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Abstract

Daehee numbers and polynomials are introduced by Kim [T. Kim, Integral Transforms Spec. Funct.,
13 (2002), 65-69] and [D. S. Kim, T. Kim, Appl. Math. Sci. (Ruse), 7 (2013), 5969-5976], and those
polynomials and numbers are generalized by many researchers. In this paper, we make an attempt to
degenerate A-g-Daehee polynomials, and derive some new and interesting identities and properties of those
polynomials and numbers. (©2016 All rights reserved.
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1. Introduction

Let p be a given prime number. Throughout this paper, Z,, Q,, and C, denotes the ring of p-adic
integers, the field of p-adic rational numbers and the completion of algebraic closure of Q,,, respectively.

1
The p-adic norm ||, is normally defined by |p|, = ;1), and let ¢ be an indeterminate in C,, with [1—¢q|, < p »-1

so that ¢* = e®1°84 for each x € Zy. The g-extension of number z is defined by

Note that lim,,1[z], = .
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Let UD(Z,) be the space of uniformly differentiable functions on Z,,. For f € UD(Z,), the p-adic bosonic
integral on Zj is defined by Kim (see [5], 6]) to be

pN—1
L= [ @) = Jm S @ (1)
9 z=0

If we put f1(x) = f(z + 1), then, by (L.1)), we can derive the following very useful integral identity;

alo(f) = Io(f) = (g — 1) £(0) + ‘fo‘gqlf’<o>, (12)

where f'(0) = df(x) .
As is well- known the Stirling number of the first kind is defined by
(@) =z(x—1)---(r—n+1) ZSl n,l)x (1.3)
and the Stirling numbers of the second kind is defined by the generating function to be

(e —1)" =n! ng(z,n)ﬂ, (1.4)
l=n

where n is an nonnegative integer (see [3], [16]). Note that

l
(log(z +1))" —n'ZSl l,n) ik (n>0), (see [3,16]). (1.5)

l=n

The q-Bernoulli polynomials of order k are defined as follows:

When z =0, By, ; = By, 4(0) are called the n-th g-Bernoulli numbers.
The Daehee polynomials of the first kind are defined by the generating function to be

log(1+t)
L0 4 o ZD

and the Dacehee polynomials of the second kind are given by the generating function to be

log(1 +
— (1 +t)* D, (
-+ t + Z
(see [8, [1T), 15, 17]). In [2], Cho et. al. defined the g-Daehee polynomials as follows:
l—q—i—l qlog(l—l—t G t
ogaq 1 T _ DTL
1—q(1+t) +t) nE_:O 7Q(x) |

and, in [14], Park generalized the ¢-Daehee polynomials which are called the A-g-Daehee polynomials as

follows: .
q—l—i—log )\log(1+t 0 ng
(1+t)* = D, —. 1.
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In [I], Carlitz consider the degenerate Bernoulli polynomials which are defined by the generating function

to be

- - g _

(1+At)§—1 (14 Xt) Z,Bn ])\ (1.8)
When z =0, 8,(A) = 8,(0|\) are called the degenerate Bemoullz numbers. Note that limy_g 8,(A) = By.

It is well-known fact that
el = lim (1 + ut)«, (see [T, 3]).
u—0

Thus, the function (1 +ut)% is called the degenerate function of ¢!, and so for t = log e?, we have log(1+ut)%
as the degenerate function.

Recently, many authors have studied special polynomials related to Daehee polynomials and Changhee
polynomials (see [I]-[18]). These polynomials are useful to study number theory, special function theory,
umbral calculus, combinatorics and other applied mathematics and mathematical physics. In particular,
n [I1], authors considered the A-Daehee polynomials and investigated their properties, and in [14], author
attempted generalization of those polynomials.

In this paper, we attempt the g-analogue of degenerate A-Daehee polynomials which are called \-¢-
Daehee polynomials, and find some new and interesting identities and properties of those polynomials and
numbers.

2. Degenerate A-g-Daehee polynomials of the first kind

1
From now on, we assume that ¢ € C with [t[, < p »~T and A € Z,, and consider the degenerate
A-q-Daehee polynomials which are a generalization of Daehee polynomials as follows:

q—1+% 1)\10g(1+llog(1+ut))<
g (1+ Llog (1 +ut))* —1

When z = 0, Dy q(u) = Dy xq(0lu) are called the degenerate )\-q-Daehee numbers. Note that
limy 0 D 3 g(2[1) = D g(2) and Dy,1,4(0) = Dy q.

Let us take f(z) = (1+ 2 log (1 + ut)))‘x. From (1.2)), we have

1 Az g—1+ Ei)log 1+ Llog (1 + ut
/ (1 + —log (1 + ut)) dpg(x) = loga ( ( ) : (2.2)
Zp u q(1+2log(1+ ut)) -1

log (14 ut) ) ZD”A‘I :17|u . (2.1)

By (2.1)) and (2.2)), we have

s n q—1+%_1)\log 1+%10g(1+ut) 1 T
> Dupglalu)—= = 1gq1 ( 5 ) <1+10g(1+ut)>
0 n: q (1 + o log (1 + ut)) -1 u (2.3)
1 Ay+x )
[ (1 ploe ) du)
Zyp U
and, by (T3),
1 Ayte > Ay
/ (1 + —log (1 + ut)) dug(y) = Z < > " (log(1 + ut))"™ dpq(y)
Zp u n=0"2Zp
00 )\ .
—Z ( >u n'ZSl k,n) duq( ) (2.4)
n=0"%Zp

OO n tn
( o k5’1 (n k:/ ()\y—i—x)kduq(y)> o

k=0 Lp
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Thus, by (2.3) and (2.4), we obtain the following theorem.
Theorem 2.1. Forn > 0, we have
Donalel) = S a1, k) [ g+ i)
k=0 Zp
By replacing t by % (e“t — 1) in (2.1)), we obtain the equation
q—1+ Tt \log(1+1) > 1 (1, "
(1+t)*=>» D, — [ =(e" =1
g1+ 0> —1 +t) Z ralel) {5 (= 1)
= Z Dy g m|u n' Z Sa(l,n)u (2.5)
Z Z Dipag a:|u)52(n m)u"~
N m!
On the other hand, by replacing ¢ by % (e“(et_l) - 1) in (2.1), we have
g-1+Ex, & W n
et = X Dalal) T (7 - 1)
—ZDHM x|u) —n'ZSQZn e —1)
(2.6)
—ZZDm,\qu Sa(n, m) (¢! -1)"
n=0m=0
= Z <Z ZDk,A,q(:c\u)um*kSg(m, k)Sa(n,m)
n=0 \m=0 k=0
and 1 1
q_1+lo;q)\t tx q_1+10;q)\t At(2 . n
BT B T p (2) = nz%/\ B, (}\) (2.7)
By (L.3) and Theorem [2.1]
Donalalu) =3~ i, k) [ O+ )edng(0)
k=0 Zp
n k .
n—k l
=S w RS (k) S Sk DA /Z (v+5) duna(w) (2.8)

k=0 =0 P

n

k
=" W RALS (0, k) Sy (K, 1) By (%) -

k=0 1=0

Therefore, by (1.7)), (2.5)), (2.6) and (2.8), we obtain the following theorem.

Theorem 2.2. Forn > 0, we have

Dy gz Z Dy v g(z|uw)Se(n, m)u™",

m=0
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and
n

k
Dupglalu) = 3N w NSy (n, k)Sy (k,1) By, (A)
k=0 1=0

In addition,

/\”Bnq( ) Z ZDkkq z|u)u™*So (m, k) Sa(n, m).

m=0 k=0

From now on, we consider the higher order degenerate A-q-Dachee polynomials of the first kind as follows:
DY) (alu) =Y w1 (n, ) [ [ Qe Ay + @hidpg(21) - dpgg(a) (2.9)
n,Aq - 175 s . Y1 Yk + T)1dpg(T1 tq(Tr). .
=0 P P

From (2.9), we can derive the generating function of fog\ ,(2) as follows:

k
ZDfZ’2\7q(x]u)—'
n=0
ZZu” 1Si(n l/ / (Ayr 4 -+ Ay + 2)idpg(y1) - - - dpg(yi)
n=0 [=0
B uz/ / (Ay1 + -+ Ayg + 2)idpg(y1) - - dpg(yr) *l' (2.10)
1=0 Lp Ly
Ayt + - +)\ +x
/ / Z( . o ) uy <log<1+ut>>’duq<y1>--~duq<yk>
Zp =0
Ay1-+Ayp+
:/ / <1+log(1+ut)> dpg(y1) -+~ dpsg(yr)-
ZP ZP u
Note that by ,
ngz\ﬂ(:c\u) :Zu”lsl(n,l)/z /Z (Ay1r + -+ Ayp + 2)idpg(y1) - - - dpg(ys)
1=0 P
=Y u s Iy 57U ) -+ Mg ) )
7 s=0 (2.11)
= Zzun lSl n l 51 l S / / Y1+ -+ Yk + /\> dﬂq(yl) duq(yk)
1=0 s=0 Zp Lp
n l
=33 s 0SB (5.
=0 s=0
From and ( , we get
1
=1+ M\ = k) et )"
(qut—l " =32 Do) T (7 1)
=0 (2.12)

B Z (Z ZDif{A),qmu)“m_SSﬂm, 5)S2(n, m)> %n'

n=0 \m=0 s=0
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and

q_1+logq)‘t M2 — n nk "
( P ME) =37 BW)!(A) —. (2.13)

n=0
Thus, by (2.11)), (2.12) and (2.13]), we obtain the following theorem.
Theorem 2.3. Forn >0, k € N, we have

A" B( ( ) Z ZDsAq x|u)u™ 3 Se(m, s)Sa(n, m),

m=0 s=0

and
l

D} (alu) :iz 1Sy (n,1)81 (1, s)x* BK) (%)
=0 s=0
n l s m

= S wr A= D) (fu) Sy (n, 1)S1(1, 5)Sa(s,m) S (m, 7).
=0 s=0 m=0r=
3. Degenerate A-g-Daehee polynomials of the second kind
Let us define the degenerate A-qg-Daehee polynomials of the second kind as follows:
logq)\log (14 Llog (1 + ut)) (
q( %log( +ut)) -1

In the special case, A = 1, Dy q(z|u) = Dy q(z|u) are called the degenerate q-Dachee polynomials of the
second kind, and if x = 0, then ﬁn,q(u) = ﬁn’lyq(0|u) are called the degenerate q-Daehee numbers of the
second kind.

Let us take f(z) = (1 +¢)~**. Then, by , we get

1 A\ q—1— &= Nog (1 + Llog (1 + ut
/ <1+log(1+ut)> dpg(z) = logq ( ( )), (3.2)
Zp u g (14 2log(1+ut) -1

qg—1-

log (14 ut) > ZD”)“I a:|u (3.1)

and so

1 —Ay+z q—l—O )\log 1+110g 14 ut 1 z
/ (1 + —log (1 + ut)) dpug(y) = logq ( ( ) (1 + —log (1 + ut))
Zp u g(1+ Llog(1 +ut)) -1 u

- (3.3)
~ tn
= ZDn,)Hq(xm)ﬁ
n=0
By (3.3)), we have
> tn - tn
ZDn)\,q(Sdu)ﬁ Z Z u"" ™S (n,m /Z (=\y+2),, d,uq(y)ﬁ. (3.4)
n=0 ’ n=0m=0 ’
By (3.2)) and , we get
Dy g(wlu) = ZU” "S1(n m/ (=Ay + ), dg(y)
Ly
— Z Zu Sl(n m)Sl(m l)/ <y - *) duq(y) (3.5)
Zy A

m=0 [=0

— Z Z un—m(_)\)lsl(n, m)Sl(m, Z)th (_%) ,

m=0 [=0
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and, by (3.3]), we have
—1 00
q—1— 3G (o ~ 1 (1 ety "
We( z) = Z(]Dn)\,q(xu)n! aeu(e ) _ 1
" (3.6)
m—-n tm
Z <Z Dz q(zlu)u Sg(m,n)> poary
and o1 1
R T Oty 9~ 1 — fggt (1+%)xt
Y ot
- L o (3.7)
m x
_ZO(_A) BW( )\> m!

Therefore, by (3.5 . and , we obtain the following theorem.

Theorem 3.1. For m >0, we have

m n

ﬁm)\’q(ﬂu) - Z Z um_n(_)‘)l‘gl (mv n)Sl(n7 Z)Bl#] (_§> ,

and

(=A)™Bung (-%) - f: Drg(@u)u™ "S5 (m, n)

Y Sy o, S S (-

n=0 k=0 (=0

By the Theorem 3.1 we obtain the following corollary.

Corollary 3.2. For m > 0, we have

m/\,q Z um n Sl(m n)Sl(n Z)Blyq,
n=0 |=

and

Bg =(=X)"" Z ﬁn,)\ﬂ(u)um*"Sg (m,n)
n=0

m n k
=D ) > (=N TS (0, k) S (K, 1)Sa(m,m) Brg.

n=0 k=0 1=0
As the special case of the Corollary A =1 and u = 1, we have

n

mq—zz Slmnsl(n )B4

n=0 [=0

and .
(=172 D

m n 7k
=33 > () Sa (. K)Sa (k. ) Sa(m. ) B,

n=0 k=0 [=0
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Now, we define the degenerate A-q-Daehee polynomials of the second kind with order k where k € N:

B () = 3 w8 (n, m)/Z /Z (=Az1 — o = Aop+ Dmdpig(a1) -~ dpg(xn). (3.8
m=0 P P

From (3.8), we can derive the generating function of

Z D :U]u " Z/ /Z (=Azy — - = Az + @) ndpg(ar) - - - d,uq(mk)ﬁ

n!

/Zp /Z < - log (1+ ut)> I (1) - dpiq(x) (3.9)

—1-i\lo 1—|—110 1+ ut z
(¢ bagMlog ( g( ) <1+1log(1+ut)) |
g(1+ log(1+ut) ™1 u

Replacing ¢ by 2 (e — 1) in (3.9), we get

-1 )\ k - o §
(i) =35 0

|
n=0 s

—ZDn g :U|u ZSQ (I,m) (3.10)

3 < —"ZDmAq ) Sa(n, m)> c.
n=0

On the other hand, by replacing t by % (e“(et_l) — 1) in (3.9), we have

qg—1- ﬁJg}l u " u(ef—1) "
ge= M —1 ZD (6 B 1)
o0 !
_ZDn%q n! n!IZSQ(l,n)T;! (et—l)l

(3.11)
—ZZDm/\q:duSg(nm) (e —1)
n=0m=0
m o .
—Z (Z > DR (luyum 85 (m, 1) s (n, m>> =
d
" —1- Ly — 1+ )
q loggq ot _ Y4 +logq( ) —xt(=2)
——=L | M= e 2
ge= M —1 ge M —1
v (3.12)
_N(ayr®) (LB
T;)( A qu( A) n!’
By and , we get
DI lih) = 32 w510 m) / o [ A = D)y (o) dpg )
Zp
(3.13)

= Z Zu” ™S1(n,m)S1(m, l)B(k) ( ;1:)

m=0 [=0 A
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Hence, by (3.10)), (3.11)), (3.12) and (3.13|), we obtain the following theorem.

Theorem 3.3. For n > 0, we have

Dk - - n—m k T
D) (xlu) = Ozu 1 (m.m)$1(m. 1B (%)
m=0 [=0
and )
k —n
D7(1,) A,q Z m )\q |U Sg(n m)
m=0
In addition,
" T n.om. N .
(=N"BE) (=5) = D2 D2 DY (alwyu™ " Sa(m. 1) S (n, m)
m=0 [=0

= Z Z u™ S (1, ) S (r, S)Sz(m,l)sz(n,m)Bg“q) (_;) '

As a special case of Theorem if we put z = 0, then

lA)nk;Hq Z Zu” "S1(n, m)S1(m,1) l(q),

m=0 [=0
and -
(~N"BE =3 37 DI (wu' Sa(m. 1) Sa(n, m)
m=0 [=0
n m 1 r
= NN wPS (1) S (r, 8)S2(m, 1) Sa(n, m)BE).
m=0 [=0 r=0 s=0
In particular, if we put A =1 and v = 1, then
DY) =" 3" 81(n,m)S1(m, By,
m=0 [=0
and .
n A(k
BF) =(=1)" 3" N DY) Sa(m,1)Sa(n, m)
m=0 [=0
n m 1 T
=(-1"> > S1(1,7)S1(r, 5)S2(m, 1)S2(n, m) BE).
m=0 [=0 r=0 s=0
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