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Abstract

The aim of this paper is to investigate the solutions of Time-space fractional advection-dispersion equa-
tion with Hilfer composite fractional derivative and the space fractional Laplacian operator. The solution of
the equation is obtained by applying the Laplace and Fourier transforms, in terms of Mittag-leffler function.
The work by R. K. Saxena (2010) and Haung and Liu (2005) follows as particular case of our results. c©2016
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1. Introduction and Preliminaries

The description of transport is closely related to the terms convection, diffusion, dispersion, and retar-
dation as well as decomposition. First, it is assumed that there are no interactions between the species
dissolved in water and the surrounding solid phase. The primary mechanism for the transport of improperly
discarded hazardous waste through the environment is by the movement of water through the subsurface
and surface waterways. Studying this movement requires that one must be able to measure the quantity
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of waste present at a particular point in space time. The universal measure for chemical pollution is the
concentration. Analytical methods that handle solute transport in porous media are relatively easy to use
Javandel et al. [10]. However, because of complexity of the equations involved, the analytical solutions
are generally available restricted to either radial flow problems or to cases where velocity is uniform over
the area of interest. Numerous analytical solutions are available for time-dependent solute transport within
media having steady state and uniform flow.

An equation commonly used to describe solute transport in aquifers is the advection-dispersion equation
(ADE) (Liu et al. [11, 12, 13])

∂u

∂t
= −η∂u

∂x
+ ζ

∂2u

∂x2
, (1.1)

where u is solute concentration, the positive constants η, ζ represent the average fluid velocity and the
dispersion coefficient, x is the spatial domain, t is time. The ADE is a deterministic homogeneous equation
describing a probability function for the location of particles in a continuum. The fundamental solutions
of the ADE over time will be Gaussian densities with means and variances based on the values of the
macroscopic transport coefficients ν and ζ. The classical ADE with a local (or asymptotical constant)
dispersion tensor is a very handy predictive equation, since solutions are easily gained. The fractional order
forms of the ADE are similarly useful. Some partial differential equations of space-time fractional order
were successfully used for modeling relevant physical processes (Basu and Acharya [1], El-Sayed and Aly [6],
Benson et al.[2] and Mainardi [14]). Numerous authors have shown the equivalence between the transport
equations that used fractional-order derivatives and some heavy-tailed motions which extended the predictive
capability of models built on the stochastic process of Brownian motion, which is the basis for the classical
ADE. The motions can be heavy-tailed, implying extremely long-term correlation and fractional derivatives
in time and/or space. For example, Benson and his collaborator have derived the application of a fractional
ADE (see Benson et al. [2], Meerschaert et al. [16]). There are some other authors who considered the
fractional ADE. A space fractional ADE with Eulerian derivation was derived by Schumer et al.[20] which
is used to describe solute plume evolution with a large probability of particles moving significantly ahead of
and behind the mean solute velocity.

The physical interpretation of space-time fractional advection-dispersion equation (FADE) is given by
Schumer et al. [20]. A space-time fractional advection-dispersion equation (FADE) is a generalization of the
classical ADE in which the first-order space derivative is replaced with Hilfer composite fractional derivatives
(see Hilfer [8]) of order 0 < µ < 1 and 0 ≤ ν ≤ 1 and the second-order space derivative is replaced with
the space fractional Laplacian operator of order 0 < α ≤ 2. On space-time fractional advection-dispersion
equation whose space derivative is replaced with Hilfer composite fractional derivative and time derivatives
is replaced with Caputo derivative.

Fractional calculus has gained remarkable popularity and significance during last few years. Mainly due
to its significant applications in frequent, ostensibly diverse and wide spread fields of science and engineering.
Fractional differential equations have been used for mathematical modeling in potential fields, viscoelastic
materials, signal processing, diffusion problems, control theory and heat propagation.

2. Mathematics Prerequisites

The right-sided Riemann-Liouville fractional integral of order α (Samko et al. [18]) is defined as:

Iαa (u(x, t)) = RL
a Dt

−α(u(x, t)) =
1

Γ(α)

t∫
a

(t− τ)α−1u(x, τ) dτ, (t > a), (2.1)

where <(α) > 0.
The right-sided Riemann-Liouville fractional derivative of order α can be defined as:

RL
a Dα

t (u(x, t)) =

(
d

dt

)n
(In−αa u(x, t)) (<(α) > 0, n = [<(α)] + 1), (2.2)
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where [x] represents the integral part of the number x.
The following fractional derivative of order <(α) > 0 is introduced by Caputo [4] as

C
aD

α
t (u(x, t)) =


1

Γ(m− α)

t∫
a

um(x, τ)

(t− τ)α+1−m dτ, m− 1 < α ≤ m,<(α) > 0 , m ∈ N,
∂m

∂tm
u(x, t), if α = m,

(2.3)

where um(x, τ) = ∂m

∂tmu(x, t) is the m-th derivative of the function u(x, t) with respect to t.
The Laplace Transform (Sneddon [21]) of function u(x, t) with respect to variable t is defined as

L{u(x, t)} = ū(x, s) =

∞∫
0

e−stu(x, t) dt, (<(s) > 0, t > 0, x ∈ R), (2.4)

The inverse Laplace Transform of function ū(x, s) defined using Bromwichs integral as

L−1{u(x, s)} = u(x, t) =
1

2πi

γ+i∞∫
γ−i∞

estū(x, s) ds, (2.5)

where γ being a fixed real number.
The Fourier transform (Debnath [5]) of function u(x, t) with respect to variable x is defined as

F{u(x, t)} = u∗(η, t) =

∞∫
−∞

eiηxu(x, t) dx, (−∞ < η <∞). (2.6)

The inverse Fourier Transform of function u∗(η, t) defined as

F−1{u∗(η, t)} = u(x, t) =
1

2π

∞∫
−∞

e−iηxu∗(η, t) dη. (2.7)

A generalization of the Riemann-Liouville fractional derivative operator (2.2) and Caputo fractional
derivative operator (2.3) is given by Hilfer [8], by introducing a fractional derivative operator of two param-
eters of order 0 < µ < 1 and type 0 ≤ ν ≤ 1 in the form

0D
µ,ν
0+ (u(x, t)) = I

ν(1−µ)
t

∂

∂t

(
I

(1−ν)(1−µ)
0+ u(x, t)

)
. (2.8)

It is interesting to observe that for ν = 0, equation (2.8) reduces to the classical Riemann-Liouville
fractional derivative operator (2.2). On the other hand, for ν = 1 it gives the Caputo fractional derivative
operator defined by (2.3).

The Laplace transform for this operator is given by Hilfer [8]

L{0Dµ,ν
0+ u(x, t); s} = sµL{u(x, t)} − sν(µ−1)I

(1−ν)(1−µ)
0+ u(x, 0+), (0 < µ < 1), (2.9)

where the initial value term I
(1−ν)(1−µ)
0+ u(x, 0+), involves the Riemann-Liouville fractional integral operator

of order (1− ν)(1− µ) evaluated in the limit as t→ 0+.
A symmetric fractional Laplace operator is defined by Brockmann and Sokolov [3] as

∆
λ
2 ≡ 1

2 cos
(
πλ
2

){−∞Dλ
x + xD

λ
∞}, (0 < λ ≤ 2), (2.10)
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where

−∞D
λ
x(u(x)) =

1

k − λ

x∫
−∞

uk(u)

(x− u)λ+1−k du, (k = [λ] + 1),

and

xD
λ
∞(u(x)) =

1

k − λ

∞∫
x

uk(u)

(x− u)λ+1−k du, (k = [λ] + 1).

Further, they also discussed the Fourier transform of fractional Laplace operator as [3] as

F{∆
λ
2 (u(x, t)); k} = −|k|λF{u(x, t)}, (0 < λ ≤ 2). (2.11)

We will also require the following special functions in our work:
The two parameter Mittag-Leffler function is studied by Wiman [22] as

Eβ,γ(z) =
∞∑
n=0

zn

Γ(βn+ γ)
, β, γ ∈ C, <(β) > 0.

The H-function (Mathai et al. [15]) is defined by means of a Mellin-Barnes type integral in the following
manner

Hm,n
p,q (z) = Hm,n

p,q

[
z

(ap, Ap)
(bq, Bq)

]
= Hm,n

p,q

[
z

(a1, A1), ..., (ap, Ap)
(b1, B1), ..., (bq, Bq)

]
=

1

2πi

∫
Ω

Θ(ξ)z−ξ dξ, (2.12)

where i =
√

(−1) and

Θ(s) =

m∏
j=1

Γ(bj + sBj)
n∏
j=1

Γ(1− aj − sAj)

q∏
j=m+1

Γ(1− bj − sBj)
p∏

j=n+1
Γ(aj + sAj)

, (2.13)

and an empty product is interpreted as unity; m,n, p, q ∈ N0 with 0 ≤ n ≤ p, 1 ≤ m ≤ q, Ai, Bj ∈
R+, aj , bj ∈ C, i = 1, 2, ..., p; j = 1, 2, ..., q such that

Ai(bj + k) 6= Bj(ai − λ− 1), k, λ ∈ N0; i = 1, 2, ..., n; j = 1, 2, ...,m, (2.14)

where we employ the usual notations: N0 = N
⋃
{0} and R+ = (0,∞). The contour Ω is the infinite contour

which separates all the poles of Γ(bj + sBj), j = 1, 2, ...,m from all the poles of Γ(1−ai+ sAi), i = 1, 2, ..., n.
The following inverse Fourier transform formula for Generalized Mittag-Leffler function is given by

Haubold et al. [7, Eq. 25]

F−1{Eβ,γ(−atβ|k|α);x} =
1

α|x|
H2,1

3,3

[
|x|
a

1
α t

β
α

(1, 1
α), (γ, βα), (1, 1

2)
(1, 1

α), (1, 1), (1, 1
2)

]
, (2.15)

where min{R(α), R(β), R(γ)} > 0 and α > 0.

3. Space time fractional Advection Dispersion Equation

In this section, we investigate the analytic solution of the generalized Space time Advection Dispersion
Equation (3.1) with Fractional Laplace Operator. The main result is contained in the following theorem:
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Theorem 3.1. Consider the generalized Cauchy type problem for fractional advection dispersion equation

0D
µ,ν
t (u(x, t)) = −ηDxu(x, t) + ζ∆

λ
2 u(x, t), , 0 < λ ≤ 2, x ∈ R, t ∈ R+, (3.1)

subject to the initial condition

I
(1−ν)(1−µ)
0+ u(x, 0+) = g(x), x ∈ R, 0 < µ < 1, 0 ≤ ν ≤ 1, (3.2)

and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0, (3.3)

where 0D
µ,ν
t is the generalized Riemann-Liouville fractional derivative operator defined by Hilfer as (2.8).

I
(1−ν)(1−µ)
0+ u(x, 0+) involves the Riemann Liouville fractional integral operator of order (1− ν)(1−µ) evalu-

ated in the limit as t→ 0+. ∆
λ
2 is the fractional generalized Laplace operator of order λ, where 0 < λ ≤ 2.

u(x, t) and g(x) are both the (real) field variable, and sufficiently well behaved functions. Then the solution
of equation (3.1), subject to the above constraints, is given by

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (3.4)

where

G(x, t) =
tµ+ν(1−µ)−1

2π

∫ ∞
−∞

Eµ,µ+ν(1−µ)[(iηk − ζ|k|λ)tµ]exp(−ikx)dk, (3.5)

is the Green’s function.

Proof. In order to prove the theorem, we take the Fourier transform of equation (3.1) with respect to the
space variable x and use equation (2.11) to obtain

0D
µ,ν
t (u∗(k, t)) = ηiku∗(k, t)− ζ|k|λu∗(k, t), (3.6)

where u∗(k, t) is the Fourier transform of function u(x, t).
Now we apply Laplace transform on (3.6) with respect to variable t, and use equation (2.9), we get

sµ ū∗(k, s)− sν(µ−1)I
(1−ν)(1−µ)
0+ u(k, 0+) = iηkū∗(k, s)− ζ|k|λū∗(k, s), (3.7)

where L[u(k, t); s] = ū(k, s).
Now using the initial condition (3.2) and boundary condition (3.3) and solving the equation (3.7) we get

(sµ − iηk + ζ|k|λ)ū∗(k, s) = sν(µ−1)g(k) (3.8)

=⇒ ū∗(k, s) =
sν(µ−1)

sµ + (ζ|k|λ − iηk)
g(k). (3.9)

On taking inverse Laplace transform of equation (3.9), by means of the following result by Haubold et.
al ([7], Eq.18)

L−1

{
sβ−1

sα + a

}
= tα−βEα,α−β+1(−atα), (3.10)

where <(s) > 0,<(α) > 0,<(α− β) > −1, we obtain

u∗(k, t) = tµ+ν(1−µ)−1Eµ,µ+ν(1−µ)((iηk − ζ|k|λ)tµ)g(k). (3.11)

Further, taking the inverse Fourier transform, we get

u(x, t) =
tµ+ν(1−µ)−1

2π

∫ ∞
−∞

g(k)Eµ,µ+ν(1−µ)((iηk − ζ|k|λ)tµ)exp(−ikx)dk. (3.12)
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If we apply the convolution theorem of the Fourier transform to equation (3.12), it gives the solution in
the form

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (3.13)

where the Green’s function is given by

G(x, t) =
tµ+ν(1−µ)−1

2π

∫ ∞
−∞

Eµ,µ+ν(1−µ)((iηk − ζ|k|λ)tµ)exp(−ikx)dk. (3.14)

It is interesting to observe that as an particular case of Theorem 3.1, we can obtain solution of homoge-
neous Schrödinger equation occurring in the quantum mechanics.

(1) On taking η = 0, ζ ≡ ih
2m in Theorem 3.1 and using (2.12), we arrive at the main result of the paper

by Saxena et al. [19] given as below:

Corollary 3.2. Consider the following one dimensional space-time fractional Schrödinger equation of
a free particle of mass m, defined by

0D
µ,ν
t (u(x, t)) =

ih

2m
∆

λ
2 u(x, t), x ∈ R, t ∈ R+, (3.15)

subject to the initial condition

I
(1−ν)(1−µ)
0+ u(x, 0+) = g(x), x ∈ R, (3.16)

and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0, (3.17)

where 0D
µ,ν
t is the fractional derivative operator defined by Hilfer as (2.8) with 0 < µ < 1, 0 ≤ ν ≤ 1,

∆
λ
2 is the fractional Laplace operator of order λ, 0 < λ ≤ 2 and h = 6.625 × 10−27 erg sec =

4.21× 10−21 Mev sec is the Planck constant.

Then the solution of equation (3.15) is given by

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (3.18)

where

G(x, t) =
tµ+ν(1−µ)−1

λ|x|
H2,1

3,3

 |x|(
ih
2m

) 1
λ t

µ
λ

(1, 1
λ), (µ+ ν(1− µ), µλ ), (1, 1

2)
(1, 1

λ), (1, 1), (1, 1
2)

 . (3.19)

(2) Further, on taking ν = 0, η = 0, ζ = ih
2m in Theorem 3.1 and using (2.12), we obtain Corollary 1.1 of

Saxena et al. [19].

(3) On taking ν = 1, η = ν, λ = 2 and g(x) = Co(x) in Theorem 3.1, we obtain following result which
was considered by Liu et al. [12]

∂µ

∂tµ
(u(x, t)) = −νDxu(x, t) + ζ

∂2

∂x2
(u(x, t)), (3.20)

subject to the initial condition
u(x, 0+) = Co(x), (3.21)

and boundary condition
lim
|x|→∞

u(x, t) = 0. (3.22)
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4. Illustration

Example 4.1. Consider the generalized fractional advection dispersion equation to describe solute transport
in aquifers

0D
µ,ν
t (u(x, t)) = −Dx(u(x, t)) + µ′∆

λ
2 (u(x, t)), (4.1)

subject to the initial condition

I
(1−ν)(1−µ)
0+ (u(x, 0)) = e−x, 0 < x < 1, t > 0, (4.2)

and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0, (4.3)

where µ′ = d
νL and the number Pe = 1

µ′ is called the Peclet number. The Peclet number describes the rela-
tive influence of the effects characterized by advection-dispersion problems which involve a non-dissipative
component and a dissipative component, d is the dispersion coefficient [L2T−1] and ν is the Darcy velocity
[LT−1].

In view of Theorem 3.1, we conclude that the analytical expression of solute concentration u(x, t) is
given by

u(x, t) =
tµ+ν(1−µ)−1

2π

∫ ∞
−∞

g(k)e−ikxEµ,µ−ν(µ−1)((ik − µ′|k|λ)tµ) dk, (4.4)

where g(k) = 1√
2π

[
e−(1+ik)−1

1+ik

]
.

It is interesting to observe that for ν = 0, µ = 1 and λ = 2, equations (4.1)–(4.3) reduces to problem
considered by Pandey et al. [17].

Next, we take an example where in the initial condition we put g(x) = δ(x), the Dirac-delta function.

Example 4.2. Consider the generalized fractional advection dispersion equation

0D
µ,ν
t (u(x, t)) = −Dx(u(x, t)) + µ′∆

λ
2 (u(x, t)), (4.5)

subject to the initial condition

I
(1−ν)(1−µ)
0+ (u(x, 0)) = δ(x), (4.6)

where δ(x) is Dirac-delta function and boundary condition

lim
|x|→∞

u(x, t) = 0, t > 0, (4.7)

In view of Theorem 3.1, the solution of 4.5 is given by

u(x, t) =
tµ+ν(1−µ)−1

2π

∫ ∞
−∞

e−ikxEµ,µ−ν(µ−1)((ik − µ′|k|λ)tµ) dk. (4.8)

5. Concrete Applications

If we set ν = 0, then the Hilfer fractional derivative (2.8) reduces to a Riemann-Liouvile fractional
derivative (2.2) and the Theorem 3.1 yields the following:

Corollary 5.1. Consider the generalized Cauchy type problem for fractional advection dispersion equation

0D
µ
t (u(x, t)) = −η Dxu(x, t) + ζ∆

λ
2 u(x, t), x ∈ R, t ∈ R+, (5.1)
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subject to the initial conditions

0D
µ−1
t (u(x, 0+)) = g(x), 0D

µ−2
t (u(x, 0+)) = 0, 1 < µ ≤ 2, x ∈ R, (5.2)

and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0. (5.3)

Here u is solute concentration, the positive constants, η and δ represent the average fluid velocity and the
dispersion coefficient respectively, x is the spatial domain, u(x, t) and g(x) are both the (real) field variable.
Then the solution of (5.1), subject to the above constraints, is given by

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (5.4)

where

G(x, t) =
tµ−1

2π

∫ ∞
−∞

e−ikxEµ,µ((iηk − ζ|k|λ)tµ) dk. (5.5)

When ν = 1, then the Hilfer fractional space derivative (2.8) get reduced to Caputo fractional derivative
operator (2.3) and it yields the following result:

Corollary 5.2. Consider the generalized Cauchy type problem for fractional advection dispersion equation

C
0 D

µ
t (u(x, t)) = −ηDxu(x, t) + ζ∆

λ
2 u(x, t), 0 < α ≤ 2, x ∈ R, t ∈ R+, (5.6)

subject to the initial condition
u(x, 0+) = g(x), x ∈ R, (5.7)

and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0, (5.8)

where C
0 D

µ
t is the Caputo fractional derivative operator defined as (2.3) with 0 < µ < 1, ∆

λ
2 is the fractional

Laplace operator, defined by (2.10) of order λ, 0 < λ ≤ 2. Then the solution of equation (5.2), subject to
the above constraints, is given by

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (5.9)

where

G(x, t) =
1

2π

∫ ∞
−∞

e−ikxEµ,1((iηk − ζ|k|λ)tµ) dk. (5.10)

On taking ν = 0, η = 0, λ = 2, ζ = 1 in Theorem 3.1 and using (2.12), we obtain the following result
([7, Eq. 25]):

Corollary 5.3. Consider the generalized Cauchy type problem for fractional heat equation

aDt
µ(u(x, t)) =

∂2

∂x2
(u(x, t)), x ∈ R, t ∈ R+, (5.11)

subject to the initial condition

I
(1−µ)
0+ u(x, 0+) = g(x), x ∈ R, (5.12)
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and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0, (5.13)

where aDt
µ is the Riemann-Liouville fractional derivative operator defined by (2.2) with 0 < µ ≤ 1, then

the solution of (5.11) is given by

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (5.14)

where

G(x, t) =
tµ−1

2|x|
H2,1

3,3

[
|x|
t
µ
2

(1, 1
2), (µ, µ2 ), (1, 1

2)
(1, 1

2), (1, 1), (1, 1
2)

]
. (5.15)

On taking ν = 1, η = 0, ζ = 1 and λ = 2 in Theorem 3.1 and using (2.12), we obtain the following
result:

Corollary 5.4. Consider the generalized Cauchy type problem for fractional heat equation

C
aDt

µ(u(x, t)) =
∂2

∂x2
(u(x, t)), x ∈ R, t ∈ R+, (5.16)

subject to the initial condition
u(x, 0+) = g(x), x ∈ R, (5.17)

and boundary condition
lim
|x|→∞

u(x, t) = 0, t > 0, (5.18)

where C
aDt

µ is the Caputo fractional derivative operator defined by (2.3) with 0 < µ ≤ 1, then the solution
of (5.16) is given by

u(x, t) =

∫ ∞
−∞

G(x− k, t)g(k)dk, (5.19)

where

G(x, t) =
1

2|x|
H2,1

3,3

[
|x|
t
µ
2

(1, 1
2), (1, µ2 ), (1, 1

2)
(1, 1

2), (1, 1), (1, 1
2)

]
. (5.20)

6. Conclusion

The solution of time-space fractional advection-dispersion equation is obtained in terms of Mittag-Leffler
function and H-function by using Laplace transform and Fourier transform. Usually, this method is very
useful to study various problems arising in fluid dynamics, control theory, aerodynamics and applied sciences.
The analytic solutions are the exact solutions. Efficient numerical techniques can be developed to find
solution of fractional PDE by considering these analytic solutions as base.
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