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Abstract

Motivated by the paper of Kim et al. [T. Kim, D. S. Kim, H. I. Kwon, J. J. Seo, D. V. Dolgy, J.
Nonlinear Sci. Appl., 9 (2016), 1077-1082], we study a class of g-Euler polynomials earlier given by Kim et
al. in [T. Kim, Y. H. Kim, K. W. Hwang, Proc. Jangjeon Math. Soc., 12 (2009), 77-92]. We derive some
new symmetric identities for g-extension of A—FEuler polynomials, using fermionic p-adic invariant integral
over the p-adic number field originally introduced by Kim in [T. Kim, Russ. J. Math. Phys., 16 (2009),
484-491], under symmetric group of degree n denoted by S,. (©2016 all rights reserved.
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1. Introduction

Throughout the paper, we make use of the following notations: Z, denotes topological closure of Z, Q
denotes the field of rational numbers, @, denotes topological closure of Q, and C, indicates the field of
p-adic completion of an algebraic closure of Q,, in which p be a fixed odd prime number. Let N be the set
of natural numbers and N* := NU {0}. For d an odd positive number with (p,d) = 1, let

X=X, = li%nZ/deZ and X1 = Z,,
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and
a+deZp:{x€X|an(modde)},

where a € Z lies in 0 < a < dp¥ ¢f. [1}, 2, B-10].
The normalized absolute value according to the theory of p-adic analysis is given by |p|p = p~ . The
notation ¢ can be considered as an indeterminate a complex number ¢ € C with |¢| < 1, or a p-adic number

1
q € Cp with [¢— 1], < p 7T and ¢" = exp (zloggq) for [z|, < 1. It is always clear in the content of the

paper. For any z, the g-analogue of z is defined as [z], = 11%1;. Note that limg1 [z], = = of. [I, 2, BHI0].
Let C (Z,) be the space of continuous functions on Z,. For f € C(Z,), Kim [6] originally constructed

fermionic p-adic invariant integral on Z,, as follows:

p"—1
~ [ F@dua@) = 3 f@) (-1, (1.1)
P =0

and also
I_1(f1) +1-1(f) = 2£(0),

where fi(z) = f(x +1).
The A-Euler polynomials E, (), z) (usually called Apostol-Euler polynomials) for A € C were defined by
the power series expansion at t = 0:

2
E A xt
Z 2 n! T el + et +1° (1.2)

([t| < m when )\ =1; |t| <log(—A) when A # 1;1%:=1).

Taking = 0 in the Eq. (1.2)), we have E,(\,0) := E,(\) that is known as n-th A-Euler numbers (see
for details, [3, [4, [11]).

In [9], Kim et al. defined g-extension of A-Euler polynomials by the following fermionic p-adic integral
on Zy:

Eng(Ax) = [22]q /Z ANz +ylg du—1 () - (1.3)

D
Letting = 0 into the Eq. (1.3)) yields E, 4(\,0) := E, 4()) called n-th g-extension of A—Euler numbers,

cf. [9].
By taking ¢ — 17 in the Eq. (1.3)), we have

q—1-

lim E, 4\ )= E,(\z) = /Z N(x+y)"du— (y).

Motivated by the paper of Kim et al. [I0], we study g-extension of A-Euler polynomials earlier given
by Kim et al [9]. We derive some new symmetric identities for these polynomials, using fermionic p-adic
invariant integral over the p-adic number field introduced by Kim [6], under symmetric group of degree n
denoted by S,.

We now give some interesting identities derived from the fermionic p-adic invariant integral on Z, in the
next section.

2. New symmetric identities for E,, 4(\,x) under S,

Let w; be odd natural numbers where ¢ = {1,2,--- ,n}. From the Egs. (1.1)) and (1.3), we consider

/ e L= R ey
Zp

7 @ dp—1(y)
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(el 5 (5 )

- 1\}51100 Z( )y)\yHJ 1Yie 7
y=0
wn—lp -1 ( )HWW
m+y m+wny 1 Wy
= im Y e I
m=0 y=0
(L s (LT s 3t (T e | ¢
X e i 7,
Therefore, we derive that
1wl o wnz“< f_lwi>k~
1= Y (eEEr ) T
=1 k=0
y n-l [( ;_lle)y+(H;_le>x+wnZ?11< ;;llwi)kj:| t
></ N Lj=1 Yig ’ @ dp—1(y)
Z, (2.1)

—1 _ —1
1 wi—lwn— 1pN—1 " wjm—l—H:_ley—i-wnZ?ll( :;1 wi>kj>

i T Comraemen (I 5

=1 g0 1=0 y=0

(0wt ([T (0 o]
X e q .

i#]

Observe that the Eq. (2.1]) is invariant under any permutation o € S,. Hence, we state the following
theorem.

Theorem 2.1. Let w; be odd natural numbers where i = {1,2,--- ,n}. Then the following

w -1 _ n—1
_q o . Wo(n Z’-‘J(Hi wai>k‘
T (—1)(Zis k) y T Mg )
=1 =0
n—1 n n— n—1
( lw ) {<HJ—1 wam)y*(Hj:lwa(j))“”“”v(n) St (Hi—l wa(w)kj} t
X / A= o)) i @ dp—1(y)
ZP
holds true for any o € Sy,.
By using the definition of [z],, we have
n—1 n n-l (5, 1
[Mw )y+ | Tw |e+w. Y | T wi|k
=1 =1 =\
£ q
n— [ w w
= | [T wj| |[y+wpz+—"ki+ - +—""kn_1 (2.2)
j— L w1 Wn—1 g2 Wn—1
L q
_n—l ] [ n—1 w
=[] wj| |y+wpz+ Z —
J=1 —1 Wi
L d4q [ J= qw1w2-~wn71
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It follows from the Eq. (2.2)) that

[ oIl (L o) (L ) it (T e ]
Jj=1 e
VA

i @ dp—1(y)
P
m
o [h_1 m n-1 n—1 w gm
m=0 J=1 q Zp 7=1 'U)] W WY Wy | m
q n-
m -1
2 © |n—1 n w tm
= — Z H ’U_]] Emqulwz...wn,1 Aw1w2'"wn71’wnx + Z ka 7'
[2]q m=0 [J=1 q = Wy m:
From Eq. (2.3), we have
Hn—l n—1 "
/ A L=y (H?;ll wj) Y+ (H?zl wj) x4+ wp Z <H?:_11 wi> kil dp—1(y)
Zyp = ]
1 (2.4)
m -1
2 |nzl “— w
— W [Hl w] Em7qw1w24..’wn—l )\wlw2“.wn71,wnl‘ + Z w*:k] (m Z O) .
q |[J= q j=1
us, by eorem |2.1{ and Eq. (2.4]), we derive the Iollowing theorem.
Thus, by Th 2.1land Eq. (2.4 derive the followi h
Theorem 2.2. Let w; be odd natural numbers where i = {1,2,--- ,n}. For m >0, the following
m wu(l)—l n—1 n—1 ) ]
n—1 n—1 n— Weo (n) > <H7, w0(1)>k3
M| 11> (~HEEkIA ] 7
j=1 S R
2 Wo (1) Wo (2)Wo(n—1) S Latn)
. WEm,qwou)wam~--wa<n—1> ATeWEe@ R0, W ()@ + Z We(5) K
q j=1
holds true for any o € Sy,
By using the definitions of [z], and binomial theorem, we can write :
m—l _
n—1 w, m m m [wn]q n=1 [ m—l
s Y (s (2 (e
=17 1=0 [H =1 wj] =1 \'Z]
qwle...wn_l J= J 7] qn

n—1
Taking pr N L=1"dy_ 4 (y) on the both sides of the above equation gives

n—1 n—1 w "
/ Lz y+waz+ Y —k dp-1(y)
Zyp = Wi

qr1w2 - Wn—1

m—I ) m—l

m n—
m [wn] n—1
:Z<l> n—1q Hwi kj
1=0 [szl wj} =1 \=! o
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n—1
lwn 27;11 <Hi=1 w¢> k; n-l
2 / Iz, ws [y + wnx]flwlw?.‘wn_l dp—1(y)
Zp

X q
9 m m [wn] n—1 n—1
_p]z(z) s P DY (2.5)
4 1=0 |:Hj:1 w]} =1 \ 'z} g

_ n—1
lwn 32524 <Hi—1 w¢> K
X q i#] El’qwlwz...wn,1 (}\w1w2...wn71’wnx) .

As a result of the Eq. (2.5)), we obtain

Uiy )\wn i (H:_ll wi) &

n—1 Mp_qwl
o] 15 0
n-1_ nflw
x/ AV LLj=1 y+wnx+2—r'tkj dup—1(y)
Ly j=1 w]
l
m
m\ "=l 2
- <z) [ wi | [waly’ ZWEz,qwm--wn—l (At )
=0 J=1 q q
n_1ws—1 lw Z”f(Hnlw)lﬁj w Z”f(nnlw)kj n-l [, 1 !
— n—1 T Laj= i=1 "t " Laj= i=1 —
x 11 Y (—1)(EE k) =) = w; | kj
s=1 ICZ—IO Z_:l Zl;Il ’ !
5= J= i#j w
q n

2 U m n—1 : m—l1 WLW2... Wy —1
= > 3 ) | TL ;| fwn]g™ By goisecny (X102 ) Uy gy (w1, w3, | 1),
Jj=1

2], & q
where
n—1 ws—1 n—1 Z;l:ll <H:L—11 wl) k]
U g (Wi, wa, wny | 1) = T[] Y (~1)EE Ry
s=1 ko=
n— -l
Doy, <Hz‘_1.1 wl) R Ly "
X q = Z IT wi | &
=1 \'Z)
q
Last of all, by (2.5)), we get the following theorem.
Theorem 2.3. Let w; be odd natural numbers where i = {1,2,--- ,n} and let m > 0. Then the following
expression
m n n—1 ! I
m—
Z( ) [H wa(j)] [Wom],
—o VY =1
1=0 q

W (1)Wer (2) - Wy (1 —
X El,qwf’(l)wﬁ(Q)"‘wG(n—l) ()‘ (1)Fe(2) (n 1)awa(n)a’) Um’qu("),)\wﬂ(n) (wo(l)va(Q)v ooy Wo(n—1) | l)

holds true for some o € S,,.
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