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Abstract

In this paper, by using the Schauder fixed point theorem, Krasnoselskii fixed point theorem and some
new techniques, we obtain the existence of uncountably many solutions for a third order nonlinear difference
equation with neutral delay of the form

A(a(n, Tayns Tagns - - s Tapn ) A% (@5 + bpZn_r)) + Ah(n,Tpy,, Thops - Thy, )
+ f(n,xfln,fon, e ,;L'f,m) =cp, N> ng.
The results presented improve and generalize some results in literatures. Seven examples are given to
illustrate the results presented in this paper. (©2016 All rights reserved.

Keywords: Third order nonlinear difference equation with neutral delay, uncountably many solutions,
Schauder fixed point theorem, Krasnoselskii fixed point theorem.
2010 MSC: 39A10, 39A20.

1. Introduction

In the past few years, many authors studied the oscillation, nonoscillation and existence of solutions for
various linear and nonlinear difference equations with delays, see, for example, [I]-[I6] and the references
cited therein.
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Cheng [3] considered the second order neutral delay difference equation with positive and negative
coefficients
AQ(xn + PTy—m) + PnZn—k — GnTn-1 =0, Yn > ny, (1.1)

where p € R\ {—1}. He obtained the existence of a bounded nonoscillatory solution by using the Banach
fixed point theorem. Liu et al.[I3] studied solvability of a second order nonlinear neutral delay difference
equation

AlanA(Tn 4+ bpxn—r) + f(n, 24, Tp, )] 90, 2g1,, o Tg,, ) = Cny 12> g, (1.2)

Taking full advantage of the Schauder fixed point theorem, Yan and Liu [16] proved the existence of a
bounded nonoscillatory solution for the third order difference equation

A3z, + f(n,2n,2nr) =0, n>ng. (1.3)

In 2012, by applying the Leray-Schauder nonlinear alternative theorem, Liu et al.[8] established the existence
results of bounded positive solutions for the third order difference equation

A(anAQ(xn +pn$n7‘r)) + f(n7 Tpn—dips -+ 7xn—dkn) =0gn, N =Ng. (14)

Inspired and motivated by the results in [I]-[16], in this paper, we are concerned with the third order
nonlinear difference equation with neutral delay

A(a(n, Tay,, Tagy s - - - s Tarn ) A (Tn + bpTpr)) + AR(0, Thy, , Thyys - - -, Thy,,)
+ f(nvxflw‘rf%’ s ’xfkn) = Cn, N 2 TNo,

where T, T7k € Na ng € N07 {bn}HENnO U{cn}neNno - ]Ry NS C(Nno X RT’R \ {0})7 huf € C(Nno X RkvR)7
Adn, hln and fln : Nno — N with

(1.5)

lim ag, = lim Ay, = lim f, = 400, de€ A, €A,
n—00 n—»00 n—00

By virtue of the Schauder fixed point theorem, Krasnoselskii fixed point theorem and some new techniques,
we establish sufficient conditions for the existence results of uncountably many nonoscillatory, positive and
negative solutions of Eq.(|1.5)), and construct seven nontrivial examples.

2. Preliminaries

Throughout this paper, we assume that A is the forward difference operator defined by Ax,, = 41— xp,
A3z, = A(A%z,), R = (—00, +00), Rt = [0, +00), R_ = (—00,0), N and Ny stand for the sets of all positive
integers and nonnegative integers, respectively,

Ny, = {n:n e Ny with n > no}, no € Ny,
Ay ={1,2,...,t}, teN,
a = inf{agn, b, fin : d € Ar,l € Ag,n € Ny, b,
f = min{ng — 7,a} € N.
lgo represents the Banach space of all real sequences on Ng with norm

x
|z|| = sup ‘—"‘ < +oo for each = {z,}nen, €[5
neNg n

For d € R and D > 0, put
dp =dn, Vn € Ng,

o Tn dp,
A({dn}nENgvD) = {{xn}neNg : {xn}neNB € l,B and ’? o Z| < D,Vne€ NB}'

It is easy to see that A({dn}nen,, D) is a closed and convex subset in [3°.
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By a solution of Eq., we mean a sequence {xn}neNﬂ with a positive integer T' > ng + 7 + 8 such
that Eq. is satisfied for all n > T. As is customary, a solution of Eq. is said to be oscillatory if it
is neither eventually positive nor eventually negative. Otherwise, it is said to be nonoscillatory.

The following lemmas play important roles in this paper.

Lemma 2.1 ([4]). A bounded, uniformly Cauchy subset Y of I3 is relatively compact.

Lemma 2.2 (Krasnoselskii Fixed Point Theorem [5]). Let Y be a nonempty bounded closed convexr subset
of a Banach space X and S,G : Y — X be mappings such that Sx + Gy € Y for every pair x,y € Y. If S
18 a contraction and G is completely continuous, then the equation

Sr+Gxr=zx
has a solution in'Y .

Lemma 2.3 (Schauder Fixed Point Theorem [5]). Let Y be a nonempty closed convex subset of a Banach
space X and S:Y — Y be a continuous mapping such that S(Y') is a relatively compact subset of X. Then
S has a fixed point in'Y .

3. Existence of Uncountably Many Solutions

Now we show the existence of uncountably many nonoscillatory solutions for Eq.(L.5) by using the
Schauder fixed point theorem.

Theorem 3.1. Assume that there exist ny € Ny, d € R, D € RT\{0}, two nonnegative sequences { P, }nen,,,
and {Qn}nen,, and a positive sequence {an}nen,, satisfying

|d| > D, b,=-1, Vn>ny; (3.1)

la(n,ur,us ..., up)| > an, V(n,ug) € Ny, x (R\ {0}), d € Ay;
lf(nyur,ug ... ug)| < Py, |h(nyur,ug .. ug)| < Qn,  V(n,uy) € Ny x (R\ {0}), 1 € Ag;

oo oo o0 1 o0

Z Z Z ——max {QS, Z:mau({Pt7 |Ct|}} < 400. (3.3)
j=1i=no+j7 s=i ° t=s

Then for every L € (d— D,d+ D), Eq.(L.5) has a nonoscillatory solution w = {wn }nen; € A({dn}neng, D)

with limy, 00 ¥2 = L.  Furthermore, Eq.(1.5) has uncountably many mnonoscillatory solutions in

n

A({dn}neNgvD)-

Proof. Let L € (d — D,d+ D). On account of Eq.(3.3), we infer that there exists 7' > 1+mng+mn1 +7+
satisfying

(3.2)

S Z;<Q5+Z<Pt+|ct|>> <D—|L—dl. (3.4)

j=1i=T+jr s=i t=s

Define a mapping Sz, : A({dn}neng, D) — I3 by
nL + Zjil Z’(L)in-f—]T Z;)OZZ a(s,xalsl’,“,xars) (h(s7 l‘hls’ A 7‘/'Uhks)

San - - Z?is(f(t7 Lfrgs - 7$fkt) - Ct))a n > T; (35)
%SL:ET7 B S n<T

for any x = {xn}neNﬁ € A({dn}neNﬁ, D).
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Now we prove that
Spz € A({dn}nen,, D) and ||Spz|| < [L|+ D, Vz € A({dn}nen,, D). (3.6)
Let ® = {Tn}nen; € A({dn}nen,, D). It follows from (3.2)), (3.4) and (3.5) that

Srxn 1
L Y S wr ] (LTS
g 1 i=n-+j7 s=i s
_Z(f(t,:vf“,...,a:fkt)—ct)>
t=s
<|L—d+ = Z Z Z (QﬁZ(BHq))
] 1i=T+j1 s=t t=s
<|L—d|+D—|L—d
=D, n>T,
SLtn gl ”'S”T—d’: SLxT—d‘<D, B<n<T,
n T n

1
(5, Tarss - Taps) (h(S, Thygs- - Thy,)
oo

—tz_:(f(t7$f1t,...,$fkt)—Ct)>‘
L+ = Z Z Z (Qﬁi(ﬂﬂ%\))

] 1i=T+j1 s=1

Pl p 2 zzz

j=11=n+4j7 s=1

IN

<|L|+ D —|L—d]
<|L|+D, n>T
and

Srxr
T

ﬁ SL:BT o
T n N

<|L|+D, B<n<T,

Srxn
n

which imply .

Next we prove that Sy, is continuous and S7,(A({dy }neng, D)) is uniformly Cauchy. Let ¥ = {x} }nen,
and = = {zn}nen, € A({dn}nen,, D) with lim, o 7 = z. Put € > 0. Using and the continuity of a,
h and f, we deduce that there exist five positive integers 11, To, T3, T4 and T5 with Ty > T, Ty > Ty + 117
and T3 > T — 1 satisfying

T1—1Ty+j7—1T—1

max{z Z Z (Qs+§;(Pt+ycty> >y Z Zpt+ycty

Jj=1li= T4+jTSl ]11T+]Tsz S 4=Ty
(3.7)

oo oo Tu+j7—1 oo

T (Ty — T) Z ;(QS+Z(Pt+ lce]) ) Z Z Z (Qs-f-z (P + |ci]) )} 255§

s=T5 Jj=T1 i=T+jT s=t

Ti—1Tu+jr—1TH—1
max{ Z Z Z <’h(s,x’flls,...,x2ks)—h(s,xhls,...,ajhks)

jl'LT-‘r_]’TSZ
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T3—1

+ Z }f(t,x?lt,...,x’;ckt) _f(t’xfw-“?xsz)o’

T — 1T4+JT 17— 1 v sl
S, a ,...,.’L'ars>_a(37$a157"'7wam)|
DS Z s - Qs+ > (P +]al) 25 (3-8)

j=1 i=T+j1r s=i & t=s

Yv Z T5.

|Spx” — Spx||

= max<{ sup
B<n<T

By virtue of , , and , we obtain that for each v > T5
Uy > Z T

j=1li=n+jr s=i Palsy Tt

X <h(3,$hls, ces T ) — Z (f(t, T, Th,) — ct)>

t=s

SL{L‘Z _ SL.I‘n Ssz _ SL«Tn

)

n n n>T n n

= sup —
n>T 1 Ty )

o0 o0

1
_Z Z Zas s Tagey -+ sLapg)

j=1li=n+j1 s=i

X <h(8’xhls7"'?xhks)_Z(f(t’xflt7"'7$fkt)_ct)>‘
<t St

n
n2T j=1i=n+jr s=i yTals?

[o.¢]
+Z f(t %, 2% ) — f(t,a:f”,...,xfkt)o

Fa>S S YL

n>T] 1i=n+j7 s=t

X <|h(83$hls7""mhks)| + Z (’f(tamflw s 7xfkt)‘ + ’Ct|)>]

1

a(s ST ,...,mgm) a(S, Tayey -y Tay,)

t=s
1 (o) o0 (o) 1
< T Z Z Z CT (‘h(s’les’ te "rzks) - h(57 Lhygs - 7Ihks)
j=1i=T+jr s=i °
o0

1

a(s, x4, ,...,x4 ) a(s Tay,,- -, %a,,)

Z Z Z (‘h(s’les’ ce ’xzks)} + ‘h(s’xhls7""xhks)

J=14i=Ty+j1 5=1

(cmiuaw \cm)]

t=s

o0

+ Z (| £t o, .. ab )|+ | f(tzp,, .. ,xfkt)\)>
t=s
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—1Ty+j7—1Tr—
+ Z Z Z <|h(87$%137“"$zk5)_h(s7$hls7""xhks)

jlzT—l—stz

+ Z (a2, —f<t7xfw.--,xfm>\>

—1Ty+jr—1Ty—

+Z Z Z Z ‘ftxflt""":v?kt)‘_'_‘f(t’xflﬂ"'?xfkt)‘)

=1 =T+j7 s=t
—1Ty+j7—1 o0

+Z Yoo — (\h(s,xzm--.,mzks>\+|h<s,th...,xhks>\

=1 =T+j7 s= T2

+ Z (’f(t,x?lt, o ’m;kt)‘ + ’f(t’xflw to ’:Efkt)‘))

oo Tu+jT—1 oo

+ Z Z Z (‘h(s’les""’xzks)}+‘h(87xhls?"'7xhks)|

j=T1 i= T+_]TSZ

+ Z (115 )+ [ afvfm)\)>

+zzz( e ) (e )

J=14i=Ty+jT s=i Ya1s? " T T ars ‘a(s7xals7"'7xars) t—s
—1Ty+j7—1TH— T3—1
DI ”> (0 X )
=1 =T+jr s=i S t=s

—1Ty+j7—1T 1 o]
D> Z( XN | I ) 2_(Fixlal)

j=1 i=T+jr s=i Yars? "t ars t=T3

—1Ts+357-1 o 1 0o
+ Z Z Z S TV v ) + ‘a(87$als7' QS+Z(Pt+|Ct|)

j=1 i=T+jr s=T» »arsr e Tars + Tay,) t=s

oo Tyu+j7—1 oo oS
+> > Z( oo e ,1”. ~ )(QS+Z<Pt+rq|)>]

j=T1 i=T+jr s=i VAL Tt ars t=s

—1Ty+j7—1TH—

1y o3t (@s+zﬂ)+ IS S DI SRS 3

Jj=1i= T4+J7'sz Jj= 1ZT+]TSZ S =Ty

oo Ty+it—1 oo

+20 (T~ T Oo;(Qs+ZPt)+2E X >~ (QﬁZB)

J=T1 i=T+jT s=1

o0

S ZGS<QS+ZB+\Q\)+ +221T4+§IT§: S (Bt o)

Jj=1i=Ty+jT s=1 =1 i=T+jr s=i tT3

—_

S

00 oo Tu+j7—1 o0
+2T1(T4—T)Z ! (Qs‘FZ Pt‘i‘\ct\)‘f‘QZ Z Z (Qs+Z(Pt+’ct|)>]
s=Tb t=s

t=s ]leTJrosz

<e,

which implies that lim, o Spo” = Sy, that is, Sy, is continuous in A({dy }nen,, D).
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Let € > 0. It follows from (3.3]) that there exists T > T satisfying

=Y 3 Sh(eryme) < 59
j=14i=T*+ as

t=s

which together with (3.2)) and (3.5) yields that for all z = {zn }nen; € A({dn}neng, D) and t1 > to > T

SL:UH SthQ

t to

112 Z Z o 1 - )(h(s,xhls,...,xhks)—Z(f(t,xflt,...,xfkt)—ct)>
aisy s Lars

J=1li=t14+j1 s=1 t=s

122 Z Z sxa 1“' Ty )<h(s7$h157"‘7xhks)_Z(f(t?$flt7"‘?$fkt)_Ct))‘

Jj=11=tao+j7 s=1 t=s

)] <|h(87xhls’ e Thy)| Z(|f(t7xf1t7 e ’xfkt)’ + |Ct|)>

t=s

1 & 1 >
? § : E : E | s,z z )| (’h<87xhls7"'7xhks)’ + E (|f(t7xf1t"' . 7‘Tfkt)| + ‘Ct‘)>
i—1 A1gy** *y¥Ars

=to+jT 5=t t=s

<;Z Z%<Qs+t§:(Pt+|Ct|)>

which means that S1.(A({ds}nens, D)) is uniformly Cauchy. Lemma [2.1]implies that S7,(A({dn}neng, D)) is
relatively compact. It follows from Lemma that the mapping Sy, possesses a fixed point w = {wy, }nen 5 €

A({dn}nen,, D), that is,

n—nL+Z Z Z ol W, ,wars)(h(s’wh“"”’wh’“)

j=1li=n+j1 s=i

(3.10)
_Z(f(t7wf1t7"'7wfkt)_Ct)), Vn >T
t=s

and

Wy, (n—r L+Z Z Z TR (h(s,whls,...,whks)

Jj=li=n+(j—1)7 s=t (311)

_ Z(f(t,wflt,...,wfkt) — ct)>, Vn>T+T.

(3.10) and (3.11)) lead to

— Wp—7r = 7L — g E h(s,wh,,,-..,wn,,)
a($, Wayyy- -y Wa,,) s s

1=n s$=t

_ Z(f(t,wflt,...,wfkt) - ct)>, Vn >T + T,
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> 1
Alwn = wn—r) = Z a(s,w
y Waqggy -+

S=n

_ Z(f(t,wflt,...,wfkt) - ct)>, Vn>T+ T,

— (h(s, Whyys - Why,)

1
AQ(wn — Wp—r) = — ] (h(n, Why,s - Why,)

which together with (3.1]) yields that

A(a(n, way,s - s Wapy ) A (Wn + bpwn—r)) + Ah(n,why, o - - -, wh,, )
+ f(n,wyp,, ..., wp, ) =cn, Vn2>T 4T

That is, w = {wy }nen, i a nonoscillatory solution of Eq.(L1.5) in A({dy}nen,, D)-
In view of (3.3)) and (3.10)), we obtain that

% —L‘ S %Z Z Z 1 (}h(s,whls,...,whks)

j=1i=n+jT s=i ‘a(‘g? Waygy - - 7wars)

+Z(}f(t7wf1t""7wfkt)‘+ ’Ct‘)> (3.12)
t=s

<%Z Z Z <Q3+Z(Pt+|ct|)>%0 as n — oo,

j=1li=n+j7 s=i

that is, lim;, 0o 5 = L.

Next we show that Eq. has uncountably many nonoscillatory solutions in A({dy}nen,, D). Let
Li,Ly € (d— D,d+ D) and L; # Lo. Similarly we infer that for each | € Aj, there exist a constant
T} 2 1+ n9g+n1 + 7+ B and a mapping Sy, satisfying , where L,T and Sy, are replaced by L;,T;
and Sp,, respectively, the mapping Sy, has a fixed point w' = {wé}neNB € A({dn}neng, D), which is a
nonoscillatory solution of Eq., that is,

_nLl—l—Z Z Z swl - Tl )<h<s,w§lls,...,w§%>

j=1i=n+j1 s=i Qrs

—i(f(t,wéclt,...,wﬁcm)—ct)>, Vn > 1T, 1€ As.
t=s

Note that (3.3) implies that there exists T > max{T}, Ty } satisfying

Z > Z (Qs+i<Pt+|ct|>><'L1;L2‘, (3.14)

J=1i=T5+jT s=i

which together with (3.2)), (3.13]) gives that

S S S e

j=1i= n+]Tsz a17"? Ars

(3.13)
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X (h(s,w,lns,...,w,llks) —Z (f(t,w}lt,...,w}kJ —ct)>

t=s
[e%S) [e'e) 9]
1
R DD DI D e ;
(U S Za S, Wy, ,...,wam)

=s

A DI (\h(s whyoovwh, )| 4 B (s wh )|

Jj=1li=n+j1 s=i
2 2
+M+>f<uwfw.--’wfkt>\+M))

o
X <h<57wz157""w121k5) — Z (f(t,w]%lt,...,w?ckt) - ct)>‘
t

é(\f(t,w;u,...,w;m)
> |Ly — Lo| — Z Z Z (Qs+i(Pt+|ct|)>

J=1i=T5+j7 s=i

1
> 5|l = La| >0, V> T3,

that is, w' # w?. Therefore, Eq.(I.5) has uncountably many nonoscillatory solutions in A({dn}neny, D).
This completes the proof. O

Theorem 3.2. Assume that there existn; € N,,,,d € R, D € R*\{O} two nonnegative sequences { Py }nen,,
and {Qn}nen,, and a positive sequence {an}nen,, satisfying (3.2) and

|d| > D, b,=1, Vn>ny; (3.15)

Z Zmax{@s, ZmaX{Pt,|Ct|}} < +o00. (3.16)

i=ng s=i
Then for every L € (d— D,d+ D), Eq.(1.5) has a nonoscillatory solution w = {wn fnen,; € A({dn}neng, D)
with lim, oo ©* = L.  Furthermore, FEq.(L.5) has uncountably many nonoscillatory solutions in

A({dn}nEN@ ) D)

Proof. Let L € (d— D,d+ D). It follows from (3.16)) that there exists T" > 1 4 ng + n; + 7 + (3 satisfying

1 o o0 1 oo
T ZG<QS+Z(B+\@!)> <D—|L—d| (3.17)
i=T s=i ° t=s
Define a mapping S, : A({dy }nen,, D) — I3 by
+2j7—1
nL— 3752, 500 anj 17 Do 5(377%151’“_,%”) (R(s,2hy,,- - Thy,)
Span = Zt:s ( (tv"Bfu? ) :Efkt) - Ct))’ n=>T, (3.18)

7Scrr, B<n<T

for any 2 = {zn}nen, € A({dn}nen,, D). Combining (3.2), (3.17) and (3.18)), we get that for any z =
{xn}HENB € A({dn}neN[;a D)
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S T 00 n+237' 1 00 1
Ldn
n _d L d_iz Z Z S :L‘a1sa-.-7l'ars) <h(87$h137...7xhk5)
J=li=n+(2j—1)r s=1t
_Z(f(t,:cflt,...,$fkt)—Ct)>
t=s
SRR %) o (0 LI
z T s=1 t=s
<|L—d|+D—|L—d
=D, n>T,
Sitn gl _ ”-S”T—d|: SLIT 4l oD B<n<T
n T n
San B 1 oo n+2jit—1 oo 1
n B L_gg Z Z_:a(sywalsa 7$ars) h(s,xhb? xhkS)
Jj=li=n+(2j—1)T s=1i
_Z(f(t,:nflt,...,wfkt)—ct)>
t=s
<|LI+ = ZZ <Q5+Z(Pt+lctl)>
z T s=t t=s
<|L|+D—|L—d
<|L|+D, n>T
and
Sprn n Sprr| |Spar
) =2 2B = |22 <L)+ D, B<n<T,
which yield .

Now we assert that Sy, is continuous and Sz (A({dn}neng,

D)) is uniformly Cauchy. Let ¥ = {z} }nen,

and = {Zn}nen, € A({dn}nen,, D) with lim, o 2” = z. Let ¢ > 0. It follows from (3.16) and the
continuity of a, h and f that there exist 71, To, T3 and Ty e Nwith Ty > T, 15 >T1+7—1and 153 > Tr —1

satisfying

g 303
i=T1+71 s=1

[e'e} Ti+7—1T5—1
<Qs+z<Pt+|ct> > Y LS w
t=s i=T+1 s=i S t= T3

(T -T) ) ;(QS+Z(Pt+|Ct|)>} < 1%;

s=T» t=s
Ty+7—1T5—1
max{ Z Z <‘h(s,les,...,xzks)—h(s,mhls,...,:phks)
i=T41 s=t
T3—1
+ Z |f(t,xj”c1t,...,x;kt) _f(ta$f1t7"'7xfkt)’>7
T1+T 1T2 1 v Ts—1
ool ) —a(S, Tayy ey Tapy)| €
3 3 ettt (0, S o)} < £
i=T+1 s=i S t=s

Yv Z T4.

(3.19)

(3.20)



Z. Liu, X. Zhang, J. S. Ume, S. M. Kang, J. Nonlinear Sci. Appl. 9 (2016), 4329-4354 4339

It follows from (3.2)) and ( - - ) that for any v > Ty

HSLSUV — SL$H

=max<{ sup
B<n<T

0o n+2j7—1 0o

Z Z Z 8 xu v ) (h(87x}]/lls7""xzks) _h(s’$hls""7xhks)

Jj=1li=n+(2j—1)T s=i rs

_ Z (f(t, x;u, ... ,J:J”ckt) — flt,zyy,, - .,:I:fkt))>
t=s

© nt2it—1 oo 1

] 1= n+2j 1)7_5 i als? """ Yars

Sral, B S1,2n Sl B ST

)

n n n>T n n

= sup —
n>T N

X (h(s,mhls, ey Thy,) — Z (f(t,xflt, s Tp,) — ct)> ‘
t=s

0o n+2j7—1 00

DI DI pi

J=li=n+(2j-1)1 s=i as? "

T

v
':Uav ]

I <|h(s,les, .. ,xzks) —h(s,xp, - s Thy,,)

su
n>T

o
+Y O |ft a2 —f(t,xflt,...,xfkt)‘)
t=s

[e's) n+2]7 1 00 1
tawd D 2 -
2T e a(s, Y, ,...,mgm) a(s,Tayss .- Tapy)

X <|h(s,xhls, coxh )| Z (\f(t,xflt,...,xfktﬂ + \cﬂ))]

t=s
1] o 1
ST Z Zas<‘h(s,x,’ils,...,xzks)—h(s,mhls,...,xhks)
i=T41 s=1
o0
+Z’f(t,a:;lt,...,:c?kt) —f(t,xflt,...,xfkt)o
t=s
+ - Qs+ > (P + |ee)
Z:TZ;T; a(s, oy, ,...,xh ) a(8,Tay,,s -5 Tay,) ( s tz:;
1] & 1
S T ) Z Z;S (’h(s’xlflls7”"x%ks)’ + |h(57xh157“'7$hks)
1=T1+1 s=1

o0

+ Z (| £, . ab )|+ |t zp,, .. ,xfkt)\)>

T1+T 175—1

+ Z Z a (‘h 8, Thy sy Ty ) = (S, Tpy s e ey Thy,)

i=T+1 s=t

Ty—1

+ Z ‘f(t,x?u,...,x?kt) —f(t,a:flt,...,xfkt)o
t=s
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Ti+7—1T5—1

+ Z Z Z ‘ft'xflt""’xJVth)‘+‘f(t’xf1t""7xfkt)‘)

i=T+1 s=i t="T:
Ti4+7—1 oo

+ Z Z (hs Ty ,x‘fbks)’%—|h(s,xhls,...,xhks)

i=T+T S:Tg

+Z (|f(t,x?lt,...,af?kt)‘ + ‘f(t7‘rf1t7"'7xfkt)‘)>

D> Z( o e )(@s+Z<Pt+rqr>)
7 ALs t=s

i STY e TY © Tayy)
Ty4+7—1To— 1 v Ts—1
R — a\s,T cee s L
+ Z Z S, a17 ) am) 5 ( s Laiss ) ars) (QsﬁL Z(Pt+‘ct’)>
i=T+1 s=i as t=s
Ti+7—1T5—1 1 [e’e]
> 2 ” TR > (Pt ]
i=T41 s=i 871"(115 ‘7'1:04‘3) }a(sﬁ‘rals""?mars) t=T3
Ti4+17—1 oo 1 00
2 ” T Qs+ 3 (Pt Jeil)
e = a(s,xy, ,...,$am) ‘a(s,xals,...,xars) —

Ti+1—1T5—1

2> L (@s+2a)+ 2y Y Llyn

zT1+Tsz i=T+1 s=i tT3

2(Ty — )Z (QS+ZPt>+2 > Z (Qﬁg(ﬂﬂa\))

s= T2 i=T1+71 s=1i

Th+7—1T5—1 00 1 0
a2 Y Y LS (P4 fal) + 20T - )ZG<QS+Z<B+|@D)]
i=T+r s=i ° t= T3 s=T5 t=s

<e,

which gives that lim, o, Sy = Spz, that is, Sy, is continuous in A({dn }nen;, D).
Given € > 0. Using (3.16)), we infer that there exists T > T satisfying

Z Z (QS+Z(Pt+ICtI)> <g, (3.21)

i=T*+7 s=t

which together with (3.2) and (3.18) implies that for all z = {zp }nen; € A({dn}neng, D) and t; > to > T

SLmh _ SthQ
t1 to

oo ti1+2j7—1 o0

Z Z Z 1 - )(h(s,xhls,...,:chks Z (tTpys - -,Hffkt)—ct))

U jmlimty +(2j-1)r s=i Msrmt o t=s

0o to+257—1 00

(o.9]
1s? > TS

]17, t2+2leSZ t—s

t1+257—1 o0

<ii > i
- tl |a(37xa1.s7' . 'aIars)|

J=li=t1+(25-1)1 s=t
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X (Ih(s,xhlsﬁ---,whks)l + > (ftagy, . ap,) + \Ct!)>
t=s

0o to+2j7—1 00

1
‘|‘ Z Z Z‘ sxal,...,iﬁam)‘

] 1i=to+(2j—1)7 s=1

X (|h(37$h157 cee 7whks)| + Z(‘f(tv Lfrps- - "xfkt>‘ + ‘Ct’)>

Z Z <Q3+Z<Pt+cty>>
i=T*+1 s=1 t=s

<&,

which yields that S (A({dn}nen,, D)) is uniformly Cauchy. Lemma means that Sz(A({dn}nen,, D))
is relatively compact. Lemma ensures that the mapping S; has a fixed point w = {wn}%N[3 e
A({dn}nen,, D), that is,

00 TL+2_]T 1 00

wy, = nL — Z Z Z PR ,warg)(h(s’wh“"“’whks)

Jj=1li=n+(2j—1)T s=1i ‘ (322)
—Z(f(t,wfu,...,wfkt)—ct)>, Vn>T
t=s

and

Wp—r = (N —T) g g E h(s,wh,,,- .., wn,,)
(8, Way,ys - s Wa,y,) ° s

J=1 i=n+(25-2)1 s=t

_ Z(f(t,wflt,...,wfkt) — ct)>, Vn >T+ T,

which lead to

Wy + Wp—r = (2n — 1)L — E E h(s,wh,,,--.,wn,,)
a(s wals,...,wars) : °

i=n s=i

_ Z(f(t,wflt,...,wfkt) — ct)>, Yn>T+T,

A(wy, + wp—r) = 2L + Z

— (S, Wayyy- - Wa,,
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which together with (3.15)) yields that

A(a(n, Way,, s - - - s Wapy ) A% (W, + bpwy—r)) + Ah(n,why,, s - - Wh,, )
+ f(n,wypy,, ... wp, ) =cn, Yn>T 4T

That is, w = {wy }nen, i a nonoscillatory solution of Eq.(1.5) in A({ds}nen,, D)-
It follows from (3.16)) and (3.22) that

’ 00 n—+2j7—1 00

INDIDS

J 1i=n+(2j—1)T s=i

+Z(‘f(t’wflt"“’wfkt)|+‘Ct‘))
*ZZ <Q5+Z(Pt+|ct|)>—>o as n — 00,

i=n s=i

|a $ wals?' . 7wa'rs)

which implies that lim, . ©* = L.

<‘h(s,whls,...,whks)

Next we claim that Eq. has uncountably many nonoscillatory solutions in A({dn}nen,, D). Let
Li,Ly € (d— D,d+ D) and Ly # Ls. We deduce similarly that for every I € Ao, there exist a constant
T} 2 14+ no+ni + 7+ and a mapping Sy, satisfying , where L,T" and Sy, are replaced by L;, T}
and Sy, respectively, the mapping Sy, has a fixed point w' = {w'fz}TLGNg € A({dn}nen,, D), which is a

nonoscillatory solution of Eq.([1.5)), that is,

00 n+2]7—1 00
l l
RIS D SIND D e S Y Y R

]11, ’n+2j 1)7’87, ais? " Qrs

—Z (f(t7w$‘1t7"‘7w§ckt) —ct>>, Vn > T, 1€,
t=s

Obviously (3.16) yields that there exists Ty > max{T}, Ty } satisfying

Z > 1 (Qs+§<a+|ct|>) <Mzl

=T5+T1 s=i

which together with (3.2)), (3.23) means that

00 n+2j7—1 00

e S S S

J=li=n+(2j—1)T s=1t as? ars)

wl

n

00 n+2j7—1 00

LYY ¥

D) 2
Mol n+(2j-1)7 Swal"”’w“”)
o0
2 2 E 2 2
X h<s’wh15""’whks> - <f(tvwf1t""’wfkt) o Ct)
t=s

00 n+2j7—1 00
> L — L2|——Z Z Z (‘h(s whls,...,w,llm)‘—l-‘h(s,w%ls

Jj=1li=n+(2j—1)7 s=i

(3.23)

(3.24)
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o
+ Z (’f(t, wjlclt, e ,w}kt)
t=s

o (o) )
(o @] o0

zlLlelé S Z;<Q8+Z<Pt+|ct\>>
t=s

1=T5+T1 s=1t

1
> 5|l = La| >0, V> Tj,

that is, w! # w?. Therefore, Eq.(1.5) has uncountably many nonoscillatory solutions in A({dn}neny, D).
This completes the proof. O

Now we use the Krasnoselskii fixed point theorem to prove the existence of uncountably many nonoscil-
latory, positive and negative solutions of Eq.(/1.5)).

Theorem 3.3. Assume that there exist n1 € Ny,,,d € R,D,b € RT \ {0}, two nonnegative sequences
{Potnen,, and {Qn}nen,, and a positive sequence {an}nen,, satisfying (3.2), (3.16) and

i 1-b
7<7

1
<D<

|bn| < b, Vn >nj. (3.25)

Then for every L € (d — (1 —b)D + bld|,d + (1 — b)D — b|d|), Eq.(LF) has a nonoscillatory solution
w = {wn }neng € A({dn}neng, D) with limy, 0 (Y 4 %"wn,T) = L. Furthermore, Eq.(1.5) has uncountably
many nonoscillatory solutions in A({dn}nen,, D).

Proof. Let L € (d — (1 —b)D +bld|,d + (1 — b)D — b|d|). In view of (3.16), we deduce that there exists
T >14mng+n1 + 7+ B satisfying

[e.9]

;g;; als (Qs + i (P + ‘Ct’)) < (1-b)D —bld| —|L —d|. (3.26)

Define two mappings Sz, and G, : A({dn}nen,, D) — I3 by

nL —byxy—r, n>T,
SL.CL‘n = (3.27)
7SLaT, B<n<T

and
- Zfin Z;)O:Z m(h(s’ Ihls’ ttt 7xhks)
Gre, = _Z:f)is (f(t’xflt""’xfkt) _Ct))7 n=>T, (3'28)
7Grer, B<n<T

for any » = {xn}nGNB € A({dn}nGNB, D)
Now we assert that

Spx+Gry € A({dn}neng, D), Vz,y € A({dn}tnen,, D), (3.29)

1Spz = Seyll < blle —yl, Va,y € A{dn}nen,, D) (3.30)

and
|Grz|| < D, Vxe A({dn}neNﬂ,D). (3.31)
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In light of (3.2) and (3.25)-(3.28), we get that for any » = {zn}nen, € A({dn}neng, D) and y =
{yn}neNg € A({dn}n€N37 D)

SLfEn GLyn
—d|=|L—-d- b——— h
o ;; a(3, Yar, - -.,ya,«s) (68 )
_Z(f(t7yf1t)"'7yfkt)_ct)>
t=s
< |L—d| +b(|d| + D) + ZZ (QﬁZ(BHcd))
szz t=s
<|L—=d|+b(|d+D)+ (1—-0b)D —0bld| —|L—d|
=D, n>T,
Stzn  GLyn n Spxr  n Gryr Sprr | Gryr
—dl=1=. . —d|l = —d D < T
‘n+n T n T n T+T <D, Bsn<T,

‘SL-’En B SLyn (n — T)bn <$n7- . Yn—1 )’ < be _ yH n>1T

n n n n—7 n—T
Srrn  Spyn n Sprr n Spyr Spxr  Spyr
_ N _ . — — < bllx — < T
‘ n n T n T n T T | — le—yll, B=<n<T,
Grxn, 1 oA 1 e
_ |1 h(s,@hy s an, ) — gy ap) —
S R g (e ) = (anan) —
1 [o@) oo
gTzzas<Qs+z<a+|ct|))
=T s=1i t=s
< (1=0b)D —bld| —|L —d|
<D, n>T
and
'GL:En _ E‘GLSL'T :'GL:ET <D, B<n<T
n T n T

which imply (3.29)-(3.31]).

Next we show that G, is continuous and G'(A({dn}nen,, D)) is uniformly Cauchy. Let 2 = {z} }nen,
and * = {Zn}nen, € A({dn}nen,, D) with lim, o 2” = 2. By virtue of and the continuity of a,
h and f, we infer that for given € > 0 there exist 17, T, T3 and Ty € N with 77 > T, Ts > T7 — 1 and
T5 > Ty — 1 satisfying

T1—1T5-1

max{zz (Qﬁi(ﬂﬂal) 2.0~ ZPtHCtI

=11 s=1i =T s=1 tT3

(T -T) > — <Q5+Zpt+ct’>} 16’

S:T2 t=s

(3.32)

T1—1T5—1
max{ Z Z (‘h(s,les,...,xzks) _h(s’xhuv"wxhks)

i=T s=1
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T3—-1

+ Z ‘f(t,ac?u,...,x?kt) —f(t,xflt,...,xfkt)o,

Th— 1T2 1 TV )—CL(S Tq T >‘ Ts—1 c
5, als tT Y ars ) 1s? " s
> Z 5 Qs + tz (Pi+lal) ) ¢ <15 (3.33)

i=T s=i as
Vv > Ty.

In view of (3.2)), (3.28)), (3.32)) and (3.33)), we deduce that for any v > T}

HGL.%'V—GL.%'H
GL«TZ GLJ?n GLJ}Z GLJ,’n
=max<{ sup |—2 — , sup -
B<n<T | M n n>T| N n
v 14
Sggn g g a(s.a7 - )(h(s,xhls,...,:):hks)—h(s,xhls,...,xhks)
rPaygr s bags

i=n s=t

_ Z (f(t,a:?lt, ) = flt,zp,,. .. ,l’fkt))>
t=s

+ —
;;(a(s,mgls,...,xgm) a(s,xals,...,xam)>
o]
X (h(‘g?xhuv"'?xhks) _Z(f(t7xflt7"'7$fkt)_Ct)>‘
t=s
1 2 - 1
< —| sup h(s,xp, ...,z ) —h(s,Thy,, .- Tn,,
T nzT;;‘a(S;-TZI ,...,xZTS)\Q (5. haa) = RS 2 2
(o]
+Z‘f(t,x}”cu,...,x?kt) _f(t7mf1t""7xfkt)‘>
t=s
-+ sup —
nZT;; 0(573351 7-"755%“) a/(S?xals?"'?xar‘s)

X (’h’(87xhls’ <o 7xhks)‘ + Z (’f(t7xf1t7 <o 7xfkt)’ + ’Ct’)>]
t=s
ZZ (‘h(s,:vzls,...,xzks)—h(s,xhls,...,zhks)

szz

T

+Z ‘f(t"x?lt"”’x?kt) - f(t7$f1t""’xfkt)‘>

+ B + P+
=T s=1i 87x51 7”'7‘7;57‘3) a(57$als""7‘rars) (QS tZZ;( t |Ct|)>]
< Z Z (\h(s,les,...,xzks)\ RS, Ty )

=T s=i

+ Z (‘f(t’wjycu’ T ’xJV”kt)‘ + ‘f(t’wflt’ e 7xfkt)‘)>
t=s
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Ty —1Ty—1
+ Z Z (‘h 8, Tp, ey ) = (S, Ty s ey Thy,)
=T s=1i
T5—1
+ Z |f(ta%,, ... %) —f(t,xfu,...,xfkt”)
T1 1T2 1
+> Z Z (If 2, s )|+ [ f s zpy, . 2p,)])
i=T s=i ° t= T3
T1 1 o
+ Z Z (’h(s,mzls,...,xzks)‘ + ‘h(s,xhls,...,xhks)
i=T s= T2
30 20
t=s
+ + Qs+ D (P +lel)
ZZTl; (‘a(s 7l ) ‘a(s,xals,...,xam) )( ° ;
Ty —1Ty—1 y y T5—1
a(s,xy, ..., 2y ) —a(s Tayy, - Ta,,)
+ Z Z ’ ais a ~ ar a <Qs+ Z(Pt—l— |Ct|)>
i=T s=i S t=s
Ti—1Ty—1 1 1 0o
+ + (Pt+ |Ct|)
;” Sz; <‘a(8’x519 "7xgrs) ‘a(s7xals7"'7xa7s) )tz’lzg
T1—1 o 1 fe'e)
+ + Qs+ ) (P +|cil)
£ TSZT ( s,:z:g1 ok )| fals, ay, - Tayy) >< ° ;
1 Ty —1Ty—1
=155 90 3P (5 L) FERED S5 I I
1=T1 s=1 =T s=1 t T3
oo
ean-m Y <Q$+zpt) 35 ( 3 mym)
s= T2 t=s =T t=s
T1—1T5—1 1 00
SX Y -0 Y eS|
i=T s=i ° t= T3 s=Tb s t=s
<e,
which yields that lim, . [[GLz” — Grz| = 0, that is, G, is continuous in A({dy }nen,, D).
Let € > 0. It follows from (3.16) that there exists T* > T satisfying
(o]
5
R 2 Y] < 331

zT*sz

which together with (3.2) and (3.28) implies that for all z = {zp }nen; € A({dn}neng, D) and t; > to > T

GL$t1 o GL:EtQ

1 t2
1 o0
ZZ h(s,xhls,...,mhks)—Z(f(t,xflt,...,a:fkt)—ct)
tlz il (SyTayss s Tapy) —

1 1 >
BP0 D <h< ) = D) - >)\

t=s
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I (\h(s,xhls,--.,whks)l D (1 fEwpy, e zp,) + |0t|)>
t=s

1=t1 s=1 Las
1 1 o0
+ ZZ ‘CL S, T xX )| |h(s’xhls""’xhks)| +Z(|f(tv$f1ta"~a$fkt)| + |Ct|)
i=ty s=i aisy oy dars P
2
=9 FL (S SERR)
i=T* s=1

which yields that G'L(A({dn}neng, D)) is uniformly Cauchy, which together with (3.31) and Lemma
means that Gr(A({dn}nen,, D)) is relatively compact. Consequently G is completely continuous in

A({dn}nen,, D). Thus (3.29), (3.30) and Lemma ensure that the mapping Sy, + G, has a fixed point
w = {WN}neNg € A({dn}neNﬂyD)a that is,

Wy, = nL — bpwp—r g g h(s,whls,...,whks)
s s Wayaes - - ,wam)

i=n s=t

(3.35)

_Z(f(t,wflt,...,wfkt) —ct)>, Vn>T + T,
which yields that

A(a(n, Way,, s - - - s Wapy ) A% (wy, + bpwy—r)) + Ah(n,why,, s - - Wh,, )
+ f(n,wyy,, ... wy,,) =cny, YR 2>T 47T

That is, w = {wy }nen, is a nonoscillatory solution of Eq.(L1.5) in A({ds}nen,, D)-
In view of (3.16) and (3.35)), we get that

I e

i=n s=t

+Z:(‘f(t’wflt"“7wfkt)|+‘Ct‘)>
*ZZ <QS+Z(Pt+’CtD>_>O as n — oo,

i=n s=t

Wn, by
n n

. 7wars)

which implies that lim,,_ oo (w" + o Wy T) =1L

Next we show that Eq. . has uncountably many nonoscillatory solutions in A({dn}neng, D). Let
Ly, Ly € (d— (1 —b)D+b|d|,d+ (1 —b)D —b|d|) and Ly # Ls. Similarly, we conclude that for every I € As,
there exist a constant T} = 1+ ng +nq + 7 + 8 and two mapping Sy, and G, satisfying (3.27) and (3.28),
where L,T', Sy, and G, are replaced by L;, T}, Sg, and Gy, respectively, the mapping Sy, + G, has a fixed
point w! = {w%}neNﬁ € A({dn}nen,, D), which is a nonoscillatory solution of Eq.(L.5)), that is,

_nLl ZZ swl “al )<h<s,wﬁlls,...,wéks>

i=n s=i a1s? """ ars

_i<f(t7w§”w'”7w§”m) —ct)>, Vn > 1T, 1€ As.

t=s

(3.36)
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Note that (3.16) implies that there exists Ty > max{T}, Ty } satisfying

Z > 1 (Qs +Y P+ rcm) Mzt (3:37)
t=s

=Ty s=i

Using (3.2), (3.36) and (3.37)), we get that

1 2 1 2
Wy o Wy, + bn<wn—r N w’r;—r)‘

n n n
0
R 3 S )(h(s,w,gls,...,w;lks)_z(f(t,w;u,...,w;m)_Ct)>
— = a(s,wh ..., ws p
1 o 1 2 2 - 2 2
_L2+EZZQ(S w2 w2 ) h(s,whls,...7whks> —Z(f(t,wflt,...7’u)fkt) —Ct>
i=n s=i Als? """ ars t=s

I Lz‘_,zz (;h(s whyere st )| (s i)
é(\f(t,w;u,...,w;m) +\Ct\+)f(t,w;u,...,w;m)\+M))
> |L; — L2_7ZZ <Q5+§:(Pt+‘ct’)>

t=s

zT*sz

1
> gl — La| >0, V> T3,

which yields that w! # w?. Therefore, Eq.(1.5) has uncountably many nonoscillatory solutions in
A({dn}neny, D). This completes the proof. O

Similar to the proofs of Theorems we have the following results.

Theorem 3.4. Assume that there exist ny € N,,,d,D,b € Rt \ {0}, two nonnegative sequences

{Pn}tnen,, and {Qnlnen,, and a positive sequence {an}nen,, satisfying (3.16) and
d 1-b

D — _— < >ni; .
d> D, <3 |bn] < b, Vn >ng; (3.38)

la(n,ur,ug ... up)| 2 an,  V(n,uq) € Ny, x (RT\ {0}), d € Ay
|f(n,ut,ug .. up)| < P, [h(nyus,ug . up)| < Qny V(n,wg) € Ny x (RYA\ {0}), 1 € Ayg.
Then for every L € (d —(1=b)D+bd,d+ (1 —b)D — bd), Eq.(L.5) has a positive solution w = {wy }nen, €
A({dn}neng, D) with limy, o0 (% + %wn_T) = L. Furthermore, Eq.(1.5) has uncountably many positive
solutions in A({dn}nen,, D).
Theorem 3.5. Assume that there exist ny € Ny,,d € R_,D,b € R" \ {0}, two nonnegative sequences
{Potnen,, and {Qn}nen,, and a positive sequence {an}nen,,, satisfying (3.16) and
d b-1
d+D <0, &> |l <b V0= (3.40)
la(n,ui,ug ..., up)| 2 an, Y(n,ug) € Ny, x R_, d € Ay
|f(nyur,ug ... ug)| < P, |h(n,ui,ug. .. ug)| < Qn,  Y(n,u) € Npy x R_, 1€ A
Then for every L € (d— (1—b)D —bd,d+ (1 —b)D+bd), Eq.(L5) has a negative solution w = {wp }nen, €
A({dn}neng, D) with limy, o0 (% + %”wn_T) = L. Furthermore, Eq.(1.5) has uncountably many negative
solutions in A({dn}nen,, D).

(3.39)

(3.41)
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Theorem 3.6. Assume that there exist ny € Np,,d,D,b € Rt \ {0}, two nonnegative sequences
{Potnen,, and {Qn}nen,, and a positive sequence {an}nen,, satisfying (3.2)), (3.16) and
d 1-b

<——, |bu|l <b, Vn>mny. (3.42)

i<D, <
<P p<Ty

Then for every L € (d — (1 —b)D + bd,d + (1 — b)D — bd), Eq.[LE) has a solution w = {wn}nen,; €
A({dn}neNB, D) with lim,_, (% + %"wn_.r) = L. Furthermore, FEq.(1.5) has uncountably many solutions

Theorem 3.7. Assume that there exist ny € N,,,d € R, Db, € R\ {0}, two nonnegative sequences
{Pn}nENno and {Qn}nENno and a positive sequence {an}neNno satisfying (3.2)), (3.16]) and

D +|d|

d| <D
<D, 5

<bi < |bpl, Vn>ng. (3.43)

Then for every L € (—b.(D —|d|)+ D+ |d|,b.(D—|d|) — D —|d|), Eq.(LE) has a solution w = {wn}nen, €
A({dn}nen,, D) with limy, o (“7’1" + b;;wn_T) = L. Furthermore, Eq.(1.5) has uncountably many solutions
n A({dn}HENﬁa D)

Proof. Let L € (= by(D — |d]) + D + |d|,b.(D — |d|) — D — |d|). Using (3.16)), we infer that there exists
T >14ng+n; + 7+ B satisfying

bl*<1 + ;) <1, (3.44)

Le ( —by(D —|d]) + (D + |d]) (1 + ;),b*(D —|d]) = (D + |d)) (1 + ;)) (3.45)

1 ZZ <Qs +3 P+ |ct|)> <b.(D—|d]) — (D + yd|)<1 + ;) —|LI. (3.46)
7, T s=i t=s

Define two mappings Sr, and G, : A({dn}nen,, D) — T by

nL _ xn+7'7 n > T7

Span =4 0t et T (3.47)
=SLar, B<n<T
and
1 o0 o0 1
_m Zi:n-i—’r ZSZi a(s7xals,,,,7zars) (h(s’ :Ehls7 e 7$hks)
GLxTL - - Z;}is (f(ta xfltv e 7‘rfkt) - Ct))7 n 2 T7 (348)

7Grzr, B<n<T

for any r = {-rn}nENg € A {dn nENa
Now we assert that - and

1S2e — Spyll < (1+ )nx—yu Va,y € A{dynen,. D) (3.49)

hold. Tt follows from and (3.43)-(3.48) that for any = = {z,}nen;, € A({dn}nen,, D) and y =
{yn}nEN,e € A({d }nENﬂa )

Sran n GLyn

L _d_$n+7-_ ZZ

d
n—+17 n—+T n—+T i=n s=i

’yam) (h(S, Yhigs -+ - 7yhks)

n n syals,...
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3 Ul o) )

L D+ |d
<M l|<1 >

Z <Qs+§;(a+ |ct|))

by by
szz
\L! D+]d| T T
— D 1+—=)—|L
<Blija+ 214 —Jdl) = (D +1a)(1+ %) - |2
=D, n>T,
Stz Gryn n Spexr n Gryr Srxr  Gryr
_ — | . =g = — <

’ - + - d T - T . d A + - d <D, B<n<T,

Span S - ~ [ <
LTn . LYn _ n+T [ Tny _ Yn+ < —|1+ 1 ||SC - y”a n 2> T’
n n nbpyr \n+7  n+T b r

St®n _ Swyn| _|n Sprr _n Spyr| _ |Sprr  Siyr
n n T n T n T T
1
<p(1+7)le-ul n<T.
RN -
n Nbpyr il a(s, Tayys- -+ Tayy)

X (h(87mhls7 e 7xhks) - Z (f(t7xf1t7 - '7xfkt) - ct)) '

t=s

1 oo o 1 o
< b*TZ;aS<Qs+;(Pt+ |Ct|))

< bl be(D — |d]) — (D + \d!)<1+;) — ]L\)

<D, n>T

and
n Grxr

T n

Gran|

<D, pB<n<T,

o GL$T
| T

n

which imply (3:29), (B:31) and (3-29).

As in the proof of Theorem we prove similarly that G is continuous in A({d,}neng, D) and
GrL(A({dn}nen,, D)) is relatively compact. Thus G, is completely continuous, which together with ,
and Lemma ensures that the equation Spz + Grpxr = z has a solution w = {wn}neNB €
A({dn}nen,, D), which together with (3.47) and (3.48) implies that

nlL w
Wy, = n+t Z Z (h(s7whls7""whks)
(S, Wayys---sWa,,)

bn—I—T n+*r n+*r i=n—4T s=i

> (3.50)
_Z(f(t’wflw"'awfkt)_Ct)), Yn>T+T,
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which yields that

A(a(n, way,s - - s Wapy ) A (Wn + bpwn—r)) + Ah(n,why, s - - -, wh,, )
+ f(nywpy,s e ywyp,) =cn, Y >T 4T

That is, w = {wy }nen, is a solution of Eq.(L.5)) in A({dn}nen,, D).
In light of (3.16) and (3.50), we get that

o 0
Wy, by 1
— + —wp—r — L <—TL—|—E E h(s,wp, ,...,w
n n n—r — P ‘a(s,wal‘S,..'?wars) (} ( hls hks)

1
< —
n

TL+ZZ;<QS+;(P,5+’QD>]—>O as n — oo,

i=n s=i

which implies that lim,, . (% + %"wn,T) = L. The rest of the proof is similar to that of Theorem and
is omitted. This completes the proof.

4. Examples and Applications

In this section we suggest seven examples to explain the advantage and applications of the results
presented in Section [3] Note that all known results are not applicable to the seven examples.

Example 4.1. Consider the third order nonlinear difference equation with neutral delay

(—1)2n32,2_,2on

(n"+n2+3)(1+ Iigin +23,)

A((P®+n+2) (1 +22:) A% (@ — 2p—r)) + A

sin? 3,1 ()@ +1) (4.1)

- = ,
(S +n+1)(1+22_5) n9+sinvn?+2

where ng = 14 and 7 € N is fixed. Let ny =14, r=1, k=2, d =49, D=5, f =min{14 — 7,6} € N and

n > 14,

ain =02 fin=n—8, fan=3n—1, hin=n>—n, hgy=2n,
(=1)"(n® +1)
nd 4+ sinvn? + 2’
sin v (—1)2n3uv
) h’(nu u, U) - )
(n®+n+1)(1+u?) (N +n?+3)(1 + u? +v?)
4 4
an:n8+n3+2v Pnziﬁv Qn:
n
It is easy to show that (3.1)-(3.3) hold. It follows from Theorem [3.1]that Eq.(4.1]) possesses uncountably
many nonoscillatory solutions in A({dy }nen,, D).

a(nyu) = (M®+n+2)(1+u?), by=-1, c¢,=

fn,u,v) =

vy (n,u,v) € N,y x R%

Example 4.2. Consider the third order nonlinear difference equation with neutral delay

A((=1)™ "N (n? +3)(1 + 323,_5 + | sinzn_o|) A% (20 + 2n_r))
sin(n®zf 5 gab_s) n—(—=1)"1 cos® Tgps_1
ni0 —Inn+2 (n®+5)(z2_5+9) n3(nd +3)(2 + [z,2_3)) (4.2)
n? —/n—10

S0 mgis T




Z. Liu, X. Zhang, J. S. Ume, S. M. Kang, J. Nonlinear Sci. Appl. 9 (2016), 4329-4354 4352

where ng = 15 and 7 € N is fixed. Let ny =15, r =2, k=2, d =46, D =3, f = min{15—7,10} € N and
ain=3n—5 amm=n—2, fin=n*>—-3, fo,=3n>—~1, hy,=5n>-9, hy,=n-—5,

2
— -1
a(n,u,v) = (—1)"271(712 +3)(1 +3u® + |sinv|), bp=1, c,= n®—yn—10

n'0+nd3 48"
cos® v sin®(n®u’v® n— (=1)n!
f(n,u,v) == s h(n,u, U) = o ( ) - ( )2 y
n3(n® +3)(2 + |u|) nlY —Inn+2  (n®+5)(v?2+9)
5) 9

an =n? + 3, Pn:$, Qn = (n,u,v) € Ny, x R%,

It is easy to verify that (3.2)), (3.15) and (3.16]) hold. Theorem 3.2]ensures that Eq.((.2) possesses uncountably

many nonoscillatory solutions in A({dy }nen,, D).

nt’

Example 4.3. Consider the third order nonlinear difference equation with neutral delay

—_1)n _ 3 1 5
A<n6(2+sinxn_3)A2 <37n+(1)(n3)xn_7>> +A (n° +n+1)cos” zp3_gp,

4n + 2 (nb+2n2 4+ 9)(1+at_,) (43)
(—1)" sin® 23,15 1 _(=D)"(n* +2) .- '
* n’ (W04 6n2)(1+422, . ) n0(l4+Inn)’ n 213,
n2—3n

Wheren0:13andT€Nisﬁxed.Letn1:13,r:1,k:2,d:i8,D:5,b:i,ﬂ:min{13—7,9}€N
and
ain=n+3, fin=38n—15, fo,=n>—3n, hi,=n—4, hoy =n>—28n,

6 - (=1)"(n—3) (=1)"(n* +2)
= 2 bn = Q= n — )
a(n,u) = n’(2 +sinw), An + 2 nt0(1+1Inn)
(=1)"sin? u 1 (n®+n+1)cos’v
— — h —
fnu,v) n7? (n10 + 6n2)(1 + v2)’ (n, u,) (n8 4 2n% +9)(1 + u*)’
3 10
an=n% P, = et Qn = 3 (n,u,v) € Ny, x R2.

It is easy to see that (3.2]), (3.16) and (3.25) hold. It follows from Theorem that Eq.(4.3]) possesses
uncountably many nonoscillatory solutions in A({dy }neng, D)-

Example 4.4. Consider the third order nonlinear difference equation with neutral delay

-1 n?—2 —4
A ((n3 —n)(6 4+ 3sinz,2_g, + 2cos T10,_6) A (xn + (=1) (n )an—T))

6n + 3 (4.4)
(n — 3)Tp—aT5,2_7 sin® @, _5 _ (=D)*(n*-2) n> 924 '
(o +n+4) (@l _4+22, ) n(1+a3; ) nll ’ -

where ng = 24 and 7 € Nis fixed. Letny =24, r=2, k=2,d=9, D =3, b:%, f =min{24—7,19} € N
and
aln:n2_6n7 agp, = 10n — 6,  fi, =n -5, f2n:3n3_97

Rin=mn—4, hoy=>5n*>—7 aln,uv)=(n>—n)(6+3sinu+2cosv),

(=1)"*=2(n — 4) (=1)*(n2 — 2) sin® u
by, = ) n — ) ) U, = )
6n + 3 ¢ ntl f(n,u,v) n’(1+ v?)
h(nu, v) = (n — 3)uv ap = n?, P, = 3

(n® +n+4)(u? + v?)’

5
Qn = vt (n,u,v) € Ny, % R2.

It is easy to get that (3.16)), (3.38) and (3.39) hold. Theorem [3.4]ensures that Eq.(4.4) possesses uncountably
many positive solutions in A({dn }nen,, D)
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Example 4.5. Consider the third order nonlinear difference equation with neutral delay

24 € cos(3n — 1)
nln—t +A 5
9+3€ (n—i—Q) \/2+3|$n2_16|
5 (4.5)

sin(n°x,—2) n—Inn
= > 13
nd + 3n?2 nl2 +3nt 4+ 3’ =t
where ng = 13 and 7 € Nisfixed. Let ny =15, r=1, k=1, d=—-7, D=4, b= %, g =min{l3—7,11} €
N and

A <n3(9 + 1|27, _q|) AZ (zn +

an =Tn—4, fin=n—2, hy,=n*—16, a(n,u)=n>9+nlu|),

1 24 e n—1Inn Fn ) sin(n3u)
=—— p=—F n,u) = ——=
" 943 " nl243n4 4+ 3 ’ nd + 3n2’
3n—1 10 16
h(n,u) = cos(3n ) an = nS’ P, = Qn = s’ (n,u) € Npy X R.

n8’

(n+2)5y/2 + 3[u|’
It is easy to see that (3.16)), (3.40) and (3.41) hold. It follows from Theorem that Eq.(4.5]) possesses

uncountably many negative solutions in A({dn }nen,, D).
Example 4.6. Consider the third order nonlinear difference equation with neutral delay
, (=1)"*1(2n% — n - 3)
A <n2 (2 + $%271—1—1)2 — S x(2"+1)2)A2 (x” + An2 +9 LIn—r

Sin(l‘%n$22_n+3) Tr—5T10n—4 cos(n3 +5) _ (—1)”713 +6
nd 4+ 4n? + 3 (n+2)"M (22 o +a23,_4) n0+n+1’

(4.6)

n> 12,

where ng =12 and 7 € Nis fixed. Let ny =17, r=1, k=2, d=2, D=9, b:%, B =min{12—7,7} € N
and
Q1p = (2n+1)27 fln =n-75, f2n =10n—4, hy, = ™, hon :n2 —n+3,

o 2 (=)™ (2n? —n —3) (=)™’ +6
a(nu) =n*(2+u® —sinu), by = 1210 C T 0 1
uv cos(n® + 5) sin(utv?)
_ h =/
fnu,v) n+2)1 (2 1 02) (n,u,v) no+4n2 + 3’

) 3 7

2
an =1n°, Pn:ﬁ7 Qn = (n,u,v) € N, x R

nd’

It is easy to show that (3.2)), (3.16) and (3.42)) hold. It follows from Theorem that Eq.(4.6|) possesses

uncountably many solutions in A({dn }neng, D)-

Example 4.7. Consider the third order nonlinear difference equation with neutral delay

, —1)"(8n* —3n+5
A <(n3 —5n + 3) (1 + sin? x3n+2)A2 (mn + ( )n(4 e )xn_7>>

_1)ntl n?sin(n3z?, .) 7Vn4 -2
+A S e = , n>20,
(n+1)82+coszz ;) nB¥+4n2+1  nl2(14en)

(4.7)

where ng = 20 and 7 € Nis fixed. Letny =20, r=1, k=1,d=44, D=9, b, =6, § =min{20—7,15} €
N and

an =3n+2, fin=n>—1, hiy,=n-5, a(n,u)=(n>—5n+3)(1+sin’u),

—)"(8n*—=3n+5 7vVnt —2 n? sin(n3u®
nt+n+7 ni2(1+en) nl3 +4n? 4+ 1
(—1)n+t 9 5 10

h(n,u) = an =n°, P”:W’ Q"ZE’ (n,u) € Ny, x R.

(n+1)8(2 + cosu?)’
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It is clear that (3.2)), (3.16]) and (3.43)) hold. Theorem ensures that Eq.(4.7) possesses uncountably many
solutions in A({dy }neng, D).
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