each i € {1,2,..., N} C N,
let R; : C — 2 be a set-valued mapping and B; : C — H be a single-valued mapping. For j = 1,2, let the
mapping F;j : C — H be a mapping. Let {T,,}>2, be a sequence of nonexpansive self-mappings on C and
{A\n} be a sequence in (0, b] for some b € (0,1). Let V be a bounded linear operator on H and f: H — H
be a mapping. Assume that 2 := (22, Fix(T,,) N (L, GMEP( 6y, ¢k, Ax) NN, I(Bi, R) N T # 0.

We consider the following problem:

Problem 1.1. Find z* € {2, where 2* = Pp(I —(V —~f))z* is a unique solution of the following variational
inequality problem (VIP):
(V—=~fx*,a* —x) <0, forallze 2,

or, equivalently, the unique solution of the minimization problem

!
%18§<Vx,m> — h(z),

where h is a potential function for ~f.

Remark 1.2. The Problem is very different from the problem of finding a point
z* € (| Fix(T,) [ |GMEP(6, ¢, A) [ 1(B, R),
n=1

considered in [25, Theorem 3.2]. There is no doubt that the Problem is more general and more subtle
than the problem considered in [25] Theorem 3.2].

During the last decade, many authors proposed different kinds of algorithms to find the common solutions
of some problems mentioned above; See, for example, [13] [15] 23| 25 26] and the references therein.

Inspired by the research going on in this area, in this paper, we introduce the multi-step iterative
algorithm for finding a solution of Problem This multi-step iterative algorithm is based on Korpelevich’s
extragradient method, viscosity approximation method, projection method, and strongly positive bounded
linear operator and W-mapping approaches. We prove the strong convergence of the sequences generated
by the proposed algorithm to a solution of Problem Our result improves and extends the corresponding
results in [I8, Theorem 3.1], [25, Theorem 3.2] and [23, Theorem 3.1].

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product and norm are
denoted by (-,-) and || - ||, respectively. Let C' be a nonempty closed convex subset of H. We write z,, — =
(respectively, z,, — z) to indicate that the sequence {x,} converges (respectively, weakly) to x. Moreover,
we use wy () to denote the weak w-limit set of the sequence {z,}, i.e.,

wy(xy) == {z € H : x,, — x for some subsequence {xy,} of {zy}}.
Lemma 2.1 ([13]). Let X be a real inner product space. Then,
lz +ylI* < [le]® + 2{y. 2 +y), Ve,yeX.

Lemma 2.2 ([13]). Let H be a real Hilbert space. Then, the following assertions hold:

(a) lle = y|2 = 2] = yll? - 2(x — yy), Yo,y € H;
(b) Az + yl2 = Mjz[]2 + ullyl? = Malle — |2, Va,y € H and A, € [0,1] with A+ p = 1;
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(c) If {xn} is a sequence in H such that x, — x, then

limsup ||z, — y||* = limsup ||z, — z||* + ||z — y|*, ¥y € H.

A mapping V is called strongly positive on H if there exists a constant 4 > 0 such that
(Va,z) > Flzll?, Vz e H.

Lemma 2.3 ([16]). Let V be a ¥-strongly positive bounded linear operator on H and assume 0 < p < ||V~
Then [[I —pV || < 1— p7.

Definition 2.4. A mapping T : H — H is said to be

(a) L-Lipsctiz continuous if there exists a constant L > 0 such that if
[Tz =Tyl < Lljz —yll, Va,y e H;

In particular, if L = 1 then T is called a nonexpansive mapping; if L € [0,1) then T is called a
contraction.

(b) firmly nonexpansive if 27" — I is nonexpansive, or equivalently, if 7' is 1-inverse strongly monotone
(1-ism),
<fL‘—y,T.%’—Ty> > HT;U_Ty”Qa Vac,yGH.

Alternatively, T' is firmly nonexpansive if and only if T' can be expressed as
1

where S : H — H is nonexpansive; projections are firmly nonexpansive.

Definition 2.5. Let T be a nonlinear operator with the domain D(T') C H and the range R(T) C H. Then
T is said to be

(a) monotone if
(Te —Ty,x—y) >0, Vz,ye D(T);

(b) B-strongly monotone if there exists a constant 5 > 0 such that
(Tz —Ty,z —y) > nllz —y|? Va,y € D(T);
(¢) v-inverse-strongly monotone if there exists a constant v > 0 such that
(Tx — Ty, x —y) > v||Tz — Ty||>, Vz,y € D(T).

It can be easily seen that if T' is nonexpansive, then I — T is monotone. It is also easy to see that
the projection P¢ is 1-ism. Inverse strongly monotone (also referred to as co-coercive) operators have been
applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if A is (-inverse-strongly monotone, then A is monotone and
%-Lipschitz continuous. Moreover, we also have that, for all u,v € C and \ > 0,

J(T = Ay — (T = AA)ol? = (1= v) — A(Au — Av)?
= |lu —v||? = 2M\{(Au — Av,u — v) + \2|| Au — Av|? (2.1)
< lu—v|* + A\ = 20)||Au — Av]2.

So, if A < 2(, then I — AA is a nonexpansive mapping from C to H.
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Let {T},}7°, be an infinite family of nonexpansive self-mappings on C' and {\,}>%; be a sequence of
nonnegative numbers in [0, 1]. For any n > 1, define a mapping W,, on C as follows:

Un,n+1 = I,
Un,n - AnTnUn,n—‘rl + (1 - )\n)Iv
Un,n—l — ATL—ITN—IUTL,TL + (1 - )\n—l)Ia

Unjg = MeTiUp g1 + (1= M), (2.2)
Unj—1 = M1 Th—1Up p + (1 — A1) 1,

Ung2 = XToUp3 + (1 — A2)1,
W, = n,l = )\1T1Un72 + (1 — )\1)].

Such a mapping W, is called the W-mapping generated by Tp,, Tr,—1, ..., 71 and Ay, Ap—1, ..., A1.
Lemma 2.6 ([20]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let {1,,}5°, be
a sequence of nonexpansive self-mappings on C' such that NS Fix(T,,) # 0 and {\,}72, be a sequence in

(0,0] for some b € (0,1). Then, for every x € C and k > 1, limy,_, Uy, @ exists, where U, is defined by

22).

Remark 2.7 (J26], Remark 3.1). It can be known from Lemma [2.6| that if D is a nonempty bounded subset
of C, then for € > 0, there exists nyg > k such that for all n > ng

sup || Up gz — Upz|| < e.
xeD

Remark 2.8 (J26], Remark 3.2). Utilizing Lemma we define a mapping W : C' — C by

Wz = lim Wyx = lim Uy 1z, Vo ecC.

n—o0 n—o0

This mapping W is called the W-mapping generated by 17,75, ... and A1, Ao, .... Since W,, is nonexpansive,
so W:C — C is too.
Indeed, observe that for each z,y € C

W — Wyl = lim [Wor — Woy| < =~y

If {x,} is a bounded sequence in C, then we put D = {z,, : n > 1}. Hence, it is clear from Remark
that for an arbitrary € > 0, there exists Ny > 1 such that for all n > Ny

Whan — Way| = |Unpizn — Urzy|| < sug |Unjaz — Urz|| <e.
S

This implies that
lim [|[W,x, — Waz,| =0.
n—oo

Lemma 2.9 ([20]). Let C' be a nonempty closed convex subset of a real Hilbert space H. Let {T,}°, be a
sequence of nonexpansive self-mappings on C' such that NS Fix(T,,) # 0, and let {\,}22, be a sequence in
(0,0] for some b € (0,1). Then, Fix(W) = N2 Fix(Ty,).

The metric (or nearest point) projection from H onto C' is the mapping Po : H — C which assigns to
each point z € H, the unique point Pcx € C such that

— P, = inf ||z —y|| =: d(z,C).
lz = Pea|| = inf [lz - y[| =: d(z,C)

The following properties of a projection are useful and pertinent to our purpose.
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Proposition 2.10 ([13]). Given any v € H and z € C, the following assertions hold:

(a) z=Pox & (x—z,y—2) <0, VyeC;

(b) z=Pox & |z—2|* <z —y|* =y -2 Yy €C;

(c) (Pocx — Poy,x —1vy) > ||Pox — Poyl||?, for all y € H, which hence implies that Po is nonexpansive and
monotone.

The following lemma provides the characterization of a solution of the variational inequality problem in
terms of projection operator.

Lemma 2.11 ([9]). Let A: C — H be a monotone mapping. Then,
ueVI(C,A) & u=Po(u— NAu), for all X > 0.
Ceng et. al. [9] transformed problem (1.4]) into a fixed point problem in the following way:

Proposition 2.12 ([9]). For given z,y € C, (Z,7) is a solution of the GSVI (1.4)) if and only if T is a fized
point of the mapping G : C — C defined by

Gr = Po(I —viF1)Po(I — vaFs)z,  forallx € C,
where y = Po(I — voF3)T.

In particular, if the mapping F} : C' — H is (j-inverse-strongly monotone for j = 1,2, then the mapping
G is nonexpansive provided v; € (0,2¢;] for j = 1,2.

Throughout this paper, it is assumed that 6 : C' x C' — R is a bifunction satisfying conditions (A1)—(A4)
and ¢ : C' — R is a lower semicontinuous and convex function with restriction (B1) or (B2), where

(A1) O(z,z) =0, for all z € C;
(A2) O is monotone, i.e., O(z,y) + O(y,z) <0, for all z,y € C;
(A3) 6 is upper-hemicontinuous, i.e., for all z,y, z € C,

limsup O(tz + (1 — t)z,y) < O(z,y);
t—0t

(A4) O(z,-) is convex and lower semicontinuous for each x € C;

(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such that for any

z € C\ Dy,
1

O(2,Yz) + p(Yz) — p(2) + ;<yx —z,2—x) <0;

(B2) C'is a bounded set.

Given a positive number r > 0. Let TT(Q’@

problem, that is, for each x € H,

: H — C be the solution set of the auxiliary mixed equilibrium

7199 () := {y €C: 6(y,2) +¢(2) — ply) + %(y—fmz —y) >0, forall 2 € C}-

Next we list some elementary conclusions for the MEP.

Proposition 2.13 ([10]). Assume that @ : C x C — R satisfies (A1)-(A4) and let ¢ : C — R be a proper
lower semicontinuous and convex function. Assume that either (B1) or (B2) holds. Forr >0 and x € H,

define a mapping TT(Q’W tH — C by

1
189 (z) = {z €C:0(z,y)+ply) —e(z)+ ;(y —z,z—x)>0,Vy € C’}, for all x € H.

Then, the following assertions hold:
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(a) For each x € H, 7€) (x) is nonempty and single-valued;
(b) T7§9,<p) s firmly nonexpansive, that is, for any x,y € H,

2
HTT(@’% _ T7§9,s0)y” < <TT<9#’>x Oy g y> :

(c) Fix(T'??)) = MEP(6, ¢);
(d) MEP(6O, ) is closed and convez;

2
(e) HTS(@’W)QT — Tt(@’“o)xH < ST_t <TS(@’“O)LU — Tt(97@)$7T§97¢)x — a:>, for all s,t >0 and x € H.
Now we present the demiclosedness principle which will be used in the sequel.

Lemma 2.14 (Demiclosedness principle). [I3] Let C' be a nonempty closed convexr subset of a real Hilbert
space H and S : C' — C' be a nonexpansive mapping with Fix(S) # 0. Then, I — S is demiclosed. That is,
whenever {z,} is a sequence in C weakly converging to some x € C' and the sequence {(I — S)x,} strongly
converges to some vy, it follows that (I — S)x =vy. Here I is the identity operator of H.

Recall that a set-valued mapping T: D(T) C H — 2" is called monotone if for all z,y € D(Tv), feTq
and g € Ty, we have

A set-valued mapping T : D(T) c H — 2" is called maximal monotone if T is monotone and (I +
AT')D(T) = H for each A > 0, where [ is the identity mapping of H. N
We denote by G(T) the graph of T'. It is known that a monotone mapping 7" is maximal if and only if,
for (z,f) e Hx H, (f —g,x —y) >0 for every (y,g) € G(T) implies f € Tx.
Let A: C — H be a monotone and k-Lipschitz-continuous mapping, and Nov be the normal cone to C
at v € C, i.e.,
Nev={ue H:{(v—x,u) >0, Vo e C}.
Define
~ | Av+ Ngw, if vedC,
Tv= { 0, ifvgC.

Then, T is maximal monotone (see [19]) and
0eTv < ve VIC,A). (2.3)
Let R: D(R) C H — 2" be a maximal monotone mapping. Let A,z > 0 be two positive numbers.
Lemma 2.15 ([6]). There holds the resolvent identity

JraT = JR (%m + (1 — %) JR7)\$> , forallxz € H.
Remark 2.16. For A, u > 0, we have
1 1
s = gl < o =l 13—l (§ s = ol + e = Tl ) forall sy 1. (24)

Indeed, whenever A > p, utilizing Lemma we deduce

I Trpx — TRyl = IJru(52 4+ (1= §)JTraz) — JR WY
< e+ (1= B Tpaa —y|
< Bz =yl + (1= Ol Trrz — yl|
< & =yl + 252 Tz -y

Similarly, whenever A < u, we get

A — pl
"

[ TR Az = TRyl < [l —yll + Iz = TRyl

Combining the above two cases, we conclude that (2.4) holds.
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Now, we present some properties for the resolvent operator Jp ) : H — D(R).

Lemma 2.17 ([6]). Jg x is single-valued and firmly nonexpansive, i.e.,
(Jrar = Jray,x —y) > [|[Jrax — Jrayl®,  Va,y € H.

Consequently, Jg x is nonexpansive and monotone.

Lemma 2.18 ([7]). Let R be a mazimal monotone mapping with D(R) = C. Then for any given A > 0,
u € C is a solution of problem (2.2)) if and only if u € C satisfies

u = Jpx(u — ABu).

Lemma 2.19 ([27]). Let R be a mazimal monotone mapping with D(R) = C and let B : C'— H be a strongly
monotone, continuous and single-valued mapping. Then for each z € H, the inclusion z € (B + AR)x has a
unique solution xy for X > 0.

Lemma 2.20 ([7]). Let R be a mazimal monotone mapping with D(R) = C and B : C — H be a monotone,
continuous and single-valued mapping. Then (I + AN(R+ B))C = H for each A > 0. In this case, R+ B s
maximal monotone.

Finally, we present a result related to the convergence of real sequences.

Lemma 2.21 ([24]). Assume that {a,} is a sequence of nonnegative real numbers such that
an+1 < (1 —yn)an + opyn, foralln >1,

where {y,} is a sequence in [0,1] and {0y} is a real sequence such that
(1) D onty Yn = 00;
(ii) either limsup,, . on <0 or Y o0 | lopyn| < 00.

Then lim,,_ o an = 0.

3. Algorithm and Convergence Result

We propose the following multi-step iterative algorithm for finding a solution of Problem such that
it is also a solution of an optimization problem.

Algorithm 3.1. For arbitrarily given z1 € H, let {x,} be a sequence generated iteratively by

e Onr— ) — e )
Up = TiMff’(pM)(I — TM,nAM)Tr(MJYL,i oM 1)(1 — -1 AM—1) 'Tr(l,nl Lpl)(l— —rinAl)Tn,

Vn = JRy Ann (L = AN BN) IRy i Anv_1n (L = AN—10BN-1) - IRy Ay, (I — A1 B1)un, (3.1)
Tnt1 = Polanyf(zn) + Buxn + (1 = Bp) — a, VIW,Guy],  for all n > 1,

where {\;n} C [as,b;] C (0,2m;), {ren} C lex, fu] C (0,2ug), i € {1,2,...,N}, k € {1,2,..., M}, {an},
{Bn} € (0,1), and W, is the W-mapping defined by (2.2)).
This multi-step iterative algorithm is based on Korpelevich’s extragradient method, viscosity approxima-

tion method, projection method, and strongly positive bounded linear operator and W-mapping approaches.
Now we present the strong convergence of the sequence generated by Algorithm to an element of 2.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, and for each k €
{1,2,.., M}, O : C x C — R be a bifunction satisfying (A1)-(A4), Ay : H — H be n;-inverse strongly
monotone and ¢ : C — R U {400} be a proper lower semicontinuous and convex function. For each
i€ {1,2,..,N}, let R; : C — 2" be a mazimal monotone mapping and B; : C — H be py-inverse strongly
monotone. For j = 1,2, let the mapping F; : C — H be (j-inverse strongly monotone. Let {T,,}7° be a
sequence of nonexpansive self-mappings on C and {\,} be a sequence in (0,b] for some b € (0,1). Let V be
a -strongly positive bounded linear operator on H and f : H — H be an l-Lipschitz continuous mapping

with 0 < 4l < 7. Assume that 2 =0, and W,, be the W-mapping defined by (2.2). Assume that either (B1)
or (B2) holds. Let {x,} be a sequence generated by Algorithm such the following conditions hold:
(i) Umy oo 0 =0, D 07y =00 and Y oo Japmy1 — o] < 00;
(ii) 0 < liminf,_ o0 B < lmsup,, o Bn < 1 and Y oo [Bnt1 — Bnl < o0;
(iii) Y07 Nint1 — Ain| < 00 for each i € {1,2,..,N} and > 07| |Fhnt1 — ren| < 00 for each k €
{1,2,...,M}.

Then, the sequence {x,} converges strongly to x* € (2, where x* = Po(I — (V —~f))x* is a unique solution
of the following VIP:
(V —7yf)a*,a* —z) <0, forallz e R,

or, equivalently, the unique solution of the minimization problem

o1
;rélgi(Vx,m) — h(x),

where h is a potential function for v f.

Proof. Since lim,, o o, = 0 and 0 < liminf,, o 5, < limsup,,_,. Bn < 1, we may assume without loss of
generality that for some 0 < ¢,d < 1, {8,} C [¢,d] C (0,1) and v, < (1 — B,)||[V||7! for all n > 1. Since V
is a -strongly positive bounded linear operator on H, we know that

|Vl = sup{(Vu,u) : u € H, |lu| = 1}.
Observe that

(1 =B —anV)u,u) =1 = B, — an(Vu,u)
> 1= Bp—an|V|
> 0.

It follows that

[(1 = Bn)I — V| = sup{(((1 = Bn)I — anV)u,u) : u € H,[lu]| =1}
= sup{l — B, — an(Vu,u) 1 u € H,[[ul| = 1}
< 1- ﬂn - O‘n;)/-

Put
AZ = T(9k7¢k)(1 — ’r‘kmAk)T(@k_hlpk_l)(I - rk—l,nAk—l) s Tr(lei’tpl)(l - Tl’nAl).iUn,

Tk,n Tk—1,n

for all k € {1,2,...,M} and n > 1,
sz, = ‘]Ri)\i,n (I - )‘i7nBi)JRi—1,>\i—1,n (I - )\i—l,nBi—l) T JRl)\l,n (I - )‘1,7131)7

for all i € {1,2,..., N} and n > 1, and A% = A% = I, where I is the identity mapping on H. Then, we have
u, = AMx,, and v, = ANu,. We observe that Pqo(yf + (I — A)) is a contraction.
Indeed, for all x,y € H we have
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[1Po(vf + (I =V))z = Po(vf+ (I =V)yl < [[(vf + T =V)x = (vf+ T =V))yll
<A @) = FI+ I =Viliz -yl
<Az =yl + (1 =)z -yl
=1 =G =)z -yl

By Banach contraction principle, we deduce that Po(yf 4+ (I — V') has a unique fixed point z* € H,
that is, z* = Po(vf+ (I = V))x*

We divide the rest of the proof into six steps.

Step 1. We show that {z,} is bounded. Indeed, take a fixed p € {2 arbitrarily. Utilizing (2.1)) and
Proposition [2.13] (b), we have

[un = pll = TSP = ragn Bar) ANy, — TP (T = rag Bar) AY |

<N = rarnBan) AN — (I = ragn Bar) A) )|
<AV e = Ay

(3.2)
< || ARan — Abpll
= |lzn — pl|-
Utilizing (2.1) and Lemma we have
on = Il = 1 R s (= AN AN AY " = Try ay,, (I = A An) AN p)|
< (I = A AN) AN un = (I = AN AN) AR |
< AN — A7l
(3.3)
< [ Apun — A5pll
= [lun —pl|.
Combining (3.2) and (3.3), we have
00—l < len . )

Since p = Gp = Poc(I — viF1)Pc(I — voFy)p, Fj is (j-inverse-strongly monotone for j = 1,2, and
0 <v; <2¢; for j = 1,2, we deduce that, for any n > 1,
G, — p||> = ||Po(I — i F1)Pe(I — vaFy)v, — Po(I — vi Fy) Po(I — va Fy)p|?
< (I = 1 F1)Po(I — vaFy)v, — (I — v F1)Po(I — 1o Fy)p)||?
= |[Pc(I — vaFy)vn, — Po(I — vaFo)p| — v1[FiPo(I — 1o Fy)v, — FLPo(I — v Fy)p]||?
< ||Pc(I — vaFa)vy, — Po(I — o Fy)p|?
+v1(v1 = 20)||FiPo(I — vaFy)v, — FiPo(I — va Fy)p|?
< ||Po(I — vaFa)vy, — Po(I — 1o Fo)p|?

< = veFa)on — (I = v Fo)p|?
I?

(3.5)

= ||(vy, — p) — v2(Fov, — Fop)
< Jon — pl|* + va(va — 2G2) || Favn, — Fop)|?
< |Jon — pI*-
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This shows that G is nonexpansive. Thus, from , , and Wy,p = p, we get
201 = pll = [[Polony f(zn) + Bnan + (1= Bu)l — anV)WnGuy] — p|
< lomyf(@n) + Bnan + (1 = Bu) ] — anV)WnGup — pl|
= lan(vf(2n) = VP) + Bn(zn —p) + (1 = Bu)I — V) (WnGun — p)|
<A = Ba)I = anV|[[WnGon = pll + Bullzn — pll + anlvf (zn) = V|

< (1= B — an¥)[|Gun = pll + Bullzn — pll + anllyf (zn) = Vo

< (I = an)|zn — pl| + an(Yl||z7 — pll + [[7.f(p) — Vpl|)

=[1 - = Dan]lzn = pll + anllvf(p) = VI

5 N vfp) = Vp
— (1= (5= Wanllen - pll + (7 — e, LB TP]
¥ =l
-V
< max{||z, — pl, w}.
=l
By induction, we obtain
1vf(p) — Vol
Ty — p|| < maxq|xg —p||, ————— -
o | < mas{ o ], 22—

Therefore, {z,} is bounded, and so are the sequences {u,}, {vn}, {f(zn)} and {W,Gv,}.

Step 2. We prove that ||z,41 — x| = 0 as n — oo. Indeed, we write y, = anvf(xn) + Bnrn + ((1 —
Bl — a, V)W,Guy. Then, x,41 = Peoyy for each n > 1. Define y,, = Brx, + (1 — B,)w,, for each n > 1.
Then from the definition of w,, we obtain

Wnp+4+1 — Wn

_ Ynt+1 — Bn+1Tnt1 Yo — Bnn

1-— Bn+1 1-— 5n
_ 17 (@ng1) + (L= Bay ) — and VIWnia Guagr— anyf(@n) + (1= Bu) I — o V)W Goy
1-— /Bn+1 1- ﬁn
Qn+1 o, an+1V o,V
= 7(1—75%1][@%1) 1= 6nf(95n)) + - m)WnnLlenJrl —( =1 IBn)WnG'Un
o Qpt1 Qp, Qn _
= ’Y[(l "G 1o ﬁn)f(xn—i-l) t1 -4 Bn(f(xnﬂ) f(zn))]
nt1V nV nV
U= 25 = (= T2 ) Wi G + (1= 120 (W1 Gyt = WaGn)
= (72— — ) (1 (1) = VWi 1 Gonsr) + 7= (f (1) = F(@a)
— 9z BnJrl 1- 3, v n+1 n+1GUn41 1— 6n/7 n+1 n
(1= 2 VY (W1 Gontt — WiGuy).

l_ﬁn
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It follows from Lemma 2.3] that

< | Qn+1

w1 — wy|

(Tn+1) = VWii1Gopya || + ﬁﬁ'ﬂ’f(qhwl) = f(zn)]

= 11=B
+ I - ) (Whnt1Gopg1 — Wi Guy)||
< I (@n41) = VWit Gnaa | + 1252211 = 20

+ I = 25 VIIIWh 1 Gongr — WaGon||

S ‘(an+l_a(q),(g;ﬁq)j_ﬁc:li(lﬂ)nJrl_ﬁn) ‘ nyf(xm_l) — VWn—l—len-i-lH + ﬁﬁ’}’l”[&,ﬁrl — an (3 6)
+ 1 - 1g%nv“(|’Wn+1Gvn+1 = Wh1Gon|| + [[Wag1Gon — WiGogl)) '
< lantt e Bt =Bl |y f (2041) = VWas1 Gost | + 125712041 —
+ ( a[g YV IGvnt1 = Gup| + [[Wn1Gon — WnGunl)
< "“"“@“3)‘(*1‘5’511 Oollly f (@ng1) = VW1 Guna | + 125|201 — 2|
+(1— ﬁﬁ V)vn+1 = vnll + W1 Gon = WnGoy||).
Since W,,, T;, and Uy ; are all nonexpansive, from (2.2]), we have
||Wn+1GUn - WnGUnH = ||)\1T1Un+172GUn - AlTlUn,QGUnH
< AIHU}L—1—1,2G'Un - Un,QGvnH
= M| AT2Upv1,3Gvn — A ToU, 3Gy ||
< )‘1)‘2’|Un+1,3Gvn - Un,3G'Un||
] (3.7)

S A1)\2 e )\nHUn—i—l,n—l-len - Un,n—&-lenH
n
i=1

where sup,,>1 {||Un+1,n+1Gn || + |Unnt1Gon|| } < M for some M > 0. Utilizing (2.1)) and (2.4)), we get

[vn1 —vnll = ‘|An+1un+1 A Up ||
= HJRN,AN n+1(‘[ AN n+lBN)An+1 Un+1 — JRN)\NTL(I AN nBN)AN_lunH
< Ry Ann (= /\Nn+1BN)/1n+1 Unt1 = JRy Ay pa (L= )\NnBN)AnH Un 1]
F TR An s (I = AN nBN)AnJrl Unt1 = IRy an, (I = AN BN) AR |
<N = AN BY) A e — (I = AN BN) AR |
+ H(I - )\N,nBN)Ar,H__l Up+1 — (I AN nBN)ANflunH + ’)‘N7n+1 — )\Nm’X
X (ﬁ” RN AN 41 (I AN nBN)An-H Un+1 — (I - AN,nBN)quzV_lunH
||(I AN nBN)An+1 Unt1 = JrRy Ay, (I = AN nBN) AN un )
< |/\N,n+1 /\Nn|(”BNAn+1 Ut + M) AN e — AN | (3.8)
< ANt — )\Nn|(||BNAn+1 Upt1]| + M)
(I1BN- 1An+1 Unt1 | + M) + ||An+l Unt1 — A3 un||

+ [ AN—1,n41 —

< AN+t — ANl (BN AN F g || + M) -
+ [AN-1n41 — (1B -1 4 P upa || + M)
+ o+ Ay — >\1n|(HB1 Ot ||+ M) + [ AD ytng1 — Ay ||
N

< My Z ‘)‘i,nJrl — >\i,n| + |[uny1 — uall,
=1

where
Sgp{ﬁl TRy Ay (I — AN nBN) AN 1 — (I = AN BN)AY g |
n>0

o I = A Ba) AN s = Try e (1= v Ba) AN M|} < M,
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for some M > 0 and supn>0{zl | Bi An+1un+1H + M} < M for some My > 0.
Utilizing Proposition (b), (e), we deduce

[unt1 = tnll = |80 1201 — A,
= T T = i Av) A "+1 " = TP (I = rarn Ang) A3 |
S ITERE T = ratna Aa) 4 n+1 g1 = TP (T = ragn An) AN i |
+ || T} 91\1,@1»1)([_1“]\/[” v)AM n+1 - 9M,¢M (I = rasnAn) AM g |
< HngAfﬁM (I — ragn1 Ang) AN 2 — T(sf\g’ﬂohl)(l — P\t 1 A Anﬂ Tt

)
TP = 1 a1 A) AN g = TP (T — 1pg 0 Ap) AN i |

U = rarnAn) Ay Tnsr — (I = rarnAn) AY L

TMpt+1 — M _ N
< | ot | ||Tr,§]‘fﬁM)(I — a1 An) AN i — (I = a1 Ang) AN T |

TMn+1
+|rarnsr — raral | A AN oo || + IIA%?%H — A || (3.9)
= [rarnt1 — Tarnl (A AN an g || + HTrslfﬁM (I = raam1 An) A g

— (I = ragnr1Aa) AT T ] + HAnH Tn+1 = Ay’ L]

”T (On,0nr)

< rarmir = rarnl [l A AN g | + o R ML — v a1 An) AN 0

— (I = a1 An) AV e ] 4+ !T17n+1 — ri [l A1 A @ |
1

T1,n+1

(O1,1)

+ T (- Pt A1) A T — (1 — 115101 41) A 201 ]

+ ”Anglxn-&-l — Az
M

< Mlz‘rk‘,n-‘rl - rk,n| + Hmn+1 - l‘nH,
k=1

where Ml > 0 is a constant such that for each n > 0 and so we have

M
> lIARAS r,ﬁ’fﬁ’“)( — T 1 AR) AR 1 — (I = Thns1 Ap) Al o []] < M.
k=1

Combining (3.6)—(3.9)), we obtain

’an—i—l - an| + |ﬁn+1 - 6n| (079
n - Wn < n - VWTL G n l n - 4n
Hw +1 w H = (1 — d)(l — /Bn) ”")/f(l' +1) +1Gv +1H =+ 1— /any Hq’. +1 x H

Qp

+(1-1= 3 ) ([[vnt1 — vnll + |[Was1Gon — WyGoy )

’an—i—l - an| + |/Bn+1 - ﬁn

- (1 —d)(1 = fn)

N
(67%% _ — —
+ ( 5 Mo > [Nims1r = Xinl + [tnt1 — ] +MH)\z‘}
=1 =1

| 7f(2Znt1) = VIWnp1Gup ]| + Y| Tnt1 — xp || (3.10)

/Bn

’an—l-l - an’ + ‘Bn-l—l - Bn

- (1 _ d)(l o ﬁn) ’ ||7f(xn+1) - VWn+1GUn+1|| —+

Y Tni1 — 2ol

Qo
1_Bn
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N M
a — — —
+(1 -7 fﬁ Mo > [Nint1 = Ximl + M1 |renss — ol + |Tna1 — 2ol + Mb"}
n i=1 k=1

’an-i—l - an| + |/8n+1 - ﬁn| . . (679 —_— .
< lonet 2 ool et = Bl ) - Y WG|+ (1 = 225 = 20l = 7

N M
+ My Z [Ain+1 = Ainl + M12|Tk,n+1 — Thon| + Mb™.
=1 k=1

Note that

Yn+l — Yn = Bn(xn—i-l - xn) + (/Bn—i-l - ﬁn)(xn—&-l - wn—i—l) + (1 - Bn)(wn—i-l - wn)'

Hence it follows from (3.10]) that

|Znt+2 — Tnt1ll = [[Peynt1 — Poynl|
< [yn+1 — all
< Ballzn+1 — znll + Bns1 — Bulllznt1 — wnia |l + (1 = Bn) lwnt1 — wa|
< Ballzn+1 — | + |Bnt1 — Bulllznt1 — wpga |

+ (1 _ 571){ |an+1 - an’ + |/8n+1 -

1—d)1 -5y bl 17 f (2ni1) = VWii1Gopg |

Qp,

1_571

N
(¥ = YD) [Ens1 = 2nll + Mo > Pint1 = Aiml
i=1

+(1-

M
+ M1 |rens1 — Thon| + MO"}
k=1
<[ = =anllzntr — zall + |Brns1 — Bulllznt1 — wpa||
|Ont1 — an| + [Bns1 —

Bn
+ 1—4d ’ H'Yf(wnJrl) — VWn+1GUn+1||

N M
+ Mo Z [Ain+1 — Ain| + MlZ|7“k,n+1 — Tkl + MO"
=1 k=1

< [1— (7 = Wan)lzns1 — zall + Ma(|ant1 — an| + |Bat1 — Bal

N M
+ Z |Xin+1 — Ainl + Z!T’k,mrl — Tl +07),
i—1 k=1

where supn21{7f(x")EYZV"GU"” + ||z — wn || + Mo + M; + M} < M, for some M, > 0. Since on | oy = 00,
D onet lomir —an| <00, 320 [Bnga — Bl <00, 3207 [Nint — Ain| <00 and 300 [Pk g1 — Tea| < 00
where ¢ € {1,2,..., N} and k € {1,2,..., M}, from b € (0,1) and Lemma we conclude that

|Xnt1 — xn|| = 0. (3.11)

lim
n—oo

Step 3. We prove that lim,,_, ||v, — Gu,|| = 0. Indeed, for simplicity, we write v, = Po(I — voF3)vy,
zn = Po(I — v1 Fy)0y, and p = Po(I — voFs)p. Then z, = Guv,, and

p= Pc(I — I/lFl)ﬁ = Pc(I — VlFl)Pc(I — V2F2)p = Gp.
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From (3.1)), (3.4]), (3.5) and Proposition (a) and Lemma (b), we obtain that for p € 2,

[Zn1 —=pI* < llan(vf (@) = VIWaGun) + Bul@n — p) + (1 = Bu) (W Gon — p)||?
= ||Bn(@n — p) + (1 = Bn) (WyGoy _p)H2 + a?zHVf(xn) - VWnG”nH2
+ 2an<(7f(xn) - VWnG'Un)’ ﬂn(xn - p) + (1 - ﬁn)(WnGvn - p)>
< Bonn - pH2 + (1 - ﬁn)”WnGvn _pH2 - 571(1 - 577,)”-%'71 - VVnGUnH2
+ an||vf(7n) = VW0Gu||[2]|Bn(zn — ) + (1 = Bn) (WnGvn — )|
+ anl|vf(zn) = VIWnGoyll]
< Bullzn — p||2 + (1= B)l|Gop — P||2 — Bn(1 = Bn)llzn — WnGvnH2
+ an|[7f(@n) = VWpGon||[2(Bnllzn — pll + (1 = Ba)l[ve — pl))
+ ap||vf(xn) — VIW,Guy,||]
< Bn”xn - p”2 + (1 - ﬁn)”Gvn - p||2 - Bn(l - 5n)||xn - WnG'UnH2
+ anllvf(zn) = VWnGup||2llzn — pll + anl|vf(2n) — VRGO |)
< Bulln = plI? + (1= Bo)lllvn — plI? + va(va — 2G) [ Favn — Fop|? (3.12)
+ VI(VI - 2C1>HF17~}71 - FlﬁH2] - /8n<1 - ﬁn)”wn - WnGvnH2
+ an||vf(7n) = VWnGun||(2)|lzn — pll + anllvf(2n) — VWRGunl|)
< Bullen = plI* + (L = Ba)lllvn — plI* + va(va — 26) || Favy — Fap||?
+ Vl(Vl - 2<l)”F1®n - FlﬁHQ] - IBn(l - ﬁn)”xn - VVnG’UnH2
+ anllvf(zn) = VWaGun | 2llzn — pl| + anl|vf(2n) — VIWRGo||)
< Bullen = plI? + (1= Ba)lllzn — plI* + va(ve — 2G) || Fovn — Fop|?
+ VI(VI - 2<1)”F1{7n - FlﬁH2] - /Bn(l - 5n)||$n - I/VnG'UnH2
+ an||vf(2n) = VWaGonl|2llzn — pll + anllvf(2n) — VIWLGup||)
= [lzn — plI* = (1 = Ba) [12(2C2 — v2)|| Favy — Fop||?
+ V1(2<1 - Vl)HFl'{)n - FlﬁH2] - /Bn(l - ﬁn)”$n - WnGvnH2
+ an||vf(7n) = VW0Gua||(2]|zn — pll + anl|vf(2n) — VIWRGun|),

which immediately implies that

(1= d)[v2(2¢2 — v2) | Favn — Fop||? + v1(2¢1 — 1) | Fion — F1p|*] + ¢(1 — d)||l2n — Wy Gy ?
< (1= Ba)[r2(2C2 — v2) | Favy — Fopll® + v1(2¢1 — 1) | F16n — F1p|?]
+ /Bn(l - Bn)”wn - WnGvnH2
< l@n — pH2 — lzn+1 —p||2 + 2an||zn — pllll7f(2n) — VWL Gyl
+ O‘%H’Yf(xn) - VWnG”nH2
< lzn — zngall(len = pll + lentr = pll) + 2an||zn = pll[7f (20) = VIWaGun||
+ a%H'Yf(xn) — VW,Gunl®.

Since limy, 00 oy, = 0, limy, o0 [|Zn+1—2, || = 0and v; € (0,2¢;),7 = 1,2, we deduce from the boundedness
of {xn}, {f(zyn)} and {W,,Guv,} that

lim ||Fyv, — Fop|| =0, lim |[F19, — Fip||=0 and lim |z, — W,Guv,| = 0. (3.13)
n—00 n—o00 n—oo

Also, in terms of the firm nonexpansivity of Po and the (;-inverse strong monotonicity of F} for j = 1,2,
we obtain from v; € (0,2¢;),j = 1,2 and (3.5)) that

[on = Bl* = [|[Pc(I — vaFa)v, — Po(I — v2Fy)pl|®
< (I —voFo)vy — (I — 2 F2)p, 0y — P)
= 5[I(I = v2F)vy — (I — 2 Bo)pl|* + || — 5|
— (I = vaFo)vy — (I — vaFa)p — (0, — P)|?]
sUllon = ol + 100 = BI* = |(vn = Bn) — va(Fovn — Fap) — (p — ) ||*)

I IA

sllon = pl? + 1150 = 51 = ll(vn — @) — (p = )7

+ 2V2<('Un - 'ﬁn) - (p _ﬁ)aFQ'Un - F2p> - V%HFQUH - F2p”2]7
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and
|2, — p|* = [|Pc(I — v1 F1)on — Po(I — i1 Fy)p|)?
<A(I =v1F1)0y, — (I —v1F1)p, 2, — p)
= S = )i — (T = EIP + |2 — p?
T = )iy — (1= F)p — (20— )]
< Sl =3I + |z — I - H(vn )+ (=PI
+ 201 (F10n — F1p, (B0 — 20) + (p — D)) — Vi | F10, — F1||]
< 2 llen =Bl + l1zn — Bl = 130 — z0) + (0 — )
)

)]

+ 201 (F10n, — AP, (U, — 2n) + (p —
Thus, we have
190 =51* < on = pII* = | (vn = 0n) = (P=D)II* +2v2((vn = ) — (0= D), Fovn — Fap) = 5 || Fove — Fop|®, (3.14)
and
20 = 2lI* < o =2l = [[(@n — 20) + (p = D)|I* + 201 | Fan — Fupl|(Tn — 20) + (0 — D). (3.15)

Consequently, from (3.4), (3.5)), (3.12) and (3.14)), it follows that

|Zn+1 — p”2 < Bullzn _pH2 + (1 = Bn) |G — p”2 = Bu(1 = B)llzn — WnGvnH2

+ an||vf(7n) = VW0Gua||2l|lzn — pll + anlvf(7r) — VWRGu,||)

< Bulln _pH2 + (1 = Bu)lltn —25H2
+ an||vf(7n) = VW0Gun||(2]|zn — pll + a7 f(7r) — VWnGunl|)

< Bullzn = plI* + (1= Ba)lllvn = plI* = (vp — 0n) = (0 = D)|I?
+ 2v3||(vn — n) — (p — D)l Fovn — Fapl]
+ anl|vf(zn) = VWa G| (2l|lzn — pll + anllvf(zn) — VW Gun|)

<z = pl* = (1 = Ba) (s — B0) — (0 = B)I* + 20| (vn — Bn) — (p — D) ||| Fovn — Fop|
+ an||vf(7n) = VW0Gun||2l|zn — pll + anllvf(2n) — VIWRGun|),

which yields

(1 =d)ll(vn = Tn) — (0 = )|
< (A= Bu)ll(vn —Bn) — (p _ﬁ)HZ
< lwn = ol = llznt1 = ol + 202)| (v — 80) = (0 — D) || Favn — Fap|
+ anl|vf(2n) = VWaGonl|2llzn — pll + anllvf(2n) — VIWLGup )
< zn = zngal|(lzn = pll + [[2n41 = pll) + 2v2]|(vn = 0n) = (p — D) [ Fovn — Fop||
+ anl|vf(zn) = VWaGupl|(2llzn — pll + anllvf(2n) — VIWRGupl).

Since limy, o0 oy, = 0, limy 00 ||Zn+1 — znl| = 0 and limy, o || Fov, — Fopl] = 0, we deduce from the
boundedness of {x,,}, {vn}, {On}, {f(2n)} and {W,,Gv,} that
Jim {|(vp = on) = (p = p)I| = 0. (3.16)

Furthermore, from (3.4)), (3.5)), (3.12)) and (3.15)), it follows that
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1Znt1 = pl1? < Ballzn = plI* + (1 = B2)[|Gon — pf?
+ anllvf(@n) = VW Gonl|(2)|2n — pll + anllvf(zn) — VIWLGun|)
= Bullzn = ol + (1 = Bu)llzn — I?
+ anllvf(@n) = VW Gonl|(2)|zn — pll + anllvf(zn) — VIWLGun)
< Ballzn = pl? + (1 = Ba)lllvn = 2l = 10 = 22) + (0 = D)II?
+ 2v1[|[F10n — F1p|[[[(0n — 2n) + (p — D)}
+ an||vf(2n) = VIWaGual|2ll2n — pll + anl|vf(2n) = VIWRGon||)

<l = plI? = (1= B)ll(@n = 20) + (= D)II* + 201 (| Fin — Fapl[[| (90 — 20) + (p = D)l

+ anl|vf(2n) — VWoGual|2l|lzn — pll + anllvf(zn) — VIWLGol)),

which leads to

(1= )| = 2) + (0 = D)
<@ =Bu)l(0n — 2n) + (p *ﬁ)Hz
< l&n = ol = llznts — plI* + 201 | F10n — Fip|[|( — 20) + (0 — D)
+ anllvf(@n) = VIWRGon||(2)|2n — pll + anllvf(zn) — VIWLGun|)

< zn = znsall(lzn = pll + [l2n41 = pl) + 201[[Fr0n = Fipl|[|[(0n = 20) + (p = D)l

+ an|vf(wn) = VW0Gua||2l|lzn — pll + anllvf(2) — VIWRGunl|).

Since limy, 00 @ = 0, limy, 00 [|[Zn4+1 — 2| = 0 and lim,, || F10, — F1p|| = 0, we deduce from the

boundedness of {z,}, {zn}, {On}, {f(zn)} and {W,,Guv,} that

lim [|(on, = zn) + (p = P)I| = 0.

n—oo

Note that
lvn = 2| < [[(vn = On) — (P = D)I| + || (D — 20) + (0 — D) ||-

Hence, from (3.16)) and -, we get

lim ||v, — 2] = lim |Jv, — G, = 0.
n—oo n—oo

Step 4. We prove that lim, oo ||Tn — un|| = 0, lim, oo ||2n — vp|| = 0 and limy, o0 ||, —

Indeed, observe that

A wn = pl|* = | TSN = ey Ag) A — TP (T = 1 Ar)pl|?
<N = rrnAR) Ay — (I = 10 Ar)pl)?
<A = Pl + 1k (rim — 20| AR A 2 — Agpl|?
< wn = oI + i (P — 20) | AR AN 2 — Arpl|?,

and

|45 un = I = (| TR A (I = NinBi) A un = TR i, (T = Ain Bi)pl?
<N = NinBi) A5 g — (I = X Bi)p|?
<45 un = plIP 4+ AinNin — 200) | Bid}, un — Bipl|®
< un = plI* + Nin(Nin — 203) || Bi A}, un — Bipl|®
<wn = plI* + Nin(Xin — 20:) |Bi A}, un — Bipl|?,

(3.17)

(3.18)

Wou,| = 0.

(3.19)

(3.20)
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fori € {1,2,..,N} and k € {1,2,..., M}. Combining (3.4), (3.5), (3.12), (3.19) and (3.20]), we get

Znt1 = 21 < Ballzn = plI* + (1 = B2)[|Gon — p|?

+ anllvf(zn) = VWa G| (2||lzn — pll + anllvf(zn) — VW Guy|)

< Bullwn = pl* + (1 = Ba)llva — plI?
+ anl|vf(zn) = VWaGun | (2|lzn — pll + anllvf(zn) — VW Gun)

< Bullwn = pl* + (1 = Ba) | 4510 — p||?
+ anl|vf(zn) = VWn G| (2|lzn — pll + anllvf(zn) — VW Gun|)

< Bullzn = plI* + (1 = Ba)llun = plI* + Xin(Nin — 200) | By, un — Bip|?]
+ anl|vf(zn) = VWn G| (2||lzn — pll + anllvf(zn) — VW Guy|)

< Ballen = plI* + (1= Bu)lll Az = PI* + Xin(im = 20) | By un = Bipl |’
+ anllvf(zn) = VWnGun | (2||lzn — pll + anllvf(zn) — VW Guy|)

< Ballen = plI? + (1= B)lllzn = pI* + o0 (rhn — 200) [ AR AR 20 — Agp|®
+ Xin (N — 2m) | Bid, un — Bip||*)
+ anl|vf(zn) = VWa G| (2l|lzn — pll + anllvf (zn) — VW Guy|)

= [lzn — p||2 + (1= B)ren (e, — 2ﬂk)”AkAﬁilxn - Akp||2
+ Xin (Vi — 200) | Bid  un — Bip||?)
+ anl|vf(2n) = VW Gonl|2llzn — pll + anllvf(2n) — VIWLGun|]),

which hence implies that

(1= d)[rkn 2k — rrn) AR A 20 — Arpll® + i (200 — Xin) | Bi Ayt — Bipl|”]
< (1= Bu) b (b — i) I|AR AR 2 — Akp|® + Ao (20 = A 1Bi A}, un — Bip|?]
< ln = ol = llznrs = 2l + 2anllen = pllvf (@n) = VW Gon||
+ O‘ZH'Yf(xn) - VWnGUn”2
< |lzn = Zpt1ll(|zn = pIl + 2041 = pI) + 20020 — pllIvf(20) = VIWRGun|
+ap v f(wn) = VWG 2.

Since limy, o0 y, = 0, limy, o0 [|Tn41—2n|| = 0, {Xin} C [as, bi] C (0,2n;) and {ry .} C [ck, di] C (0,2u)
where 7 € {1,2,..., N} and k € {1,2,..., M}, we deduce from the boundedness of {z,}, {vn}, {f(zn)} and
{W,,Gv, } that

lim ||AzAF Yz, — App|| =0 and lim_ | B; A Yy, — Bypl| = 0, (3.21)

n—oo

where i € {1,2,.... N} and k € {1,2,..., M }.
Furthermore, by Proposition [2.13] (b) and Lemma (a), we have

HA’:an - p”2 = HT7ﬂ(k957<pk)(I - rk,nAk)Aﬁ_lxn - T}S:v%)([ - Tk,nAk)puz
<A = 1 Ap) ARy — (1 — 7y Ap)p, ARy, — p)
1 _
= §(H<I — T i) AL — (T = i Ap)pl® + || ALz, — p)?
— (I = rpn i) A 2y — (T = 1 Ai)p — (A — p)|1?)

1 e _ _
< SUAR w0 = pl* + 1450 — pI* = 145 20 = Aan — (AR 20 — Akp)|),

which implies that
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1A = pl* < AV 2w = pl? = A7 20 — Ajy — i (AR AN 2 — Agp) |
= A% e = pl? = A e — Afwal? — | ARAR e — Agp?
+ 2rk,n<A£_1xn - Aﬁxn, AkAﬁ_lxn — Agp) (3.22)
< "Aﬁilwn - pH2 - HAfzilxn - AﬁwnHQ + 27’k‘,n”AIr€;1xn - AﬁanHAkAﬁilwn — Awp||
< flzn — p||2 - ||Aﬁ_1xn - AﬁInH2 + 27‘k,nHAﬁ_lxn - AﬁanHAkAﬁ_lwn — Agp||-

By Lemma (a) and Lemma we obtain

[ AL wn = p)* = TR (I — N Bi) Al Mg — Jgy x, (I = Ni Bi)pl?
< (I = XiwBi) Al — (I — X nBi)p, Alyuy, — p)

1 . )
= ST = X Bi) Ay = (I = Xin Bi)pl|* + || A3 — pl|*
— (I = X B) Ay g — (I = X Bi)p — (4,un = p)II)
1 , . . -
< U = pl* - 1A un = pl* = 145 = Ay = X (B un = Bip)[*)

1 . . . .

< S (lun = pl* + [ A5 un = pII* = 143 = A = i (Bidyy un — Bip)[|*)
1 , . . .

< S (lwn = pIP + 45 un = pII* = 145 = A = Nign(Bidyy un = Bip)[[%),

which immediately leads to

1A = plI* < llzn = plI* = 45 un — A un — X (Bidy  un — Bip) |
= lzn = plI* = |45 un = Ajunl* = A2, || Bidi, 'up — Bip|)?
+ 2 (Al — Ay, BiAL 'uy, — Bip)
< lzn —p||2 - ||A£;1un - AZUHHZ + 2)\@,7”"/1%—1”” - A%unHHBiAf;lun — Bip||.

Combining (3.12)) and (3.23|), we obtain

[ _pH2 < Bnllzn _pH2 + (1 = Bn)llvn — p”2

+ anllvf(zn) = VWaGun | (2l|lzn — pll + anllvf(zn) — VW Guy|)
< Bullen = plI* + (1 = Ba) | A} un — p?

+ anl|vf(zn) = VIWaGun | (2||lzn — pll + anllvf(zn) — VW Gun|)
< Bullwn = plI* + (1 = Ba)lllzn — plI* = 145, un — A5 unlf?

+ 2)‘1',%“/1?1—1“” - A%unHHBi/l;_lun — Bip|[]

+ anl|vf(zn) = VWaGun | (2llzn — pll + anllvf(zn) — VW Gup|)
<l = pl1? = (1= Bl A, un — Afun?

+ 2)‘i,nHAi:1un - A:zunH ||B¢/1i;1un — Bip||

+ anllvf(zn) = VWaGun || (2||lzn — pll + anllvf(zn) — VW Gun|),

(3.23)

which yields

(1= )45 un — A5 unl|?
<(1- 5n)||/1iz_1un - AizunHQ
< lzn = pl* = lzns1 = plI* + 2200l A7 un — A1 Bi Ay un — Bip|
+ an|[vf(zn) = VWnGunl|2ll2n — pll + cnllvf (2n) = VIWRGon))
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< — zngr|(l2n = pll + @01 = pl) + 220l Al un — Ayun ||| Bi Ay un — Bipl|
+ an|vf(wn) = VW0Gun||2|zn — pll + anllvf(7n) = VIWRGun|]).

Since limy,—y00 v = 0, limy, o0 || Zn41 — 25| = 0 and { X} C [ai, bi] C (0,2n;) where i € {1,2,..., N}, we
deduce from (3.21)) and the boundedness of {z,}, {un}, {vn}, {f(zn)} and {W,,Gv,} that

lim ||A"  u, — Al u,|| =0, Vie{l,2,..,N}. (3.24)

n—o0

Combining , and , we get
lZns1 = plI? < Ballzn —pl* + (1 = Ba)lvn — oI

+ anllvf(zn) = VWnGun | (2l|lzn — pll + anllvf(zn) — VW Guy|)
< Bullen = pl1? + (1 = Ba)llun — p|®

+ anl|vf(zn) = VWaGun | (2llzn — pll + anllvf(zn) — VW Gup|)
< Ballen = pl? + (1 = Ba) | A5z — pl|?

+ anllvf(zn) = VWaGun | (2l|lzn — pll + anllvf(zn) — VW Guy|)
< Ballzn = ol + (1= Ba)llzn = pl* = |47 20 — Azal®

+ 20| AR e — AR || Ap Ay e — Appll]

+ anl|vf(zn) = VWaGun||(2l|lzn — pll + anllvf(zn) — VW Gun|)
< llzn _pH2 —(1- Bn)”Aﬁilxn - Alﬁanz

+ 27"k,n”Afz_1xn - Afifﬂnll ||Al~ch]§,_193n — Agpl|

+ anl|vf(zn) = VWaGun||(2|lzn — pll + anllvf(zn) — VIWRGun|),

which leads to

(1= d)[| A% wn — Afa?
<(1- ﬁn)HAﬁ_lxn - AﬁanQ
<l = plI* = @1 = pI® + 2rpnll A% 20 — Al || AR AN 20 — Agpl|
+ anllvf (@) = VW Gon|| (2|20 — pll + an|vf(zn) — VIWRGun|))
< wn = znral| (2 = pll + [2ns1 = pl) + 2ranl| AN 20 — Afzn||| A Ay~ 20 — App|
+ anl|vf(zn) — VWaGopl|2l|lzn — pll + anllvf(@n) — VIWRGuy).

Since limy, o0 = 0, limy o0 || Tn41 — || = 0, {rrn} C [ek, di] C (0,2uy) where k € {1,2,..., M}, we
conclude from ({3.21) and the boundedness of {z,}, {v,}, {f(zn)} and {W,,Gv,} that

lim ||AF e, — Afg,||=0, Vke{1,2,..,M}. (3.25)
n—o0
Therefore, from ([3.24) and (3.25)), we get
|Zn — unll = ||Agxn - AnMﬁnH
< ||Agxn - AiﬁvnH + ||A711In - Aixn\l +o ||Aﬁ/[_1$n - A%ﬂfnll (3.26)
— 0 asn— oo,
and
[un — vnll = ”Agun - AfzvunH
< [ ARun = Aqug || + ([ Aqun — A || + -+ ATy — A ug| (3.27)

— 0 asn— oo,
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respectively. Thus, from (3.26|) and (3.27)), we obtain

[z — vl <z — unll + [[un — vnl|

—0 asn— oo. (3.28)
In the meantime, we observe that
|Gvp — WinGuyl| < [|Gun, — vy || + ||vn, — 20| + ||2n — Wi Gop||.
From (3.13)), (3.18) and (3.28)), it follows that
lim ||Gv, — W,,Gv,| = 0. (3.29)
n—oo
Also, note that
v = Wop|| < ||lvn — Gupl| + |Gon — Wi Gup|| + [|WnGoy, — Whop|| + |Wavn — Woy||
< 2||lvy, = Guyl| + |Gu — Wi Gup|| + [|[Whvn, — Wy ||
From (3.18)), (3.29), Remark and the boundedness of {v,}, we immediately obtain
lim ||v, — Wu,| = 0. (3.30)
n—oo

Step 5. We prove that
hmsup((vf - V)x*,l’n - l’*> < 0’
n—oo
where z* = Po(vf + (I — V))x*. Indeed, as previously, we have proven that z* is the unique fixed point of
the mapping Po(vf + (I —V)), that is, 2* is the unique solution in 2 to the following VIP:

(V—vf)z*, 2" —2) <0, Vren.

Equivalently, x* is the unique solution of the minimization problem

.1
min §<Vl', x) — h(z),

where h is a potential function for vf. Now, observe that there exists a subsequence {x,, } of {x,} such that

limsup((vf — V)z*, zp, — 2*) = lim ((vf — V)z*, zp, — z¥). (3.31)

n—00 100

Since {zy,} is bounded, there exists a subsequence {x,, } of {x,,} which converges weakly to some w.
J

Without loss of generality, we may assume that z,, — w. From (3.24)—(3.26) and (3.31]), we have that
Up;, = W, Vp; = W, AT Up, — w and Aﬁixm — w, where m € {1,2,...,N} and k € {1,2,..., M}. Utilizing

(3

Lemma we deduce from (3.18]) and (3.30)) that w € I and w € Fix(W) = N> Fix(7},) (due to Lemma
2.9).

Next, we prove that w € ﬂ%zll(Bm, R,,). As a matter of fact, since By, is n,-inverse strongly monotone,
By, is a monotone and Lipschitz continuous mapping. It follows from Lemma that R,, + By, is
maximal monotone. Let (v,g) € G(R,, + By,), i.e., g — Bpyv € Ryv. Again, since A'uy, = Jr,, A, (I —
A Bm) ATy, n > 1,m € {1,2,..., N}, we have

A" M = A B AT g € (T4 A Ron) A,

n

that is,

\ (Azlilun - Anmun - )‘m,anA:Lnilun) S Rm/lnmun
m,n
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In terms of the monotonicity of R,,, we get

(v— AU, g — By —

(A" Mgy — A™upy — Ay Bin AT )y > 0,

)\m,n
and hence,
(v =AUy, g) > (v— ATy, Byv+ )\ (Am Yy, — Ay — Ay B Amflun»

= (v — AUy, Bpv — By, /1 un—l—Bm/lnmun By, A7 1un+ )\ (Am Yy — Auy,))
(v — AUy, By Ay, — BmAnm_lun) + (v — ATy, /\m — (A7 T, — A uy)).

v

In particular,

e, — AT,

>\m7ni

(v— A Uy, g) > (0 — A Uy, By A U, — Bm/lnmflun) + (v — A

Since || A" u, — AT tuy,|| — 0 (due to (3.24)) and || By A™u, — B A™ tu, || — 0 (due to the Lipschitz
continuity of B,,), we conclude from A7 u,, — w and {\;j»} C [a;, b;] C (0,27;) that

lim (v — A up,, g) = (v —w,g) > 0.

1—00

It follows from the maximal monotonicity of B,, + R, that 0 € (R, + Bp)w, ie., w € (B, Ry).
Therefore, w € NY_ 1(By,, Rin).

Next we prove that w € N} GMEP( 6, ¢k, Ag). Since AFz, = Tﬁf:’%)(l —rpnAg) AL, 0> 1k €
{1,2,..., M}, we have

Ok(Ak 2, y) + or(y) — or(Akzy) + (A AFay, y — A% xn>+k—<y Ab g, Afz, — ARz, > 0.

y (A2), we have

1
or(y) — ‘Pk(Afﬁrn) + <AkA7’i_1xm Y= A'éxm + 7,7@ - Al;ixm Aﬁxn - Az_lxn> > Ok(y, Aﬁxn)
k,n

Let z; =ty + (1 — t)w for all ¢ € (0,1] and y € C. This implies that z; € C. Then, we have

<Zt - Aﬁxm Akzt> > QOk(Afon) - Spk(zt) + (zt - AZQCm Akzt> - <zt - Aﬁxnv AkAfLilxn>

Ak " — Ak—l n
— {2t = Ay, =T 4+ O (24, Afaa) (3.32)
k,n
= @k(Aﬁxn) - @k(zt) + <Zt - Aﬁl‘na Akzt - AkA]:an>
Ak " — Ak—l n
Vo — AR A ARz, — AgARTp) — (ay — Ak, SnTn T Sn Tny g o ARG Y.

Tkmn

By (3.25), we have ||ApAFz,, — Ay Ak='z,|| — 0 as n — oo. Furthermore, by the monotonicity of Ay,
we obtain (2, — AFz,,, Apzy — ApAEx,) > 0. Then, by (A4) we obtain

<Zt —w, Akzt> Z QO]C(U}) - @k(Zt) + Qk(zta U)) (333)
Utilizing (A1), (A4) and (3.33)), we obtain

0 = Oz, 2) + pr(2e) — pr(2t)
<tOk(zt,y) + (1 = 1) Op(z1, w) + tor(y) + (1 — t)pr(w) — @i (2t)
< t[Ok(2t,y) + pr(y) — pr(20)] + (1 — ) {2t — w, Agzt)
= t[Ok(2t,y) + @r(y) — wr(2)] + (1 = )t(y — w, Apz),
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and hence,
0 < Ok(zt,y) + r(y) — erlze) + (1 = 0)(y — w, Apz).

Letting t — 0, we have, for each y € C,

0 < Ok(w,y) + pr(y) — pr(w) + (y — w, Agw).

This implies that w € GMEP(6y, o, Ax), and hence, w € ﬂﬁilGMEP(@k,<pk,Ak). Consequently,
w e NS Fix(T,) N ﬁﬁ/l L GMEP (6, pr, Ax) NN, I(B;, R;) N I' =: 2. Therefore, from (3.31) and z* =
Po(vf+ (I —V))x*, we have

limsup((vf — V)z*,zp, — ") = ((vf = V)a*,w — z*) <0. (3.34)

n—oo

Step 6. We prove that ||z, — x*H — 0 as n — oco. Indeed, taking into account that z,+1 = Poy, and
Yn = an Y f(xn) + Bnzn + (1 = Bu)I — a, V)W,,Gvy, we obtain from (3.4) and Proposition (a) that

Hxn-‘rl - IL’*||2 <PCyn — Yn, PCyn - .T*> + <yn - «T*7xn+1 - x*>

<yn — T, Tpg1 — {L‘*>

<an(7f(wn) - V'CC*) + Bn(xn - x*) + ((1 - Bn)j Qp )(WnGvn - x*)axn-i-l - ‘T*>

= <an7(f(mn) - f(x*)) + ﬁn(mn - *) + ((1 - ﬁn) — OQnp )(WnG'Un - -T*)al'nJrl - m>((>
+ an((vf = V)2* 2pg1 — @)

< Nlany(f(@n) = f(@")) + Bu(an — %) + (1 = Bu)] — anV)(WnGop — %) ||| 2ng1 — 2|

+an((vf = V)2* 2pp1 — @)

< (lomyll f () = F@) + Bullon — 2| + (1 = Bu)] — anV[[[[WnGon — 2|l Zn1 — 2]
+an((vf = V)2* 2p1 — @)

< lanylllzn — 2*[| + Ballzn — 2*|| + (1 = Bn — an¥)[lvn — 2 ||l zn41 — ™|
+ an((vf = V)2*, 2pi1 — 27)

< lenl|zn — 2% + Ballzn — 2% + (1 = Bn — an¥)lzn — 2*[[]|2n+1 — 27|
+ an((vf = V)2*, 2piq — 27)

= (1= an(y =) zn — " [l[|nt1 — 2" + an((vf = V)2*, Znyr — 27)

< 31— an(¥ =) (lzn = 2| + lznts — 2*?) + an((vf = V)2*, 2ng1 — 2*),

Al

which immediately implies that
2 L—an (=) n
I° < Tero—n + ooy (W = V)a an — a®)

Qo 1) * 20, (7—~l1
(1 — 202 |z — 2| + o202k =i (v = Vet o —2%) (3:35)
*H2 + UTL’YTL?

=1 —y)zn —=

[Tn1 — = lzn — 212

n(7—A1
8o g, = (V) s ). Note that 52, a = oo plies T3, 70 2

1%&'(7;_72) >0 | ap, = 00 and that (3.34)) leads to

where vy, =

1
limsup o, = limsup —— —V)z*, xpe1 — 2*) <0.
m sup mSwp 5= (Wf=V) +1—2%)

Applying Lemma to (3.35]), we infer that the sequence {x,,} converges strongly to z*. This completes
the proof. O

Now, we present an example in support of our main result.

Example 3.2. Let M = 1. Let H = R? with inner product (-,-) and norm || - || which are defined by

(.y) =ac+bd and |z = Va2 +2,
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for all z,y € R? with = (a,b) and y = (c,d). Let C = {(a,a) : a € R}. Clearly, C is a nonempty closed
convex subset of a real Hilbert space H = R%. Put O(z,y) = (Ar,y — x) and p(x) = 0 for all 2,y € C

where A = { ??g ;g } Then 6 : C x C — R is a bi-function satisfying hypotheses (A1)-(A4). Put
3/5 2/5 iy . .
S = 2/5 3/5 [° Then ||A| = ||S]| = 1, and A and S are both 2 x 2 positive definite symmetric

matrices. Let Ry : C' — 2H be a maximal monotone mapping, for instance, putting

B Sv+ Neov, ifveC,
RW—{ 0. ity C,

where Nov ={w € H : (v—wu,w) >0, Yu € C}. In terms of Rockafellar [19] we know that R; is maximal
monotone and 0 € Rjv if and only if v € VI(C,S). For each n = 1,2,..., we set T, = S. Then T}, is a

nonexpansive self-mapping on C' for each n =1,2,.... Put i =1— A = { 1_/13/3_ 11//?? }, Fr=1-5=
2/5 —2/5 - 8/9 4/9 | _ 4 _ 3/6 1/6 | _ 1 1 o
{ /5 2/5 }, V—{ 4/9 8/9 =3Aand vf = 1/6 3/6 = 5(A+ 3I). Then B(:= F1)

and F; are 1/2-inverse strongly monotone for each j = 1,2, V is strongly positive bounded linear operator,
and H7f|| < 2/3. It is easy to see that 2 = (o_, Fix(T,,) N 1(B1, R1) N GMEP(6, ¢, A) N I"' = {0} where I"
is the fixed point set of the mapping G = Po(I —v1 F1)Po(I — vaF3). Let {an}, {Bn} be sequences in (0, 1),
and {r,} be a sequence in (0,00) with liminf,, . 7, > 0. In this case, for any given z¢ € C, the iterative
scheme (3.11) is equivalent to the following one:

Up = PC(xn - 7"nfélun) = Tn — T'pUn,

Up = JRI,/\L" (I - Al,nBl)un = Un — Al,n”n;

Ln+1 = PC[an’Yf(xn) + Bnan + ((1 - ﬂn)l - anv)WnGvn]
= %anxn + Bnifn (1 - Bn - 3an)vn

Note that, whenever O(z,y) = (Az,y—x) and p(z) = 0 for all z,y € C, the inequality O (un,y)+p(y)—
cp(un)—i—%n(y un, up—xyn) > 0, Vy € C, is equivalent to the equality u,, = Pc(acn—rnAun) = Tp—TpU,. Hence
we get u, = 1+T Tp. Taking into account v, = Jg, 2z, ,, Un = (L4, an) Uy, We obtain u, € v+ A1 Rivy,,
which leads to “”1 ¢ Ryv, = Sv, + Novn. So, we have (v, — u, 3= — Sv,) > 0,YVu € C, ie,

1,n

(u— vn,un A1 nSUn vp) < 0,Vu € C, which hence yields v, = Po(uy, — )\1 nSVp) = Up — A1 pUp. Thus,

Up = 1+>\1n Up = 1+>\1n 1+1T Tp. Assume that o, — 0, > 07, = oo and {B,} C [a,b] C (0,1). Observe

that

2 4
Znsall < ganHwnH + Ballza|l + (1 = Bn — gan)H”nH

4 ) 1
—Q
3714 Ay l—i—rn

2
30‘71“3771” + Bullzall + (1 — Bn — [

2 4
< gomllnll + Ballzall + (1= B — an)n]
2
Zﬂ—g%W%H
2 n
< eXP(—g ag)llzo|| = 0 asn — oo.
k=0

Consequently, {x,} converges to the unique element 0 in {2, which solves the VIP in Theorem

Remark 3.3. Theorem extends and improves Theorem 3.2 in [25] in the following ways.
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(a) The iterative scheme in [25, Theorem 3.2] is extended for Problem The iterative scheme in
Algorithm is more advantageous and more flexible than the iterative scheme in [25, Theorem 3.2]
because it involves solving four problems: a finite family of GMEPs, a finite family of variational
inclusions, a general system of variational inequalities and the fixed point problem of a countable
family of nonexpansive mappings.

(b) The iterative scheme in Algorithm is very different from the iterative scheme in [25] Theorem
3.2] because the iterative scheme in Theorem involves Korpelevich’s extragradient method and
projection method. In addition, the iterative scheme in [25, Theorem 3.2] is an iterative one involving
neither Korpelevich’s extragradient method nor projection method but the iterative scheme in Theorem
[3:1)is an iterative one involving both Korpelevich’s extragradient method and projection method.

(¢) The convergence analysis of Theorem is based on Korpelevich’s extragradient method, projection
method, viscosity approximation method, and W-mapping and strongly positive bounded linear oper-
ator approaches to solve a finite family of GMEPs, a finite family of variational inclusions, GSVI
and the fixed point problem of a countable family of nonexpansive mappings.

(d) Theorem extends [25, Theorem 3.2] from a GMEP to a finite family of GMEPs and from a
variational inclusion to a finite family of variational inclusions, generalizes the domain H of the GMEP
and the variational inclusion in [25] Theorem 3.2] to the case of nonempty closed convex subset C' of
H, and extends the problem of finding a point z* € N°°,Fix(7,,) N GMEP(O, ¢, A) N I(B, R) in [25,
Theorem 3.2] to the setting of GSVI (1.4)).

(e) The argument and technique in Theorem are different from the argument ones in [25, Theorem

3.2] because we make use of the properties of the W-mappings W,, (see Lemmas and , the

properties of resolvent operators and maximal monotone mappings (see Proposition Remark

2.16] and Lemmas [2.1512.20)), the fixed point problem z* = Gz* (< GSVI (1.5)) (see Proposition

2.12) and the properties of strongly positive boundedness linear operators (see Lemma .
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