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Abstract

We introduce a Mann type iteration method and give a result about strongly convergence of this iteration
method to a fixed point of nonexpansive mappings on Banach spaces. Also, by using idea of Ishikawa iteration
method, we introduce a new iteration method via two mappings on uniformly convex Banach spaces and
we provide a result about strongly convergence of the iteration method to a common fixed points of the
mappings. (©)2016 All rights reserved.
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1. Introduction
In 1953, Mann [11] defined an iterative method. Let C' be a nonempty convex subset of a linear space
oo
X. Let {an}n>1 be a sequence in [0, 1) satisfying Zan = oo. Consider T a selfmap on C and z; € C.

n=1
Define a sequence {zp}n>1 in C by

Tny1 = M(xp, 0, T) = (1 — an)xn + anTay,
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for all n > 1. Then the sequence {z,},>1 is called the Mann iteration. In 1955, Krasnosel’skil [10]
oo

defined a modified Mann iteration method. Let {ay,}n>1 be a sequence in [0, 1) satisfying Z oy, = oo and
n=1

0 <a<a, <b<1 for some constants a and b. Then the sequence {z,,},>1 defined by
Tnt1 = M(xp, 00, T) = (1 — an)zy + Ty,
is called a modified Mann iteration. Later, Ishikawa [7] defined an iteration method in 1974. Let x; € C.

oo
Take {ap }n>1 and {By }rn>1 two sequences in [0, 1] satisfying Z anfn =00, lim B, =0and 0 < a,, < 3, <
= = n—oQ
n=1
1 for all n > 1. Then the sequence {xy,},>1 defined by
Tn+l1 = (1 - Oln)l'n + apT'Yn,
Yn = (1 - ﬁn)xn + /BnTxny

is called the Ishikawa iteration. The following definition is needed in the sequel.
Definition 1.1. Let X be a Banach space and T': X — X a selfmap. We have the following;:
(i) T is called nonexpansive if |To — Ty|| < ||z — y|| for all z,y € X.

(ii) Let X* be the dual of a Banach space X. Then a multivalued mapping J : X — 2% is said to be a
(normalized) duality mapping, where for each z € X,

Jr={je€X*:jx)=<uzj>=|z]*=|3]*}

(ili) 7T is said pseudocontractive if ||z — y|| < ||(1 +¢)(z — y) — t(Tx — Ty)|| for all z,y € X and ¢t > 0.
(iv) T is called Lipschitzian if for all z,y € X, there exists k > 0 such that

[Tx — Tyl < klle —yl|.

(v) T is called Lipschitzian pseudocontractive whenever 7' is Lipschitzian and pseudocontractive.

Remark 1.2. A nonexpansive mapping is continuous.

In 1976, Ishikawa [§] proved some results about fixed points of nonexpansive mappings by using his
iteration method. Later, by using this idea and variant modified Mann iteration methods, some authors
established many results about fixed points of strictly pseudocontractive mappings [3], common fixed points
of an infinite family of nonexpansive mappings [5, 12] and asymptotically nonexpansive mappings [4} [6, 9,
13), [14].

In this paper, we introduce a Mann type iteration method. Using it, we give a result about strongly
convergence of the iteration method to a fixed point of nonexpansive mappings. Also, by using the idea
of Ishikawa iteration method, we introduce a new iteration method via two mappings on uniformly convex
Banach spaces and we prove a result about strongly convergence of the iteration method to a common fixed
points of the mappings.

The following results will be needed in the sequel.

Lemma 1.3 ([1]). Let {z,} and {y,} be two sequences in a uniformly convex Banach space X such that
Tnt1 = (L—ap)zn+anyn and || yn ||<|| 2n || for alln > 1, where {ay,} is a sequence of nonnegative numbers

o
in [0,1] such that Zmin{an, 1—a,}=o00. Then 0 € {zy, —yn, n > 1}.

n=1
Lemma 1.4 ([2]). Let 6 € [0,1) and {e,}n>1 be a positive sequence satisfying 1i_>m en = 0. Then, for any
- n o

positive sequence {up tn>1 satisfying un+1 < Oup, + &y, it follows that li_>m U, = 0.
- n o0
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2. Main results

Now, we are ready to state our main results via Mann type and Krasnosel’skii type iterations.

2.1. Strong convergence to a fixed point of nonexpansive selfmaps on monempty convexr closed subset of a
Banach space X

First, we introduce a Mann type iteration method.

Definition 2.1. Let C be a nonempty convex subset of a linear space X. Let {an}n>1, {Bntn>1 and {n}n>1

be three sequences in [0, 1) satisfying ay, + fBp + v, = 1 for all n > 1, Z (1 —ap) = oo and Z’yn < 0.

n=1
Consider T as a selfmap on C' and z; € C. Define a sequence {zy, },>1 in C’ by

Tny1 = GM(xp, o, By Yo, T) = aney + BpTxn + vnTan

for all n > 1. Then the sequence {zy},>1 is called a Mann type iteration.

Note that, GM (z,, an, Bry Yn, T) € conv(C) = C for all n > 1. If 7, = 0 for all n > 1, then the Mann
type iteration is reduced to the Mann iteration. Let C' be a nonempty convex closed subset of a Banach
space X and T be a continuous selfmap on C. It has been proved that if the Mann iteration {zy}n>1
converges strongly to a point p € C, then p is a fixed point of T. Now, we prove it for our Mann type
iteration on nonexpansive mappings.

Theorem 2.2. Let C be a nonempty convex closed subset of a Banach space X and T be a nonexpansive
selfmap on C. If the Mann type iteration {x,}n>1 converges strongly to a point p € C, then p is a fived
point of T.

Proof. Assume that {z,},>1 converges to p. To prove that p is a fixed point of T', we argue by contradiction.
Suppose that p # Tp. Define ¢, := x, — Tz, — (p — Tp) and 6, := T?z,, — Tz, — (T?p — Tp) for all n. > 1.
The map T is nonexpansive and for all n we have

lenll < lln = Ten — (p = TP)| < llan = pll + [ T2n — Tpll < 2|20 — pl|,

and
16 < 1720 — T%p — (Twn — Tp)|| < | T%20 — T?pl| + | T2n — Tp|| < 2||2n — pll.

Since hm xn, = p, we find that hm en =0 and hm dn = 0. Due to the fact that || p — Tp ||> 0, there

exists a natural number ny such that H en |I< lp 3TpH H o [I< le=T| TPH and || xp, — zpy, ||< w for all
no+N no+N 1

n,m > ng. Choose a natural number N such that Z (1 —-a;)>1and Z v < 3 Note that
i=ng 1=ng

Tip1 — x = i + BiTwi + yT wi — ciawiy — BiaTwi — i1 TP

= oz, — oTx; + o Tx; — aj1xi—1 + BiTx; — Bic1Tai—1
+ T — T + viTw; — v T @i

= ;v — a;iTx; + (o Ta; + BiTw; +vTa;) — (ic1wioy + BimiTwiog + i1 T wio1)
+ Tz — T

= oixi — o Ta; + Twi(os + Bi + vi) — i + v i — T

= aj(w; — Ta;) + Ty — x4+ v (T%x; — Ty)

= (1 — a;)(Tx; — 23) + yi(T?x; — Txy).
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Therefore,
no+N
| Zno — Tpg+n41 || =|| Z (zi — zit1) ||
i=ng
no+N
=l Z (1—ai)(p—Tp+ei)+7%(T°p—Tp+6)) |
i=ng
no+N no+N
2| > t—a)p-Tp) [~ Y (1 -aei
i=ng i=ny
no+N no+N
D T =Tp) [ = 1| Y widi |l
i=ng i=ng
no+N
Ilp—Tp|
> > (-a)llp-Toll -5
1=ng
no+N
= > vl =Tp |l + 16 )
i=ng
sole=Tpl llp=Tp| _llp=Tp|
- 3 2 6
This contradiction completes the proof. O

Question. Does above result hold for the continuous mappings?

2.2. Strong convergence to a common fized point of nonexpansive maps from nonempty closed convex bounded
subsets C' of a uniformly conver Banach space X into a compact subset of C

Now, let C be a nonempty closed convex bounded subset of a uniformly convex Banach space X and T
be a nonexpansive mapping from C' into a compact subset of C. Taking z; € C, Krasnosel’skii [10] proved
that the sequence {x, },>1 defined by

1 1
Tpal = 5(.%'” + Txy) = M(zp, §,T)

converges strongly to a fixed point of T' [I, Theorem 6.4.1]. Now, we extend it by using two nonexpansive
mappings.

Theorem 2.3. Let C' be a nonempty closed convex bounded subset of a uniformly conver Banach space
X and 1 € C. Let Ty and Ty be two nonexpansive mappings from C' into a compact subset of C' with
F)NFE(Tz) # ¢. If || #n — Thzy ||— 0 or || @n — Taxwy, ||— 0, then the sequence {x,} defined by
Tpyl = %(296” + Ty, + Toxy,) converges strongly to a common fized point of Th and Ts.

Proof. Let p € F(T1) N F(T2). Then, for each n > 1 we have

1
Tp4+1 — L1Tn+1 — L2Tp41 || = 5 Tp — L1Tp — 42T
|2 T T: I'= 5l 220 =T oy |
+ 2 H Tl:Iin + Tgﬂfn — Tla:n+1 — TQQCn_H H]

< o220 — Thwy — Toxy || 42 || 20 — 2o ||

NN

1
| 22y, — Ty, — Tomy, || —|—§ | 22y, — Ty, — Tomy, ||

= 2z, — Thxy, — Tomy, || .
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Hence, {|| 2z, — Thz,, — Toxy ||}n>1 is a nonincreasing sequence and so it converges. Now, note that

1 1
Tpi1 — P = 1(23;” + Thxy + Tox, — 4p) = Z[Q(xn —p)+ (Thxy + Tox, — 2p)]
1.1

1 1
= 5(9{:” —p)+ 5(5 1T + §T2$n —p).

Since |3 7120+ 5 Toxn—p|| < ||z —p|, by using Lemma we deduce that liminf || 2z, — Tz, —Tox, ||=
0 n—oo
Suppose that 1i_>m || n, — Thy, ||= 0. Since {Thz,} is a sequence in a compact set, there exist a subsequence
n o

{Thzp, } of {Thz,} and v € C such that Tyx,, — v. Again, klim | zn, —Tixy, ||=0, so z,, — vask — oo.
—00

The map T} is continuous, hence v is a fixed point of 77. But,

| zn = Tozn || = || 2p — Tz [[|<]| 220 — Thzn — Tow, |
for all n > 1. Hence, we have li_)m | ©n — Tomy, ||= 0. This implies that v is a fixed point of T5. On the
n—oo

other hand, X is a uniformly convex Banach space, then lim ||z, — v ||= lim || % — v ||= 0. Therefore,
n—r00 k—o0

the sequence {z,,} converges strongly to a common fixed point of 77 and Tb. O

Remark 2.4. If Th = T3, then our iteration method is reduced to M (z,, %,Tl), that is, the main result of
Krasnosel’skii [10].

Theorem 2.5. Let C' be a nonempty closed convexr bounded subset of a uniformly convex Banach space
X and x1,y1 € C. Let T1 and Ty be two nonexpansive mappings from C' into a compact subset of C with
F(Ty) N F(Ty) # 0. Define the sequences {xn}tn>1 and {yntn>1 by Tniy1 = 3(zn + T1(2n)) and yni1 =
$(yn+To(2n)), where zn = (@n+yn). If || 2n—T12n ||= 0 or || 2o, — Tozn ||— 0, then the sequences {2y }n>1
and {yn}n>1 converge strongly to a common fized point of Ty and Ts.

Proof. First, we write 2,41 = (225 + T1(2n) + T2(2y,)) for all n > 1. By using Theorem , {zn} converges
strongly to a common fixed point of 77 and 75. On the other hand, we have

1 Tn +Y Tn +Y
| Zns1 = gnrt || = 5 @ = g+ T () = T (2200 |
1 1 Tn + Yn Tpn + Yn
< = — — || T} — T .
< 5 lmn =g | +5 I T2 - T2 |
But,
Tnt+ Y Tp+ Y
| 71 ( "2 =) — Ta( "2 ) =1T1(2n) = Ta(2n) |

< T1(zn) = 20 [l + [ 20 = Ta(zn) || -

Since {z,} converges to a common fixed point of 77 and 7%, by continuity of 77 and 7%, the right hand-

side converges to 0. Hence, by Lemma [1.4] we obtain lim || =, — y, ||= 0. Therefore, the sequences {x,}
n—oo
and {y,} converge to a common fixed point of 77 and T5. O

Again, by using similar proofs, we can prove the following results. First, as Theorem we state:

Theorem 2.6. Let C be a nonempty closed convexr bounded subset of a uniformly conver Banach space
X and x1 € C. Let Ty, Ty and Ts be nonexpansive mappings from C into a compact subset of C with
F(Tv) N F(Ty) N F(T3) # ¢. Define the sequence {xy}n>1 by Tni1 = %(3$n + Ty + To(xy) + T5(zy)) for
all m > 1. Suppose also that one of the following statements holds:

() || zn — Thay || 0 and || @ — Toxn || 0;
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(ii) || zn — Tz ||— 0 and || x,, — T3y ||— O;
(iii) || zp, — Toxyn || = 0 and || x,, — T3y, ||— 0.
Then the sequence {x,} converges strongly to a common fixed point of Ty, To and Tj.
Similar to Theorem [2.5 we state the following result:

Theorem 2.7. Let C be a nonempty closed conver bounded subset of a uniformly convex Banach space X
and r1,y1,21 € C. Let Ty, Ty and T3 be nonexpansive mappings from C into a compact subset of C with
F(Th) N F(Ty) N F(Ts) # 0. Define the sequences {Tn}n>1, {Untn>1 and {z,}n>1 by

Tnt1 = 5(@n + Ty (P Ht2n)),
Ynt1 = 5 (yn + To(Fottatzn)),
1 = (20 + Ty(Frtptiny),

for alln > 1. Suppose also that one of the following statements holds:

(1) H W _Tl(W) H_> 0 and H anrygnJan _TQ(ZIJn+Z/3n+Zn) H_> 0;

(11) H w _TI(W) H_> 0 and H anrzgnJan _T3<In+y3n+zn> H_> 0;.

(iii) ” % —TZ(W) H_> 0 and H :cn-l—ygn-i-zn _T3(In+%n+2n) H_> 0.

Then the sequences {n}n>1, {Yn}n>1 and {z,}n>1 converge strongly to a common fized point of T1, To and
Ts.

2.8. Strong convergence to a common fixed point of two Lipschitzian pseudocontractive mappings on Hilbert
spaces

Here, by using above idea, we provide another new iteration method in order to obtain a strongly
convergent sequence to a common fixed point of two Lipschitzian pseudocontractive mappings on Hilbert
spaces.

Definition 2.8. Let C be a nonempty convex subset of a linear space X and z; € C. Let T1 and 715 be two
o0

selfmaps on C' and {ay, }n>1, {Bn}n>1, {a),} and {f’,,} be four sequences in [0, 1] satisfying Z anfBn, = 00,
n=1

lim 8, =0, lim ', =0,0< a, <3, <land 0 <al, <p, <1foralln>1. Now, define the sequence
n—oo n—o0
{zn}n>1 by

1 1
Tpil = 5((1 —ap) Ty + anThyn) + 5((1 — ' p)an + nTezy),

Yn = (1 - 5n)xn + BnTll'm
Rn = (1 - B,n)xn + ﬁ,nTZCCn-

We denote this iteration method by 11 = R(xp, an, B, aly, B, T1, To).

Theorem 2.9. Let C' be a nonempty compact conver subset of a Hilbert space H. Let T and T be two
Lipschitzian pseudocontractive selfmaps on C such that F(Ty) N F(Ty) # 0. Then the sequence

{R(xTw Qp, 5’/17 a;w B/na T17 TQ)}

converges strongly to a common fixed point of T1 and Ts.
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Proof. Let p € F(T1) N F(T2). Then we have

Pt = 5 (1= @n)n + anTa((1 ~ Bu)on + BuTiza)

1
+ 5((1 —a'p)ay + oy To((1 = ') wn + B/, Town)).
Therefore,

1 9 1
| Tni1 —p H ZH (1= an)zn + anTi((1 = Bp)zn + BuTizn) —p ||I” + )

X ” (]— - O‘n)lin + anTl((l - ﬁn)xn + ﬁnTISUn) —p ||

x| (T =a'n)an + o/ nTo((1 = B zn + 8, Toxn) —p ||

1
+ ZH (1- Oéln)xn + O/nT2((1 - Bln)xn + 5/nT2xn) -Pp H2

2
Since xy < % + %, we obtain

1
‘ Tp4+1 — P H2 < 5 (1 - an>$n + anTl((l - ﬁn)xn + 5nT1xn> -D H2
1
+ 5” (1- O‘/n)xn + o/ To((1 - B,n)xn + B/nT%Un) —-p ”2
1
<z —pl?

— Oénﬁn(l - 26n)” Tn — Ty ”2 - an(ﬂn - an)” Tp — len H2

1
+ anfnll Tawn = Tiga [*) + 5 (| on —p |

- O‘/nﬁln(l - 2B/n)” zn — Toxy ||2
- a/n(ﬂ/n - O‘/n)” Tn — Tozy ”2 + alnﬁ/nH Toxy — Tazy Hg)

In view of the fact that «,, < 3, and o/, < ', for all n > 1, we deduce that

1
| onir=p I* < S0 @n =2 |* = anBa(l = 260) | wn — Tran | (2.1)

+ anBall Tizn — Tiyn ||*)

1
tollan—p 1> — o/, (1 = 28"l & — Town |2
+ O/nﬁ/nH Toxn — Tozy ”2)

Suppose that T and T3 are n;-Lipschitzian and 79-Lipschitzian mappings, respectively. Then

| vy — Ty 1S m || 20— yn 1< mBn | 20 — Thy ||,
| Toxn — Tozn |[< M2 || 2 — 20 [|I< 7725,71 | 2 — Town || -

Hence, by using ([2.1)), we have

| Tnt1 —p || 2(“ Ln — P ||2 — anBn(l =28, — 77125112) | zn — Thzn HQ)

1 2

+o(lan—p I — /0B (1= 28", = 12®B',0)| @ — Town |).
Having in mind that lim 8, = 0 and lim ', = 0, there exists a natural number ng such that 23, +
n—oo n—0o0

m2Bn2 < % and 2/’ + 7722B’n2 < % for all n > ng. Hence,

1

1
—p P <llan —p " = JanBn | on = Tran || =30/nB'y ]| 2n — Tawn ).

|| Tn+1 1
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This implies that

1 n
1 > (iBill mi — Toa |* + /il @i = Towi |*) < || &g —p 1P = || &g —p |12

i=ng

for all n > ng. Since C' is bounded, || z,+1 — p || is a bounded sequence. Thus, the series

is convergent. This yields that

oo
> (@bl @i — Tuws |2 + o'y 2 — Toa; |?)
=1

n—o0 n—o00

Now, by using a similar proof in the last part of Theorem [2.3] one can show that the sequence converges

strongly to a common fixed point of 77 and T5. O
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