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Abstract

In this article, the sum of a monotone mapping, an inverse strongly monotone mapping, and a strictly
pseudocontractive mapping are investigated based on two regularization iterative algorithms. Strong con-
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1. Introduction and Preliminaries

In this paper, we always assume that H is a real Hilbert space with inner product (x,y) and induced
norm ||z|| = /(z,x) for z,y € H and C is a nonempty convex and closed subset of H.

Let S : C — C be a mapping. In this paper, we use Fiz(S) to stand for the set of fixed points of
mapping S. Recall that S is said to be contractive iff

15z = Syll < aflz —yll, Vz,yecC.

We also say that S is an a-contractive mapping. S is said to be an Meir-Keeler contraction iff for every
€ > 0, there exists n > 0 such that ||z — y|| < e+ n implies ||Sz — Sy|| < €, Vz,y € C. In 1969, Meir and
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Keeler [16] proved that every Meir-Keeler contraction has a unique fixed point in complete metric spaces;
see [16] and the references therein. S is said to be nonexpansive iff

1Sz = Syl| < |lz —yll, Yo,y eC.

If C' is bounded convex and closed, then the set of fixed points of S is not empty; see [, [13] and the references
therein. Fixed point theory of the class of nonexpansive mappings, which is powerful and efficient, has
been applied to variational inclusion problems of maximal monotone operators in the framework of infinite
dimensional Hilbert spaces. One of the most popular techniques for solving inclusion problems of nonlinear
mapping B goes back to the work of Browder [6]. The basic ideas is to reduce the inclusion problems to
a fixed point problem of mapping (I + hB)~!, which is called the classical resolvent of B. If B has some
monotonicity conditions, the classical resolvent of B is with full domain and nonexpansive, see [21], 22] and
the references therein.
S is said to be strictly pseudocontractive iff there is a constant A € [0,1) such that

ISz — Syl* < ||z — y|* + Az —y — Sz + Sy|*, Vz,yeC.

We also say S is A-strictly pseudocontractive. The class of A-strictly pseudocontractive mappings was
introduced by Browder and Petryshyn [7] in 1967. It is clear that the class of A-strictly pseudocontractive
mappings strictly include the class of nonexpansive mappings as a special cases. It is also known that every
A-strict pseudocontraction is Lipschitz continuous; see [7] and the references therein.

S is said to be pseudocontractive iff

1Sz = Sy|* < |l& —y|I* + |l —y — Sz + Sy|*, Va,yeC.
Let A: C — H be a mapping. Recall that A is said to be monotone iff
(x —y, Az — Ay) >0, Vz,yeC.
A is said to be strongly monotone iff there exists a positive constant x > 0 such that
(v —y, Az — Ay) > wlx —y|?, Va,y e C.

We also say that A is k-strongly monotone. A is said to be inverse strongly monotone iff there exists a
positive constant « > 0 such that

<A$—Ay,$—y> ZK||A'I_AyH2a Vm,yGC

We also say that A is inverse k-strongly monotone. From the above, we also see that A is inverse strongly
monotone iff A1 is strongly monotone. Every inverse strongly monotone mapping is monotone and Lipschitz
continuous.

Recall that the classical variational inequality is to find a point Z in C' such that

(Az,y—z) >0, VyeC. (1.1)

The solution set of variational inequality is denoted by VI(C, A) in this paper. Projection methods
have been recently investigated for solving variational inequality . It is known that T is a solution
to iff z is a fixed point of mapping Projc(I — hA), where Projc is the metric projection from H
onto C, h is some positive real number and I denotes the identity on H. If A is strongly monotone, then
the existence of solutions of variational inequality is guaranteed by the contractivity of the mapping
Projo(I — hA). If A is inverse strongly monotone, then Projo(I — hA) is nonexpansive. Mann iterative
process is an efficient and powerful process to study fixed points of nonexpansive mappings. However, Mann
iterative process is only weak convergence in infinite dimensional spaces; see [2] and the references therein.
Halpern iterative process (HIP) generates a sequence {z,} in the following manner:

Tyl = an + (1 — ap)Txy, VYn >0,

where z is a fixed element, {a,} is a control sequence in (0,1). HIP was initially introduced in [11]. Halpern
showed that the following conditions
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(C1) limy 00 atn = 0;
(C2) >20ipan = o,

are necessary in the sense if Halpern iterative process is strongly convergent for all nonexpansive mappings,
then {x,} must satisfy conditions (C1), and (C2). Recently, Halpbern iterative process has been exten-
sively investigated by many author for solving solutions of variational inequality and fixed points of
nonexpansive mappings; see [8, 12} [15] 20, 25H27] and the references therein.

Recall that an operator B : H = H is said to be monotone iff, for all x,y € H, 2’ € Bx and ' € By
imply (z — y,2’ —%/) > 0. In this paper, we use B~1(0) to stand for the zero point of operator B. A
monotone mapping B : H = H is maximal iff the graph Graph(B) of B is not properly contained in the
graph of any other monotone mapping. It is known that a monotone mapping B is maximal if and only if,
for any (z,2') € H x H, (x —y, 2’ —y') > 0, for all (y,y') € Graph(B) implies ¢y € Bz. If B is maximal
monotone, then (I +hB)~! : H — Domain(B), where Domain(B) denote the domain of B, is single-valued
and firmly nonexpansive. Moreover, B~1(0) = Fiz((I +hB)~1). One known example of maximal monotone
mapping is N + M, where N is the normal cone mapping

Nz :={z"e€ H: (2", y —z) <0,Vy € C},

for € C' and is empty otherwise, and M is a single valued maximal monotone mapping that is continuous
on C. Then, 0 € Nz + Mz iff x € C satisfies variational inequalities of (Mz,y —x) > 0 for all y € C.
Another example of maximal monotone mapping is 9B, the subdifferential of a proper closed convex function
B : H — (—o00, 00] which is defined by

OBr:={2*€ H:Bx+ (y —z,2%) < By,Yy€ H}, Vx € H.

Rockafellar [22] proved that 0B is a maximal monotone operator. It is easy to verify that 0 € dBv if and
only if Bv = mingc g Bx. Recently, zero points of the sum of two monotone operators have been extensively
investigated based on iterative techniques since the problem is applicable in image recovery, signal processing,
and machine learning, which are mathematically modeled as a monotone mapping equation and this mapping
is decomposed as the sum of two monotone mappings; see [3, [4, 9], 10, 17HI9] and the references therein.

In this article, we study the sum of a monotone mapping, an inverse strongly monotone mapping, and
a strictly pseudocontractive mapping based on two viscosity regularization iterative algorithms. Strong
convergence analysis of the iterative algorithms is obtained in the framework of real Hilbert spaces.

Before giving the main results, we provide the following lemmas which play an important role in this
article.

Lemma 1.1 ([14]). Let {un} be a sequence of nonnegative numbers satisfying the condition pn+1 < (1 —
Sn) fin+ Snan+bpn, Yn > 0, where {s,} is a number sequence in (0,1) such thaty ;> sp = 00, limy, 00 85 = 0,
{a,} is a sequence such that limsup,,_, . an, < 0, and {b,} is a positive sequence such that Y>> by, < 00.
Then limy,_, o0 ptn, = 0.

Lemma 1.2 ([3]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let A: C — H
be a monotone mapping, and B : H = H a mazimal monotone operator. Then Fiz((I +hB)~1(I —hA)) =
(B + A)~Y(0), where h is some positive real number.

Lemma 1.3 ([1]). Let H be a Hilbert space, and B an maximal monotone mapping on H. For xz € E,
h>0 and I/ > 0, we have (I + hB) 'z = (I + K'B)~! (%x + (1 - %’) (I+ hB)_1x> .

Lemma 1.4 ([7]). Let C be a nonempty conver and closed subset of a real Hilbert space H. Let T : C' — C
be a A-strict pseudo-contraction. Then I — T is demiclosed at zero, that is, {x,} converges weakly to some
point T and {x, — Tx,} converges strongly to 0, then & € Fix(T).
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Lemma 1.5 ([23]). Let H be a real Hilbert space and let {x,,} and {y,} be bounded sequences in H. Let {\,}
be a sequence in (0,1) with 1 > limsup,,_,., Ap > liminf, oo Ay, > 0. Suppose xp+1 = A\pyn + (1 — Ap)xy, for
all integers n > 0 and

limsup({[yn1 = yul = 241 — znl)) 0.

n—oo

Then limy, o0 [|yn — x| = 0.

Lemma 1.6 ([24]). Let S be an Meir-Keeler contraction on a convex subset C' of a Banach space E. Then
for each € > 0, there ezists Q € (0,1) such that

lz = yll > € implies [|Sz — Sy|| < Qll=z —yl|,va,y € C. (1.2)

2. Main results
First, we give a strong convergence theorem with the aid of contractions.

Theorem 2.1. Let C' be a nonempty convez closed subset of a real Hilbert space H. Let T be a A-strictly
pseudocontractive mapping on C' and S a fixed a-contractive mapping on C. Let B be a maximal monotone
operator on H and A : C — H an inverse k-strongly monotone mapping. Assume (A+B)~Y(0)NFiz(T) # 0.
Let {an}, {Bn} and {yn} be real number sequences in [0,1] and let {h,} be a positive real number sequence
in (0,2k). Let {xn} be a sequence in C in the following process: xo € C and

Zn = ﬁn(l - O‘n)mn + ap Sz, + (1 - Oén)(l — /Bn)TIL’n,
Tntl = YnUn + (1 — Yn)Tn, Vn >0,

where {y,} is a sequence in C such that ||y, — (I + hyB) " Hzn — hnAzp)|| < pin, where Y00 |y < oc.
Assume that the control sequences {an}, {Bn}, {1} and {h,} satisfy the following restrictions: limy, o0 [hn—
hn—1| = limy 0 |Bn - 6n—1| = 0, limy 00 ap = 0, ZZOZO ap =00, 0 <y <9, 0<h<h, < h' < 2K,
0< A< B, <B<1, where B, v, h and I/ are four real numbers. Then {x,} converges in norm to a point
7€ (A+ B)"H0)N Fiz(T), where T = Projasp)-1(0)nFix(T)ST-

Proof. First, we show that {z,}, {yn}, and {z,} are bounded sequences. Since A is inverse k-strongly
monotone, we have
(T = hn )z — (I = hn AYyl2 = & — ylI? — 2hnle — y, Az — Ay) + ho?|| Az — Ay?
< lz = y[|* = hn(26 — hn)|| Az — Ayl

By using the restriction imposed on {hy}, we have ||(I — hpA)x — (I —hp,A)y|| < ||z —y||. That is, I — h, A
is a nonexpansive mapping for every n. Fixing p € (A + B)~(0) N Fiz(T), we find that

1B + (1= Ba) Ty = p||* = Ballzn — plI* + (1 = Bu)[T2n = pl* = Bu(1 = Ba) | Tn — xa|?
< Bullzn = pI? + (1 = Ba)llen = plI* = (1= Ba) (B = M| Tz — 24 ?
< [|lzn _PH2~
Hence, we have
[2n = pll < anllSzn —pll + (1 — an)l|Bran + (1 — Bp)Tzn — pl|
< anl|Szn — pl + (1 — an)||lzn — p (2.1)
< (1= an(l = a))|lzn = pll + anl[Sp — p|-
It follows from Lemma that

201 =Pl < Ynllyn — Pl + (1 = 3n) |z —
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< Yallyn — (I + hnB)_l(Zn — hnAz)|| + 7l + hnB)_l(Zn — hnAzn) — p|
+ (1 = )llzn = pll

<Aull(L+ hnB) (20 = b Azn) = pll + (1 = )2 — pll + Ynpin

< Ynllzn = pll + (1 = v0) 20 = pll + Ynbin

< (1 — apyn(l — O‘)) |zn — pll + an ISP — pll + Ynbin

o I1Sp =l
pll, ==

< max ||z, + pin

ISp —»ll, | v
< max{||zo — p|, ﬁ} + Z,ui < 00.
=0

This proves that sequence {x,} is bounded, so are {y,} and {z,}.
Since Projiayp)-1(0)nFiz(T)S 18 a-contractive, we find that it has a unique fixed point. Next, we denote
the unique fixed point by . We are in a position to show that

limsup(z — Sz, — z,) < 0.
n—oo

To show this inequality, we choose a subsequence {zy,} of {z,} such that

limsup(z — SZ,% — z,) = lim (T — SZ,% — z,,;) <0.
n—oo 1—>00

Since {zp,} is bounded, there exists a subsequence {anj} of {zn,} which converges weakly to . Without
loss of generality, we assume that z,, — 2.
Notice that

||zn - Zn—l” < (1 - an(l - CV))Hl'n - xn—l” + ‘an - an—1|(HS~Tn—1H + |’Bn—1$n—1 + (1 - ﬁn—l)Twn—IH)
+ (1 - an)|ﬁn - Bn71|||l‘n71 - Tl‘anH
< (1 — (1 - O‘))Hajn — Zn-1|[ + (lon — an—1[ + [Bn = Bu—1|) M,

where M is an appropriate constant such that M > sup, s {|[Szn_1|| + [|zn—_1]| + [|[T2,—1]|}. Setting w, =
zn — hpAzy,, one further has

|wn, — wn—1ll < [[hn — Pn—1||[[Azn—1 ]l + |20 — 201l
< (1 —an(l =) |lzn — xp-1ll + |hn — hn-1|l| Azn—1]| (2.2)
+ M(|an - O‘n71| + ‘Bn - Bn71|)-

On the other hand, one has from Lemma [1.3

||yn—1 - ynH < H(I + hnB)ilwn - (I + hn—lB)ilwn—IH + fn—1+ lin

- P _
= (I + hn1B) 'wp—1 — (I + hn_1B) ™! (rh L, + (1 - h YY(I 4 hnB) 1wn> |
B _ P (2.3)
<= 575 (T + haB) ™ = wa) + 7 (wnmy — wn) |
hp_1— hp _
< QH(I+ hnB) " Ywy, — wy || + [Jwn — wn_1].

< I
Combining (2.2)) with (2.3)), one finds that

||yn71 - yn” - ||xn - xnfln < |hn71 - hn|||AZn71|| + (|an - O‘n71| + |ﬁn - Bn71|)M
|hn—1 = halll(1 + hnB)flwn — wh|
+ 3 .
n
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Using the restrictions imposed on the control sequences, one finds
lim sup([|yn-1 — Ynll = |zn — 2n-1]]) < 0.
n—oo

Using Lemma (1.5), one has lim,,_, ||yn, — || = 0. Since

|20 — pH2 < ap||Sy, _pH2 + (1 — )| Bnn + (1 = Bp) Ty — pH2
< ap||Szy — plI* + (1 — o) l|lzn — pl%,

one has from ([2.1)

lznt1 =21 < yllyn = plI° + (1 = 30) 20 — pl®
< Yallyn — (I + hnB)_l(Zn - hnAZn)H2 + (I + hnB)_l(Zn — hpAzp) — pH2
+ (1= y)llen = pl* + 2070l |(L + hoB) ™ (20 — hnAzn) = p||
< Aull(I+ P B) ! (20 = BuAzp) = p|I> + (1 = ) |20 — p?
+ 2 Yn (1 + hnB)_l(zn — hpAzp) —pll + 'Yn/‘i
< annl| St — Pl + 2 — plI* = k(26 — ho)yal Az, — Ap]?
+ 2y || (1 + hnB)il(Zn — hypAzp) —pl| + 'Ynﬂ?z-
It follows that
hn (26 — h) Tl Az — Ap||* < anynl|Sn — pII* + |z — plI* — llzns1 — plI?
+ 2pn || (1 + hnB)il(zn — hnAzp) —pll + ’Yn/igr
< (lzn = pll + lznr1 = pl)llzn = 2ps1]l + anl| Szn —
+ 20 Yull(I + hn B) ™ (20 — hnAzn) = pll + iy

Therefore, we have
lim ||Ap — Az,|| = 0. (2.4)
n—ro0

In view of the firm nonexpansivity of (I + h,B)~!, one has

(I 4+ hnB) (20 — hnAz,) — (I + hoyB) Y (p — hnAp) ||

< {(zn — hnAz,) — (p — hpAp), (I + hnB)*l(zn — hpAz,) — p)
1 _
Q(H(I + hnB) I(Zn — hpAzp) — p||2 + || zn _pH2

—lzn — (I + haB) ' (2, — hnAzy) — hn(Az, — Ap)|?)

<

< 5 (=PI 4 10T + R B) ™z — haAz) P
20 — (T + huB) ™ (20 — haAz) |2 = B3] Az — Apll®
+ 2hn|2n — (I + b B) ™ (20 = hnAz,)|[[| Az, — Apl|)
< %(”(1 + haB) Nzn — hndzy) — pl% = |20 — (I + haB) " (20 — hnAzy)||?
+ 20 ||(T + hnB) ™ (20 — hnAzn) — za || Azn — APl + 120 — pII?).-
It follows that

(1 + hnB)_l(Zn — hnAzp)n — p||2 < |lzn — p”2 —llen = (I + hnB)_l(zn - hnAZn)”2

1 (2.5)
+ 2hn||(I + hpB) ™ (20 — hnAzpn) — zn|||| Az, — Ap||.
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Thanks to (2.5)), one sees
|Zn1 _pH2 < llyn — (1 + hnB)il(Zn - hnAzn)Hz +Yall (I + hnB)il(Zn — hnAzp) _pH2
+ (=) l|on — p||2 + 2y || (1 + hnB)_l(Zn — hpAzn) —p|
< Wll(I + hnB) ™ (20 — hnAzy) — p|* + (1 = ) 20 — plI>
+ 26 Y| (I + hn B) ™ (20 — hnAzy) — pll + s
< Ynllzn — pH2 — Yallzn — (I + hnB)_l(zn - hnAzn)HQ
+ 2hn vl (1 + hnB)_l(Zn — hpAzy) — 2| Az — Apl| + (1 — )| 2n —p||2
+ 28 Yo (I + B B) " (20 — hnAzy) — pl| 4 Ynpi2
< anYol|Sn — pH2 + [|n _pH2 = Yallzn — (I + hnB)_l(zn - hnAzn)Hz
+ 2hp V|| (1 + hnB)_l(Zn — hynAzy) — zu||| Az — Apl|
+ 200 Yol | (I 4+ i B) " (20 — hnAzp) — pl| + ynp.
This yields that
llzn = (I + hnB) ™ (20 = hnAzn)I” < anyal Szn — plI? + 20 — pII* = |21 — pl1?
+ 2hn Y | (I 4 b B) Y (20 — hnAzy) — 20| || Azn — Ap||
+ 24 V|| (I + hnB)_l(Zn — hnAzp) —p| + ’Ynﬂgz
< ap||Szn — plI* + (|20 — pll + |20 41 — pI) |20 — Tnia |
+ 2hy||(I + hnB)_l(zn — hpAzy) — zn||||Azn — Apl|
+ 2pn (1 + hnB)_l(zn — hpAzy,) —pll + N%-
Since limy o0 ||Yn — n|| = 0, we find that
nh%nolo |Znt1 — znl = 0. (2.6)
Using (2.4) and ([2.6)), we have
1i_>m |20 — (I + hpB) (20 — hnAzy)|| = 0. (2.7)
On the other hand, one has
llzn — onll < ll2n — (I + hnB)_l(Zn — hpAzp) ||+ lyn — 20| + pn.
From ([2.7)), one sees
lim ||z, — z,|| = 0. (2.8)
— 00
It follows that z,, — 2. Note that
1 Qp,

|Txy — | < |20 — znll + Sy — zp].

(1= an)(1 = Bn) (I —an)(1—Bn)
This yields from (2.8) and the restrictions imposed on control sequences {c,,} and {3,} that

lim [Tz, — z,|| = 0.
n—oo

From Lemma we conclude & € Fiz(T). We are in a position to conclude # € (A + B)~%(0). Putting
Y, = (I + hy,B) (2, — hyAzy,), one has z, — hp Az, — yl, € hy,By),. Let wy be an element in Bws. Since B

is maximal monotone, we find that

o
<’LU1 - Znh Un + Azp, wo —y;> > 0.

n
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Hence, one has 0 < (w; + A%, ws — £). This implies that B# > — A%, that is, 2 € (A + B)~!(0). This proves
7 € (A+ B)71(0). Hence, we have
limsup(z — Sz, T — z,) <0, (2.9)

n—oo
Notice that
Hzn - jH2 < O‘n<5$n — ST, 2, — j> + O‘n<‘515E —Z,2p — i> + (1 - an)||xn _pHHZn - j“

< (1 —an(l=a))|lzn —Z||||zn — Z|| + an(Z — ST, T — 2y),
from which it follows that
20 — Z)> < (1 = an(1 — @))||zn — Z||* + 20, (T — ST, T — 2,).
This yields that

201 = 21> < Anllyn — 27 + (1 = yn) |z — 2|
< llyn = v ll? + nllys, — 2P + (1= ) lzn — Z)1* + 29npnly), — ||
<Aullzn = 21 + (1 =) l2n — 2% + 2ynpnllyr, — 2l + vuisi,
< (1 = (1 — a))||zn — Z||? + 2000 (T — ST, T — 2,)
+ 2 |y, — 2| + g

Since Y7 pn < 00, we conclude from Lemma that {z,} converges in norm to &, where

T = Projpiy(r)n(A+B)-1(0)5%;
that is,  is the unique solution to the following variational inequality:

(S — 7,7 — ') > 0,¥a' € Fiz(T) N (A+ B)~(0).

Next, we give another strong convergence theorem with the aid of Meir-Keeler contractions.

Theorem 2.2. Let C' be a nonempty convex closed subset of a real Hilbert space H. Let T be a A-strictly
pseudocontractive mapping on C and S a Meir-Keeler contraction on C. Let B be a mazimal monotone
operator on H and A : C — H an inverse k-strongly monotone mapping. Assume (A+B)~Y(0)NFiz(T) # (.
Let {an, }, {Bn}, and {vn} be real number sequences in [0,1] and let {h,} be a positive real number sequence
in (0,2k). Let {x,} be a sequence in C in the following process: xy € C' and

Zn = (1 — an)ry + anSx, + (1 —an)(1 = Bp)Txn,
Tnt1 = TnYn + (1 - ’Yn)xn, Vn > Oa

where {y,} is a sequence in C such that ||yn,—(I+h,B) ™ (zn—hnAzp)|| < tin, where Y00 | i, < 00. Assume
that the control sequences {an}, {Bn}, {1}, and {h,} satisfy the following restrictions: lim, o0 |hy —
Bp—1| = liMp—00 [Bn — Br-1| = 0, limy 0, = 0, D07 gy, =00, 0 <y < v, 0 < h < hyy < B <25,
0 <A< B, <B<1, where B, ~, h, and h' are four real numbers. Then {x,} converges in norm to a point
I € (A4 B)~10) N Fiz(T), where T = Projayp)-1(0)nFiz(1)SZ-

Proof. Set
Zn = Bn(l — an)Zn + ST+ (1 — o) (1 — B)T T,
Tnt1 = YnUn + (1 — Y)Tn, Yn >0,

where {7,} is a sequence in C such that ||g, — (I + hnB)" (2, — hnAZ,)|| < pir and 7 is a fixed element in
C. From Theorem one sees that {Z,} converges in norm to = = Proj atBy-1(0)nFiz(T)ST-
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Finally, we prove that x, — = as n — oo. To end this, we need to show that z, — z,, — 0 as n — oo.
Arguing by contradiction, we assume limsup,, ,. |[|[tn — Zn|| = d > 0. Then we choose € with 0 < € < d.

Using Lemma for such e, there exists @ € (0, 1) satisfying ((1.2). We also choose m such that %ﬁ <€
for all n > m. Note that ||Sz — Sy|| < max{Q||z — y||, e}, Vz,y € C.
We now consider the following two possible cases.

Case 1. There exists some m’ > m such that ||, — ;|| < €. Then,

@41 = Zo1 || < Yo llYme = G | + (1 = ) [T — Ty |
< Y [y — (I + hm’B)il(zm’ — s Az )|
+ Yo | (I 4 P B) ™ (2t = B Azgr) — (I 4 By B) "N (Zpr — Byt AZp )|
+ v [I(1 + hm/B)_l(Zm’ — hi AZpyr) = G | + (1 = v ) |2 — |
< 29 o + Yo |2 — Zo | + (1 = Yo )| @ — T ||
< 29 o + (1 = Y M| Ty — Zr || + Vo o || Sy — S|
< 2% pary + (1 = s Yo )| €m0 — T || 4 Vs @y max{ Q|| — ], €}

_ Qlzm —
< 29 gy A+ max{ (1 — Y (1 — Q) |2 — T || + Yo Qo (1 — Q)HITzQH7
(1- am"}’m’)me’ - fm’” + ’ym/osze}.
By induction, one finds that ||z, — z,|| < € for all n > m’. This contradicts € < d.
Case 2. ||z — ZTpy|| > €, VR > m.
For each n > m, one sees that
|1Tnt1 = Zrg1 || < Ynllyn — Tnll + (1 = )l|l2n — Znl|
S "Yn”yn - ([ + hnB)il(zn - hnAZn)H
+ (I + hnB)_l(Zn —hnAzn) — (I + hnB)_l(Zn — hnAZ)||
+ 7yl (1 + hnB)_l(Zn = hnAZy) = Gull + (1 = ) |20 — Zn |
< 29 pin + Yollzn — Znll + (1 — ) |20 — Za|
< 29 pin + (1 — anyn) |0 — Zn|| + o ||Sen — SZ||
< 29 pin + (1 — anyn(l — Q))[|Tn — Znll + Mnanl| ST, — SZ||
Ty — T
< 2'7n,un + (1 - O‘n/)/n(l - Q))”xn - jn” + ')’nan(l - Q)Hln_c2”
It follows that lim,,_~ ||zn, — Zp|| = 0. This yields a contradiction. Hence, z, — Z, — 0 as n — oo.

Using the fact that ||z, — Z|| < ||zn — Znl| + [|Zn — Z||, we find the desired conclusion immediately.
O

Since every nonexpansive mapping is a 0-strictly pseudocontractive mapping, we have the following
result.

Corollary 2.3. Let C be a nonempty convex closed subset of a real Hilbert space H. Let T' be a nonexpansive
mapping on C and S a fired a-contractive mapping on C. Let B be a mazximal monotone operator on H
and A : C — H an inverse k-strongly monotone mapping. Assume (A + B)71(0) N Fiz(T) # 0. Let
{an}, {Bn}, and {1} be real number sequences in [0,1] and let {h,} be a positive real number sequence in
(0,2k). Let {xn} be a sequence in C in the following process: xy € C, zp, = an Sty + (1 — )Ty, Tpy1 =
Yo +(1=0)Tn, Y0 > 0, where {y,} is a sequence in C such that ||yn—(I+hy,B) ™ (zn—hnAzp)|| < pin where
Y only i < 00. Assume that the control sequences {on}, {n}, and {h,} satisfy the following restrictions:
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limy o0 [An — hn—1] = 0, limp oo ap =0, D> 07 jan =00, 0 <y < 4y, and 0 < h < hy, < B < 2k, where
v, h and W' are three real numbers. Then {x,} converges in norm to a point T € (A + B)~Y(0) N Fiz(T),
where T = PTOj(A—i—B)*l(O)ﬂFim(T)Si"

Corollary 2.4. Let C be a nonempty convex closed subset of a real Hilbert space H. Let T be a nonexpansive
mapping on C and S a Meir-Keeler contraction on C. Let B be a maximal monotone operator on H
and A : C — H an inverse k-strongly monotone mapping. Assume (A + B)~1(0) N Fiz(T) # 0. Let
{an}, {Bn}, and {y} be real number sequences in [0,1] and let {h,} be a positive real number sequence in
(0,2K). Let {x,} be a sequence in C in the following process: xg € C, zp, = @Sty + (1 — an)T Ty, Tpi1 =
Yol +(1=n)Tn, Y0 > 0, where {y, } is a sequence in C such that ||yn—(I+h,B) ™ (zn—hnAz)|| < pin, where
Yool | tn < 00. Assume that the control sequences {ow}, {n}, and {h,} satisfy the following restrictions:
limy oo [An — Ap—1] = 0, limp o0, =0, D02 gy =00, 0 <y <y, 0 <h < hy, <K <2k, where 7, h,
and b’ are three real numbers. Then {x,} converges in norm to a point T € (A + B)~Y(0) N Fixz(T), where
T = Projiay)-1(0)nFiz(T)9T-
Let i¢ be the indicator function of C, that is,

Since i¢ is a proper lower and semicontinuous convex function on H, the subdifferential di¢ of i¢ is maximal
monotone. So, we can define the resolvent of dic for h > 0, i.e., (I + hdic)~!. Letting x = (I + hdic) ty,
we find that

y € x+rdicx <=y € hNox + x <= Projoy = z,

where Projc is the metric projection from H onto C' and Neox :={e € H : (e,v — z),Yv € C}.

Corollary 2.5. Let C' be a nonempty convex closed subset of a real Hilbert space H. Let T be a \-strictly
pseudocontractive mapping on C and S a fized a-contractive mapping on C. Let A : C — H be an inverse
k-strongly monotone mapping. Assume VI(C, A) N Fix(T) # 0. Let {an}, {Bn}, and {v,} be real number
sequences in [0,1] and let {hy} be a positive real number sequence in (0,2k). Let {z,} be a sequence in C
in the following process: xo € C' and

Zn = /Bn(l - Oén).%'n + OénSZ'n + (1 — Oén>(1 — Bn)T.%'n,
Tl = YnYn + (1 — Yn)xn, VYn >0,

where {yn} is a sequence in C such that ||yn, — Projc(zn —hnAzy)|| < pin, where Y 7 | i, < 00. Assume that
the control sequences {an}, {Bn}, {1}, and {hy,} satisfy the following restrictions: lim, o0 |hp — hp—1| =
limy o0 |Bn — Bn=1| = 0, limyscay, = 0, Y 02 g0 =00, 0 < v <, 0<h < h, <K <2k, and
0<\XN<B,<B<1, where 8, v, h and h' are four real numbers. Then {x,} converges in norm to a point
T e VI(C,A) N Fix(T), where T = Projyc,Aynriz(1)S7-

Corollary 2.6. Let C' be a nonempty convex closed subset of a real Hilbert space H. Let T be a \-strictly
pseudocontractive mapping on C' and S a Meir-Keeler contraction on C. Let A : C — H be an inverse
k-strongly monotone mapping. Assume VI(C,A) N Fix(T) # 0. Let {an}, {Bn}, and {v,} be real number
sequences in [0,1] and let {hy} be a positive real number sequence in (0,2k). Let {z,} be a sequence in C
in the following process: xo € C' and

Zn = Bn(1 — ap)xn + anSxn + (1 — an)(1 — Bn) Ty,
T+l = YnYn + (1 — ’}/n)$n, Vn > 0,

where {yn} is a sequence in C such that ||y, — Projc(zn —hnAzn)|| < pn where > 07 | ji, < 00. Assume that
the control sequences {au}, {Bn}, {m}, and {h,} satisfy the following restrictions: limy oo |hy — hp—1] =
limy o0 |Bn — Bn-1| = 0, limy 0y, = 0, > 02 g0 =00, 0 < v <, 0<h < h, <K <2k, and
0< X< B, <B<1, where 8, v, h and h' are four real numbers. Then {x,} converges in norm to a point
T e VI(C,A) N Fix(T), where T = Projyc,aynriz(1)S7-
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